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On the Navier-Stokes equations for stationary
incompressible fluids with a discontinuous density
and the Ladyzhenskaya-Solonnikov problem for
the power model



Overview

» Discontinuous density in a bounded domain of the plane
» Variable viscosity

» Leray problem

» Ladyzhenskaya-Solonnikov problem



The stationary Navier-Stokes equations for incompressible
inhomogeneous fluids

{ — vAv+ p(v-V)v+ VP = pf (1)
div(v) =0, div(pv) =0

p : density
v : velocity } the unknowns
(P : pressure)

f : external force
v >0 : constant viscosity

v=_(vi," -, Vp), (v-VIv=(v:-Vv, - ,v-Vy,)



Domains

We consider these equations (system (1)) in a bounded domain and
in an unbounded domain (a domain with an unbounded boundary)

=
%



The bounded domain

The bounded domain we consider only in 2D (in the plane) with
the boundary being a Jordan curve v (i.e., a smooth simple closed
curve).

We take three successives arcs on v, 71, 70, 72, denote by n
the unit outward normal on

X

and pose the following boundary value problem:



Boundary value problem (bvp) in the bounded domain

—vAV+ p(v-V)v+ VP = pf .
div(v) =0, div(pv) =0 } in
viy=vo,  plyi=pi, i=12
where vq or the set {~1,70,72} is such that

(2)

MUy ={x€7;vo-n <0},

and vo-n =0 on % o
7

A
~v1 U 2 is the part of v where the fluid is incoming.

(Compatibility condition: [ vo-n=0.)



Theorem (-, ZAMP, 2002)

If pi € L®(v), i = 1,2, f € [2(Q) and vo € HY?(y) satisfies
(vo-n)lyi <0, i=12 (vo-n)yo =0and [ vo-n =0, then
problem (2) has a weak solution* (p,v) in L=(Q) x H(2Q).

*
Definition

A pair (p,v) € L°(Q) x H*(Q) is said to be a weak solution of problem (1) if
div(v) = 0 in H'(Q) (i.e. [yv-VOdx=0forall § € G°(Q)), v|y = vo where
v|7y is the trace of v on ~,

/va - Vdx = / pi(vo - n)pds, 3)

Vi

for all ¢ € H(Q) such that ¢|(y/v) = 0, i=1,2, and

1// ij~V¢jdX—/ p\/jV'@dX:/ of - ddx, (4)
Q Q 0% Q

for all ® = (®1, ®,) € G°(2; R?) such that div ($) = 0.




Physical motivation

The meeting of fluids, e.g., the junction of rivers with different
densities




On the proof

N.N. Frolov (in Mat. Zametki, 1993) solved the problem (2) in the
case that

1 ={x€~v;vo-n<0},

(v2 =0) and pp is a Holder continuous function.

In particular, he proved the existence of a solution (p,v) in
CH(Q) x HA(Q), if vo € C?(7), p1 € C¥() and f € L?(Q)
(> 0).



Frolov method

e Since div(v) = 0 and Q is simply connected, we can write

gl (L
v—V ¢—( 8X2’8x1)

for some scalar function 1) (stream function). Frolov looks for
solutions with p in the form p = w(v) = w o 1, for a smooth
function w : R — R. Note that such a p automatically
satisfies the equation div(pv) = 0.

(div(pv) = Vp-v =/ ()V - Vg = 0)

e The boundary condition p|vy; = p; imposes the following
restriction on w:

w((x)) = pi(x), x€ i



The bvp for 1

If (p,v) is smooth, we may take the curl of the first equation in (1)
and easily see that the problem (1) turns into the following
boundary value problem for the unknown 1:

VA% = —div(w(¥)(VE - V)V) + div(w(y)f) in Q, 6
{%:—Vo'n, %:Vo-T on 7, ()

where ft = (—f, ), f=(f,h), 7=n".

Notice that curlf = 92 — 98 — —div -, curl V4 = A¢, and

((v- V)" = (v Vvl



Solving the bvp (6)

The idea is to use the Leray-Schauder fixed point theorem*:

Let V be a Banach space, and let A : [0,1] x V — V be a map such
that A(0, ) is a constant map. Suppose that

i. A is continuous and compact, and

ii. the set S = {ve V : A(u,v) = vforsomep € [0,1]} is
bounded.

Then the map A(1, ) has a fixed point.

*M.E. Taylor, Partial Differential Equations, vol. IlI



Solving the bvp (6) — the extension of boundary values

First we define

¢0=—LV0'" (7)

and fix w : R — R such that

W(%(X)?1 = pi(x), for x € 7.
Second, tl}\//a converse of the trace theorem', we can take a

function ®¢ defined in Q such that

_ 0

doly = o, 870|’Y=V0‘T (8)
n

and -

1 ®ollrr(e) < c(lltollrpr2(y) + [IVollparz(y)), (9)

where c is a constant depending only on €.

tsee e.g. Theorem 3.4, p. 48 in G. P. Galdi, An Introduction to the Mathe-
matical Theory of the Navier-Stokes Equations, v. |, Springes (1994)



Solving the bvp (6) — the extension of boundary values,
continued

Finally, we take the following family of extensions of g to €,
concentrating the support of ®y and controlling its “slope” near

the boundary ~: . .
o5 = Pols, 0<iK1

that is, (5 is a smooth function such that (5 = 1 near ~, zero at all
points of € with distance from ~ bigger than § and

GOl < e VG| < ¢/d, (10)

where c is a constant independent of x an

The arbitrariness of 0 < § < 1 above is important!



Solving the bvp (6) — the homogenization of boundary
values and the variational problem

Let us consider a solution of (6) given by ) = ¢ + ,wvo,a, where ¢ is
now the unknown we seek in the space H3((2).

Multiplying the equations in (6) by test functions # € H3(S2) and
integrating by parts we see that ¢ satisfies the following variational

problem:
V/Q(Ago)(AG) dx
= [ wloting) (VHe+ o), (THo+ ) - 5o (VH0) d

+/Qw(g0 + o) F- (V40) dx — V/Q(A@fbvo’(;)(AH) dx. .



Solving the bvp (6) — the solution as a fixed point of the
map associated with the right hand side of (11)

A 0,07 x H3(Q) — H3(Q)
(‘A(H’ 30)7 0) =

- —~ — 9
[ wliwios +¢) (THumos +9)) THumios +9) - 5 (V0

[ o+ 9) € (V40)dx— o [ (Ao 5)(20)
(12)

where we endowed H3(S2) with the inner product

(0.0)= [_(ap)a0)dx
A fixed point of A(r~1,-) is a solution of (11).

The existence of a fixed point of A(r~1,-) is guaranteed by the
Leray-Schauder fixed point theorem because the two following
claims hold true.



i. A is continuous and compact.

ii. The set

S:={pe HQ) : A(u,p) = ¢ for some p € [0,v71]} is a
bounded set in H3(S2).

The proof of claim i. uses the Holder continuity of €. In fact,
assuming w € C*(R), Frolov (in Mat. Zametki, 1993) obtains the
estimates

[ A1, 01) = Alpa, p2)l[e < cllp1 — @2l|hre (13)

and
[[A(pe1, 01) — A(p2, 1) < clpa — p2|® (14)

for all ¢1, o in an arbitrary ball B of H?(Q2) and p1, po € [0,v71],
where c is a constant that depends only on w, J, B and Sobolev
imbeddings. From (13) and (14) it follows claim i.



On the proof of claim ii.

For claim ii, it suffices that w be continuous and bounded.
The arbitrariness of § is used here!

In fact, assuming that the set S is not bounded for some
0 < 61 <« 1, following an argument in the book by
Ladyzhenskayat, it is possible to find some limit function
z € H3(R) independent of § € (0, d1] such that

v < dlwllise@ylIPollo@) (612!l 2(0;) (15)
+cf|wl] oo ) IV Dol 13 121 122

for all 6 € (0,61]. This leads to a contradiction when letting
0 — 0, since v > 0 and, by a Poincaré type inequality, we have
that 5*1]\2]@(95) < cil|z[pn(q;), where c1 is some constant
independent of §. This ends the proof of claim ii.

Y0. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible
Flow, (1969), p. 123



Frolov's theorem (Mat. Zametki, 1993)

Given any bounded and Hélder continuous function w : R — R, if
f € L2(Q) and vo € C?(7y) then, for each 0 < § << 1, the bvp (6),
ie.,

{ A2 = ~dMu(U)(V0 - VIVY) + dife()f) in Q.

o _
G — —Vp - N, Tn — Vo T on vy,

has a weak solution v of the type ¥ = p + %y(g, with ¢ € H3(Q).




On the proof of our theorem (in ZAMP, 2002)

0

If pi € L), i = 1,2, f € [2(Q) and vo € HY?(y) satisfie
(vo-n)|yi <0, i=12 (vo-n)yo =0and [ vo-n =0, then
problem (2) has a weak solution (p,v) in L>(Q) x HY(Q).

We approximate all data, use Frolov's theorem and pass to the
limit.

e Data approximations:

75 = (infyj+ €, supyi—e),i=1,2, O<exl
(v - )(A(s)) == (((vo - 7) 0 APE") 5 m®) (s)
(vo - m)(A(s)) == (((vo - n) 0 APE") 5 m) ()
vo = (vg - 7)7 + (v5 - n)n
p6 (A(s)) == ((po © APZ") 5 m®) (s)
pi = Poli

where



Notations in the data approximations

A:[0,6) — R2, £ >0, is a smooth parametrization of v with
N(s) = 7(A(s)) (we recall that 7 := nt);

AP€ is the periodical extension of A to R of A with period /;

* stands for the convolution in R;

po is the extension to v of p; and ps defined by setting

po(x) = pi(x) for x € 75, i=1,2, and po(x) = 0 for x € v/(7y1 U2)
and;

{m¢} is a sequence of mollifiers in R, i.e., m*(s) = e 1¢(s/¢) for

some even function ¢ : R — [0, 00) such that supp ¢ C [-1,1]
and [po =1.



Approximate solution

For w®: R — R being a smooth and bounded function such that
w(Y5l75) = pf, where ¥f == — f,y(vg -n), and 0 < 0 < 1, using
Frolov’s theorem we take a solution of the type ¢ = ¢ + 128 s of
the bvp

{ v = —div(w () (VH© - V)V + div(w(y)(F)*) in Q,

oPe oPe
w*—vg-n, a—ﬁ:vg-r on 7,

(16)
where f¢ is smooth and converges to f in L?(Q2) (when ¢ — 0).

Approximate solution to the bvp (2):

(p%,v°) = (w(¥°), Vo).

e Convergenge of (p¢,v¢): [, ZAMP 2002, section 3].



Variable viscosity

{ —div(vD(v)) + p(v - V)v + VP = pf (17)

div(v) =0, div(pv) =0

where D(v) is the symmetric part of velocity gradient Vv, i.e.,
D(v) = %(Vv +(Vv)Y)

(we notice that div(D(v)) = Av).

Two cases:



The case v = u(p)

Theorem (e He, Zihui. Doctoral dissertation, Karlsruher
Institut fir Technologie (KIT), Germany, (2022); e He, Zihui,
and Liao, Xian. Communications in Contemporary
Mathematics, (2024).)

Let u, w : R — R be bounded and continuous functions, with
{1 > pis for some constant pi, > 0. If f € [2(Q) and vg € HY?(y)
satisfies fwvo -n = 0 then the bvp

div(v) =0, div(pv) =0 } in (g

{ —div(u(p)D(v)) + p(v - V)v + VP = f
vy =vo

has a weak solution (p, v) of the form (p,v) = (w(v)), V1)), where
Y = @+ with o € HY(RQ), is a solution of the bvb below.




Zihui-Liao's theorem, continued — Bvp for ¥:

Y = —div(w() (V1Y - V)VY) 4 div(w()fL) in Q,

9
= —Vp-Nn, aif::Vo-T on 7,

<=

{5

where L, is the following fourth order elliptic operator:

(19)

§

LM = VL'diV(MD) = (8X2X2_8X1X1):u(axﬂz_8X1X1)+(26X1X2)N(28X1X2)'




Leray problem



The stationary Navier-Stokes equations for incompressible
fluids (with constant density p = 1 and without external force, i.e., f = 0)

— vAv+ (v-V)v+ VP =0
div(v) =0



Domain with an unbounded boundary for Leray problem
(Domain with straight channels/outlets to infinity)

Let Q be a open connect set set in R” (n=2,3) with a C°
boundary, such that
Q=ULo %,

where Qg is a bounded subset of R” and, in possibly different
Cartesian coordinate system,

Q) ={x=K,x) eR";, ¥ <0, |x| < di}
and

D ={x=K,x) eR", X >0, X < da},

with d; >0, i=1,2.

We denote by n the unit orthonormal vector to any cross section of
Q, pointing from € toward £25.



Poiseuille flow

Let v = vp of the form

—

VP(X) = Vp()_() €

(a parallel velocity field) be a solution of (20) in a straight
unbounded cylinder

C={({,x)=Xé)dXx;, —co<X <0, XX, },

where ¥ is a connect and symply connect open set in R"!
independent of X, such that vP’82 =0.

Then
—Avp=c inXL
{ vp=0 onoX. (21)

for some constant c.

The vector field vp is called Poiseuille flow.



Poiseuille flow, continued

The constant ¢ can be determined by the flux ¢ := fz vp.
Indeed, if v1 is the solution corresponding to ¢ =1 then vp = cvs,
thus, multipliyng the first equation in (21) by vp and integrating
by parts in X, with the help of the boundary condition vp|0% = 0,
we obtain that

cd=[ravp=—[s(Avp)vp = [5 [Vvp|? =3 [¢ [Vvi]
With this computation, we also have that
Jz [Vvpf = c& =&/ [ [V ],
fZ ‘VV,D‘2 == C1¢2,
where ¢; is the constant given by c; = 1/ [5 |[Vv1|? and depends
only on the cross section ¥ of the cylinder C.

We also notice that [5 |[Vvi|? = — [((AVwv)vi = [z vi =: &,
the flux of the vector field v; over X. In particular, we also can
write c =1/d;.



Remark

Using the divergence theorem, it is easy to prove that the flux
fz v - n of a vector field v over a cross section ¥ of €2, such that
divv = 0in Q and v|0Q2 = 0, is independent of the cross section .



The Leray problem

Let vi = vhn be the Poiseuille flow in Q1 and v = v3n the
Poiseuille flow in Q0 with equal fluxes. Find a solution v of (20) in
Q such that v|0Q = 0 and

v—vh as |X| = oo in Q.

Theorem (Amick, 1977)

Leray problem has a solution when the fluxes of the Poiseuille flow
vi; are sufficiently small.

Arbitrary flux: open question.



Amick’s solution of Leray's problem for Newtonian fluids,
with small flux

v=u+a; u€ H(Q), divu=0, diva=0,

alQ; = vp, a€ H_ (), aloQ =0.

Notice that the Poiseuille flows vi, are not in H'(Q) (they are
: i 1
constant with respect to X); v} € HIOC(Q).
1
A divergence free vector field u in H3(Q2) = CgO(Q)H ©) Carries no
flux, i.e., [fu-n=0, for any cross section ¥ of Q. Indeed, if
P e C2°(Q2) then fz(x,) ¥ -n =0 for all sufficiently large |X|.

NS-equations become
—Au+uVu+ flu) + VP =0,
where
flu) = aVu+uVa+aVa— Aa.

Method: compactness method, with Galerkin approximations.



Control of the nonlinear term  [(aVu)u by [ |Vu|?
(a priori estimate)
[ @vayal < ([ [vuP)"* ([laP luP)*?

Jo,1al* luf? =" [, IUI2 [vpI?

|f fz‘VP‘2|U‘2|

: 12 1/2
< 1y (fzm) (fi ™2
= | el z)nuum
Sl el ATE ) HVuuLz(z |

IV o) J5 1901
cd? Ja, |Vu|?
Similarly, we can estimate [(uVa)u.
The terms [, (—Aa)u and [, (aVa)u vanish, since aVa = 0,
because a = v, in Q; is “parallel”, and —Aa = (—Avp)n = n in
Q;, so
Jo,(—Ba)u=|c [ [ru-n|=0.



Leray problem for inhomogeneous fluid in 2D

—, F. Ammar-Khodja

Let viF,, i = 1,2, be the Poiseuille flows as above and p; be a
given function in Cp(X1) (the continuous case) or in L°(X1) (the
discontinuous case), where ¥1 = (—d1, d1). Find a solution (p,v)
of the system

{ — vAv+p(v-VIv+VP =0 (22)

div(v) =0, div(pv) =0
in Q such that v|0Q = 0, lim(_1)iy 00V = vi, and

lim p=p;1.

x'——o0




Theorem (—, F. Ammar-Khodja (2004, 2006))

The above problem has a weak solution (p,v) with v € H}OC((Q)),
lim(_1)ixsoo V(X +) — VII.DHC;,(Z,-) =0,i=1,2, and:

p e C(),  lim Jo(x-) = pillcys) =0,
in the continuous case;
pE LOO(Q)a * — “mx—)—oo,a,e.P(X, ) = p1,

in the discontinuous case, where * — lim,_,_, 5 denotes the limit
in the weak-x topology of L>°(X1), with x tending to —oco except
for a set of zero Lebesgue measure.




Ladyzhenskaya-Solonnikov problem



Domain with unbounded channels containing straight

cylinders
Let Q be a open connect set set in R” (n=2,3) with a C°
boundary, such that
Q= U,g:o Qi

where Qg is a bounded subset of R” and, in possibly different
Cartesian coordinate system,

Q1 ={x=(xX)eR" ¥ <0, xe X1(X)}
and

QL ={x=(x¥X)eR", ¥ >0, xe La(X)},
with X;(X), i= 1,2, being C* simply connected domains in R"~!
such that sup, ;—j ydiam Z{(X) < co and Q;, i = 1,2, contains
some cylinder

C={xeR™ (-1)¥ >0e|x </}, (/>0)
(in particular, infy j—1 » diam X;(X) > 0).

We will denote by n the unit orthonormal vector to X(xX), or to
any cross section of Q, pointing from 7 toward Q.



The Ladyzhenskaya-Solonnikov problem

Given any ® € R, find a solution v of the system

— vVAV+ (v-V)v+ VP =0
div(v) =0

in Q such that v|0Q =0, / v-n=® and
T(x)

sup t‘l/ IVv|? < o0,
t>0 Qt

where Qf := QoUQIUQL, QF:={(},X) € Q;; 0<(-1)X < t},
i=1,2.

“Problem 1.1" in

[LS] O.A. Ladyzhenskaya and V.A. Solonnikov, Determination of the Solutions
of Boundary Value Problems for Steady-State Stokes and Navier-Stokes
Equations in Domains Having an Unbounded Dirichlet Integral (1980). English
transl. in J. Soviet Math. 21 (1983).




Theorem (Ladyzhenskaya-Solonnikov, 1980)

’ Given any flux (® € R), the above problem has a solution.




Ladyzhenskaya-Solonnikov's solution, for Newtonian fluids with

arbitrary flux: v=u+a; ve Hiloc(Q), divu =0, ulo2 =0
and a is given by the following lemma:
Lemma [LS]. For any 6 > O there exists a vector field a such that
a1) a€ H| (), diva=0, 3/0Q =0,
az) f}: a-n =1 for any cross section ¥ of Q,
as) fﬂf—l,t |Val? < cfori=1,2 and all t > 1, where
QM = {(xX) e t—1< [X] < t},
and
az) JorlalP|ul? < & [o [Vul? forall t> 0 and u e C2(Q),
where, in az) and as), c is a constant depending only on Q.

Remark: Given any ® € R, multiplying a by ®, we obtain a vector
field having flux ®.

Now a‘Q,- might not be the Poiseuille Vin but the compactness
method still works, by truncating the domain and long
computations:



Let u' be a solution of the NS-equations
—Au* 4+ u'Vut + ') + VP =0
in H3(Q2%) (joint with some pressure function Pt € leoc(Qt) ).

Now, let ¥ > t. Multiplying the equation
—Aut + 'Vt + Aut) + VPY =0 by vt and integrating by
parts in Qf ... [LS]

/ Vut'|? < ct+/ (bound. terms),
Qt >(t)

for all t < t'. Integrating in t, fromn —1ton < ¢, we get

K 1
z(n) = / (/ |Vuf|2> dt<en—- +/ (bound. terms).
n—1 Qt 4 Qn—1n

Using the equation, is possible to estimate fm_lm(bound. terms)
by a linear combinations of powers of [o, 1., |[Vuf |2 But

/ Vit 2 = Z(n)!
Qn—1m



n
)= [ ([ 19R) de<on+ ez Vo<,
n—1 Qt
for some function g: R — R. Besides,
At) g/ VUt P < ct.
ot
Then, by a kind of "reverse Gronwall lemma" [LS], we have

z(n) < an,

which implies
/ Vu P <oy, V<t
Qn-1

So, fixing t (arbitrary), {u! }y~; is bounded in H(QY), by ¢(t+1).



Construction of a, in ; and with n = 3:

1 1
where
X1 _
o = ( %2’ |x270>7 x= ()

(the angle form in X) and (¢ is the “truncating E. Hopf's function™:

=+ e,

p(x): the regularized distance to 02
0,9 : R — R: smooth nondecreasing functions,

/ |
1 < 1
U(S):{47S_I4

t, S>§
0, s<0
¢(5)_{1, s>1



The power model, v = |D(v)|P~2

The equations:

—div(|D(v)|P~2D(v)) + Wv+ VP =0
power-law fluids
divv=20

|D(v)|P~2D(v) : viscous stress tensor, S.

S = |D(V)|P~2D(v) or viscosity = |D(v)|P~2
is the power law or Ostwald-de Waele law (model) for viscosity
(1920s); see e.g. R. Bird, W. Stewart and E. Lightfoof, Transport
Phenomena, Johh Wiley & Sons, Inc. (2007).
In the classical book by O. Ladyzhenskaya, The Mathematical
Theory of Viscous Incompressible Flow, 2nd ed. (1969), after the
last chapter, there is a description of some models including power
laws.



|D(v)|: shear rate

p=2: Newtonian fluids (e.g. water, oil)
p < 2: shear-thinning (or plastic and pseudo-plastic, e.g.
most polymer melts and solutions)
- viscosity decreases with the shear rate
p > 2: shear-thickening (or dilatant, e.g. mud, clay, cement)
- viscosity increases with the shear rate
Cf. E. Marusic-Paloka, Steady Flow of a Non-Newtonian Fluid in
Unbounded Channels and Pipes, Mathematical Models and
Methods in Applied Sciences, 10(9) (2000).

For parallel fluids, v(x) = v(x)é, x= (x,X) = x® X'é, the velocity
field is given by a scalar function v(X), the convection term vVv
vanishes, and the Navier-Stokes equations become the p-Laplacian

equation
—div(|[VVP2Vv) = ¢

for some constant ¢, related to “pressure drop”, i.e, VP = —cé.



The domain
Let Q be a open connect set set in R”, n = 2,3, with a C°
boundary, such that
Q=ULo,

where Qg is a bounded subset of R” and, in possibly different
Cartesian coordinate system,

Q1 ={x=(x¥X)eR";, ¥ <0, xe X1(X)}
and

Q={x=(xX)eR" ¥ >0, xe LX)},
with ;(X), i= 1,2, being C* simply connected domains in R"~!
such that

SUp, ;12 diam X;(X) < oo

and Q;, i=1,2, contains some cylinder

C={xeR™ (-1)¥ >0e|x </}, (/>0)
(in particular, infy j—1 » diam X;(x') > 0).

We will denote by n the ortonormal vector to ¥ (X), or to any cross
section of 2, pointing from Q4 toward 2.



The problem
“Ladyzhenskaya-Solonnikov problem”
Given any ® € R, find a solution (v, P) of (NS) such that
v=0 ondQ,

/ v-n=9¢
(x')

and

sup t_l/ IVv|P < o0,

>0 Qt
where QF:= QoUQIUQS, QF:={(x,¥X) € Q;; 0 < (-1)¥ < t},
=12

Cf. “Problem 1.1" in

[LS] O.A. Ladyzhenskaya and V.A. Solonnikov, Determination of
the Solutions of Boundary Value Problems for Steady-State Stokes
and Navier-Stokes Equations in Domains Having an Unbounded
Dirichlet Integral (1980). English transl. in J. Soviet Math. 21
(19083)



Theorem (—, G. Dias. Jr. Diff. Eq. (2012))

Let p > 2 and n = 3. Then the Ladyzhesnkaya-Solonnikov problem
for power-law fluids has a weak solution, i.e. there is a (v,P) in

W}O’:(Q) x Ly () such that

/|D(v)]p2D(v):V¢——/ (vVv)-Ib—f—/ Pdivi)
Q Q Q
V@ZJEC?O(Q;H@)
/V’V@Z)ZO, Ve C°(R)
Q

Vo2 =0, /v-n:CD
px

and

sup t_l/ IVv|P < o0.
>0 Qt




References

@ C.J. Amick, Steady solutions of the Navier-Stokes Equations in
Unbounded Channels and Pipes. Ann. Scuola Norm. Sup. Pisa Cl.Sci. (4),
4(3) (1977) 473-513.

@ F. Ammar-Khodja and M. M. Santos, 2D density-dependent Leray's
problem for inhomogeneous fluids. Mat. Contemp. 27 (2004) 19-35.

@ F. Ammar-Khodja and M. M. Santos, The Leray problem for 2D
inhomogeneous fluids. Regularity and other aspects of the Navier-Stokes
equations, Banach Center Publications, 70 (2005) 51-59.

ﬁ F. Ammar-Khodja and M. M. Santos 2D density-dependent Leray
problem with a discontinuous density. Methods Appl. Anal. 13(4) (2006)
321-335.

@ F. Ammar-Khodja and M. M. Santos, 2d Ladyzhenskaya-Solonnikov
problem for inhomogeneous fluids. Progress in Nonlinear Differential
Equations and Their Applications, 66 (2006) 351-364.

@ H. Beirdo da Veiga, H. Kaplicky and M. Rizi¢ka, Boundary regularity of
shear thickening flows. J. Math. Fluid Mech. 13 (2011), no. 3, 387-404.



References, continued

B
E

(=) =) =) =)

G. Dias and M. M. Santos, Steady flow for shear thickening fluids with
arbitrary fluxes, J. Differential Equations 252 (2012), no. 6, 3873-3898

N. N. Frolov, On the solvability of a boundary value problem of the
motion of a nonhomogeneous fluid, Mat. Zametki 53 (1993) 130-140.
G. P. Galdi, An Introduction to the Mathematical Theory of the
Navier-Stokes Equations, Vol. | e Il. Springer-Verlag, Berlin, 1994.

Zihui He, Incompressible Inhomogeneous Viscous Fluid Flows: Existence,
Uniqueness and Regularity (Doctoral Dissertation, Karlsruher Institut fir
Technologie (KIT), (2002).

Zihui He and Xian Liao, Solvability of the two-dimensional stationary
incompressible inhomogeneous Navier-Stokes equations with variable
viscosity coefficient, Commun. Contemp. Math. 26, no. 7 (2024).

O. A. Ladyzhenskaya and V. A. Solonnikov, Determination of the
solutions of boundary value problems for steady-state Stokes and
Navier-Stokes equations in domains having an unbounded Dirichlet
integral. Zap. Nauchn. Sem. Leningrad Otdel. Mat. Inst. Steklov (LOMI),
96 (1980) 117-160. English Transl.: J. Soviet Math., 21 (1983) 728-761.

M. M. Santos, Stationary solution of the Navier-Stokes equations in a 2d
bounded domain for incompressible flow with discontinuos density.
ZAMP-Zeitschrift fiir angewandte Mathematik und Physik, 53 (2002)
1-15.



Thank you all for your attention!



