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Abstract

A computational technique for unconstrained optimal control problems is presented. First
an Euler discretization is carried out to obtain a finite-dimensional approximation of the
continous-time (infinite-dimensional) problem. Then an inexact restoration (IR) method due
to Birgin and Mart́ınez is applied to the discretized problem to find an approximate solution.
Convergence of the technique to a solution of the continuous-time problem is facilitated by
the convergence of the IR method and the convergence of the discrete (approximate) solution
as finer subdivisions are taken. It is shown that a special case of the IR method is equivalent
to the projected Newton method for equality constrained quadratic optimization problems.
The technique is numerically demonstrated by means of a scalar system and the van der Pol
system, and comprehensive comparisons are made with the Newton and projected Newton
methods.

Key words: Optimal control, inexact restoration, Euler discretization, discrete approx-
imation, projected Newton method, Lagrange multiplier update, costate update,
van der Pol system.

1 Introduction

Continuous-time optimal control problems are optimization problems in infinite-dimensional
spaces. To obtain an accurate solution of these problems, typically, shooting techniques are
employed (see [1, 2] for an exposition and survey of these techniques). However, shooting
techniques in general require a good initial guess, and are prone to ill-conditioning which
causes numerical instabilities. As a result, these techniques may fail, or take a long time
to converge to a solution. One of the approaches to tackle these difficulties is to use some
discretization scheme so as to obtain a finite-dimensional approximation of the problem, and
then apply standard optimization techniques to get an approximate solution of the original
problem. Discretized versions of the problem may eliminate ill-conditioning, but it is still
important that a solution is found quickly within a desired accuracy. Once an approximate
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solution is obtained, it can either be regarded satisfactory and accepted, or be fed into a
shooting method as a better initial guess in order to obtain an accurate solution.

There are three important issues in this kind of discretization approach; namely, (i) se-
lection of the discretization scheme, (ii) convergence of the finite-dimensional optimization
technique employed, and (iii) convergence to a solution of the original problem as one takes
finer subdivisions in the discretization scheme.

For an optimal control problem, many kinds of discretization schemes, or finite difference
approximations, can be used, such as Euler, the midpoint (or box), trapezoidal, and Runge-
Kutta schemes [1, 3, 4]. In these approximations both the state and control variables are
discretized along a given time horizon. In [5] linear and cubic polynomials are fitted, re-
spectively, for the states and controls, between each two consequtive discretization points.
Another popular scheme of discretization, also referred to as control parameterization, takes
a different approach: the control variables are approximated in each given subdivision by
constants, linear functions or splines, whereas the dynamical system equations are solved
accurately for the states where the approximate controls are used [6, 7, 8, 9, 10, 11]. Because
the controls are approximated by a finite number of parameters, the optimal control problem
becomes one of finding these parameters to achieve a minimum integral cost. Rather than
this partial discretization approach, we consider full discretization, i.e. discretization of both
the states and controls, in particular under the Euler scheme. Euler discretization is the
simplest, in the sense that, under Euler, calculations are more straightforward and explicit
optimality conditions can be derived more easily than under other schemes. This addresses
the issue (i).

Convergence of the solution of the (fully) discretized problem to a solution of the original
problem has been studied extensively in the literature (see [12, 13, 3, 4, 14, 15, 16] and the
references therein). Under certain assumptions, Dontchev and Hager [13] give a convergence
result for Euler discretization. We will use their result, which addresses the issue (iii).

The Inexact Restoration (IR) method and its several variants (tailored for different situa-
tions) were introduced by Mart́ınez and his coworkers in [17, 18, 19] for solving finite dimen-
sional constrained optimization problems. IR methods are modern versions of the classical
feasible methods [20, 21, 22, 23, 24, 25, 26, 27, 28] for nonlinear programming. Each iteration
of the IR method consists of two phases: in the first phase feasibility of the current iterate
is improved, and in the second, the value of the cost is reduced in some tangent plane. Re-
cently Birgin and Mart́ınez [17] carried out a local convergence analysis of the IR method for
finite dimensional optimization problems subject to equality constraints. They also provided
extensive numerical comparisons with a well-known general-purpose optimization software.
They demonstrated that the IR method is, overall, considerably more robust.

When discretized and written down as a mathematical programming problem, an uncon-
strained optimal control problem is transformed into a constrained optimization problem,
where the constraints are given by the dynamical equations of the control system. In this pa-
per we implement the IR method due to Birgin and Mart́ınez [17] for the Euler discretization
of the optimal control problem, and so address the issue (ii).

The paper is organized as follows. In Section 2, the infinite-dimensional setting is sum-
marized, and assumptions are stated. In Section 3, we describe the Euler discretization of
the optimal control problem and its Lagrangian formulation, and cite a convergence theo-
rem from [13]. In Section 4, application of the IR method to the discretized optimal control
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problem is described, further assumptions are stated, and the main convergence results are
provided in Theorem 2 and Corollary 2. In Section 5, we show that a special case of IR is
equivalent to projected Newton for quadratic problems. Finally, in Section 6, we illustrate
and discuss a numerical implementation of the method by means of two test problems (one
of which is non-quadratic), and provide comprehensive comparisons with the Newton and
projected Newton methods.

2 Optimal Control Problem

We consider the optimal control problem

(P)

⎧⎪⎨⎪⎩ minimize
∫ tf

t0

f0(x(t), u(t)) dt

subject to ẋ(t) = f(x(t), u(t)), x(t0) = x0,

where the state variable x(t) ∈ IRn, ẋ = dx/dt, the control variable u(t) ∈ IRm, time t ∈ [t0, tf ]
with fixed t0 and tf , and the functions f0 : IRn × IRm −→ IR and f : IRn × IRm −→ IRn. The
initial state is prescribed as x0.

In the rest of this section we adopt the following terminology and notation from Dontchev
and Hager [13]. Let Lα(t0, tf ; IRn) denote the Lebesgue space of measurable functions x :
[t0, tf ] −→ IRn with ‖x(·)‖α integrable, equipped with the norm

‖x‖Lα =
[∫ tf

t0

‖x(t)‖α dt

]1/α

,

where ‖ · ‖ is the Euclidean norm. The case α = ∞ corresponds to the space of essen-
tially bounded, measurable functions equipped with the essential supremum norm. By
W m,α(t0, tf ; IRn) we denote the Sobolev space consisting of functions x : [t0, tf ] −→ IRn

whose jth derivative lies in Lα for all 0 ≤ j ≤ m with the norm

‖x‖W m,α =
m∑

j=0

∥∥∥∥djx

dtj

∥∥∥∥
Lα

.

Furthermore, Hm denotes the space W m,2.

The Hamiltonian function associated with Problem (P) is defined by

H(x, u, λ) = f0(x, u) + λT f(x, u) ,

where λ(t) ∈ IRn is the costate variable and the argument t has been supressed for clarity.
We pose the following assumptions.

(A1) Problem (P) has a local solution (x∗, u∗) which lies in W 2,∞ × W 1,∞.

(A2) In a neighbourhood of (x∗, u∗), f0 and f have first- and second-order partial derivatives
which are Lipschitz continuous.
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(A3) There exists a nontrivial costate λ∗ ∈ W 2,∞ associated with Problem (P) for which
the following first-order necessary conditions of optimality (maximum principle) [29] is
satisfied at (x∗, u∗, λ∗):

ẋ = f(x, u) , x(t0) = x0 , (1)

−λ̇T =
∂H

∂x
(x, u, λ) =

∂f0

∂x
(x, u) + λT ∂f

∂x
(x, u) , λ(tf ) = 0 , (2)

0 =
∂H

∂u
(x, u, λ) =

∂f0

∂u
(x, u) + λT ∂f

∂u
(x, u) . (3)

We say that (x∗, u∗, λ∗) is a critical triplet of Problem (P) if it satisfies (1)-(3). We assume
the Legendre condition ∂2H/∂u2(x∗, u∗, λ∗) > 0 holds so that we can solve the control u
from (3) as u = u(x, λ). Then the differential algebraic equations (1)-(3) with the given end
conditions constitute a two-point boundary-value problem (TPBVP).

One more assumption, the so-called coercivity, is posed below, as in [13]. Let w∗ =
(x∗, u∗, λ∗) and define

A∗ =
∂f

∂x
(x∗, u∗) , B∗ =

∂f

∂u
(x∗, u∗) ;

Q∗ =
∂2H

∂x2
(w∗) , M∗ =

∂2H

∂x∂u
(w∗) , R∗ =

∂2H

∂u2
(w∗) .

Let B be the quadratic form defined by

B(x, u) =
1
2

∫ tf

t0

[
xT (t)Q∗x(t) + uT (t)R∗u(t) + 2xT (t)M∗u(t)

]
dt .

(A4) There exists a constant α > 0 such that

B(x, u) ≥ α ‖u‖2
L2 for all (x, u) ∈ M

where
M = {(x, u) : x ∈ H1, u ∈ L2, ẋ − A∗x − B∗u = 0, x(0) = 0} .

As pointed in [13], (A4) is a strong form of a second-order sufficient optimality condition.

3 Discretization of the Optimal Control Problem

We subdivide the time horizon [t0, tf ] into N pieces, with the subdivision points ti, i =
0, 1, . . . , N , such that

t0 < t1 < t2 < · · · < tN = tf .

Define the partition
π := {t0, t1, . . . , tN} .

Without loss of generality, we take the partition points equidistant, namely that Δt =
ti+1 − ti, i = 0, 1, 2, . . . , N − 1. Now we consider the following one-step finite difference
approximation, the so-called Euler scheme, of the system dynamics.

xi+1 = xi + Δt f(xi, ui)
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where xi and ui are the approximations of x(ti) and u(ti), respectively, but x0 is prescribed.
We approximate the integral ∫ tf

t0

f0(x(t), u(t)) dt ,

by the Riemann sum

Δt

N−1∑
i=0

f0(xi, ui) .

Now a finite difference approximation for Problem (P) can be given by

(PE)

⎧⎪⎨⎪⎩ minimize Δt
N−1∑
i=0

f0(xi, ui)

subject to Δt f(xi, ui) − xi+1 + xi = 0

i = 0, 1, 2, . . . , N − 1, with x0 prescribed. Problem (PE) is a finite-dimensional optimization
problem, to which we will apply the IR method in Section 4 as given in [17].

Define

xπ := (xT
1 , xT

2 , . . . , xT
N )T ∈ IRnN , uπ := (uT

0 , uT
1 , . . . , uT

N−1)
T ∈ IRmN .

We will be speaking of xπ as the (state) trajectory of the discretized system. The Lagrangian
for Problem (PE) is given as

L(xπ, uπ, λπ) = Δt
N−1∑
i=0

f0(xi, ui) +
N−1∑
i=0

λT
i [Δt f(xi, ui) − xi+1 + xi] (4)

where
λπ := (λT

0 , λT
1 , . . . , λT

N−1)
T ∈ IRnN

is the Lagrange multiplier vector.

The first-order necessary conditions, namely the Karush-Kuhn-Tucker conditions, for Prob-
lem (PE) are given by

∇L(xπ, uπ, λπ) = 0 ,

that is,

xi+1 = xi + Δt f(xi, ui) (5)

λT
i−1 = λT

i + Δt

[
∂f0

∂x
(xi, ui) + λT

i

∂f

∂x
(xi, ui)

]
(6)

0 =
∂f0

∂u
(xi, ui) + λT

i

∂f

∂u
(xi, ui) (7)

for i = 0, 1, . . . , N − 1, with x0 = x0 and λN−1 = 0. The multiplier λ−1 can be associated
with the trivial constraint x0−x0 = 0. Therefore for i = 0 Equation (7) should be considered
redundant. We say that (x∗

π, u∗
π, λ∗

π) is a critical triplet of Problem (PE) if it satisfies (5)-(7).
Note that Equation (5) is the Euler approximation of the ODE given in (1). On the other
hand, Equation (6) provides the Euler approximation of (2), backwards in time.
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Let x′
i := (xi+1 − xi)/Δt. The discrete analogues of L2, L∞ and H1 norms are defined as

follows.

‖xπ‖L2 =

[∑
i

Δt‖xi‖2

]1/2

, ‖xπ‖L∞ = sup
i

‖xi‖ ,

‖xπ‖H1 =
[‖xπ‖2

L2 + ‖x′
π‖2

L2

]1/2
,

where ‖x′
i‖2

L2 =
∑

i Δt ‖x′
i‖2. The index i ranges over 1 to N for xπ and over 0 to N − 1

for uπ and λπ. The norm of a variable is taken over the relevant index range. Also define
xπ − x∗ to be discrete such that (xπ − x∗)i := xi − x∗(ti). A discrete variable is said to
be Lipschitz continuous in (discrete) time with Lipschitz constant M if ‖x′

i‖ < M for each
i = 0, 1, . . . , N − 1.

Theorem 1 (Dontchev and Hager [13]) If Assumptions (A1)-(A4) hold, then for all suffi-
ciently small Δt, there exists a local solution (x∗

π, u∗
π) of Problem (PE) and an associated

Lagrange multiplier λ∗
π such that

‖x∗
π − x∗‖H1 + ‖u∗

π − u∗‖L2 + ‖λ∗
π − λ∗‖H1 ≤ c1 Δt , (8)

and
‖x∗

π − x∗‖W 1,∞ + ‖u∗
π − u∗‖L∞ + ‖λ∗

π − λ∗‖W 1,∞ ≤ c2 (Δt)2/3 , (9)

where c1 and c2 are constants independent of Δt.

Corollary 1 If Assumptions (A1)-(A4) hold, then, as Δt −→ 0, a local solution of Prob-
lem (PE) converges to a local solution of Problem (P).

4 IR for Optimal Control

In this section, we will formulate the IR method for solving optimal control problems.

Let
hi(xi, xi+1, ui) := Δt f(xi, ui) − xi+1 + xi , (10)

for i = 0, 1, . . . , N − 1, and define

h(xπ, uπ) :=
(
hT

0 (x0, x1, u0), hT
1 (x1, x2, u1), . . . , hT

N−1(xN−1, xN , uN−1)
)T

.

Problem (PE) can be rewritten as

(PIR)
{

minimize f̃0(xπ, uπ)
subject to h(xπ, uπ) = 0

with x0 prescribed, where f̃0(xπ, uπ) := Δt
∑N−1

i=0 f0(xi, ui).

We can translate the idea of the IR method presented by Birgin and Mart́ınez in [17] as
follows. Given the current iterate (xπ, uπ) ∈ IRnN × IRmN , find, first a “more feasible” point
(yπ, uπ) ∈ IRnN × IRmN (the feasibility phase), and then a “more optimal” point (zπ, vπ) ∈
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IRnN × IRmN in the tangent plane passing through (yπ, uπ) (the optimality phase). This
tangent plane is formed by (zπ, vπ) which solves

h′(yπ, uπ) (zπ − yπ, vπ − uπ) = 0 . (11)

The tangent plane can equivalently be expressed, in a more explicit form, by using the
linearization of hi(zi, zi+1, vi) at (yi, yi+1, ui) from (10):

Δt [Ai (zi − yi) + Bi (vi − ui)] − (zi+1 − yi+1) + (zi − yi) = 0 (12)

for i = 0, 1, . . . , N − 1, where we use the short-hand notation

Ai :=
∂f

∂x
(yi, ui) and Bi :=

∂f

∂u
(yi, ui) .

Note that the matrices Ai and Bi vary with the time index i.

In the optimality phase of the IR method we minimize the Lagrangian L(zπ, vπ, μπ) given
in (4) subject to the linear constraints described in (12). The Lagrangian associated with
this optimization subproblem can be written as

L̃(zπ, vπ, μπ) := L(zπ, vπ, λπ)

+
N−1∑
i=0

(μT
i − λT

i ) {Δt [Ai (zi − yi) + Bi (vi − ui)]

− (zi+1 − yi+1) + (zi − yi)}

= Δt
N−1∑
i=0

f0(zi, vi) +
N−1∑
i=0

λT
i [Δt f(zi, vi) − zi+1 + zi]

+
N−1∑
i=0

(μT
i − λT

i ) {Δt [Ai (zi − yi) + Bi (vi − ui)]

− (zi+1 − yi+1) + (zi − yi)} (13)

where μπ = (μ0, . . . , μN−1) ∈ IRnN , and (μi − λi) are the Lagrange multipliers corresponding
to the linear constraints in (12). The Karush-Kuhn-Tucker conditions in this case are given
by

∇L̃(zπ, vπ, μπ) = 0 ,

which yields

zi+1 = zi + (yi+1 − yi) + Δt [Ai (zi − yi) + Bi (vi − ui)] (14)

μT
i−1 = μT

i + Δt

[
∂f0

∂z
(zi, vi) + λT

i

∂f

∂z
(zi, vi) +

(
μT

i − λT
i

)
Ai

]
(15)

0 =
∂f0

∂v
(zi, vi) + λT

i

∂f

∂v
(zi, vi) +

(
μT

i − λT
i

)
Bi (16)

where i = 0, 1, . . . , N − 1, with z0 = x0 and μN−1 = 0. When (zπ, vπ) is reasonably close
to (yπ, uπ) affine approximations can provide a good initial guess for an iterative technique
such as conjugate gradients or similar, resulting in a solution to (14)-(16) much more easily,
compared to (5)-(7).
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In what follows we define certain vectors used in the IR method as presented in [17]. Norms
of these vectors represent some measure of optimality in the optimality phase. Let

G0(x0, x1, u0, λ0) :=
(

xT
0 + Δt fT (x0, u0) − xT

1 ,

0T ,

∂f0

∂u
(x0, u0) + λT

0

∂f

∂u
(x0, u0)

)
and, for i = 1, . . . , N − 1,

Gi(xi, xi+1, ui, λi−1, λi) :=
(

xT
i + Δt fT (xi, ui) − xT

i+1 ,

λT
i−1 − Δt

[
∂f0

∂x
(xi, ui) + λT

i

∂f

∂x
(xi, ui)

]
− λT

i ,

∂f0

∂u
(xi, ui) + λT

i

∂f

∂u
(xi, ui)

)
. (17)

Next we define

G(xπ, uπ, λπ) :=
(
GT

0 (x0, x1, u0, λ0), . . . , GT
N−1(xN−1, xN , uN−1, λN−2, λN−1)

)T
.

Let

G̃0(z0, z1, v0, μ0, y0, y1, u0, λ0) :=(
zT
0 + (yT

1 − yT
0 ) + Δt

[
(zT

0 − yT
0 )AT

0 + (vT
0 − uT

0 )BT
0

]− zT
1

0T ,

∂f0

∂v
(z0, v0) + λT

0

∂f

∂v
(z0, v0) +

(
μT

0 − λT
0

) ∂f

∂v
(y0, u0)

)
and, for i = 1, . . . , N − 1,

G̃i(zi, zi+1, vi, μi−1, μi, yi, yi+1, ui, λi) :=(
zT
i + (yT

i+1 − yT
i ) + Δt

[
(zT

i − yT
i )AT

i + (vT
i − uT

i )BT
i

]− zT
i+1 ,

μT
i−1 − Δt

[
∂f0

∂z
(zi, vi) + λT

i

∂f

∂z
(zi, vi) +

(
μT

i − λT
i

)
Ai

]
− μT

i ,

∂f0

∂v
(zi, vi) + λT

i

∂f

∂v
(zi, vi) +

(
μT

i − λT
i

)
Bi

)
. (18)

We also define

G̃(zπ, vπ, μπ, yπ, uπ, λπ) :=(
G̃T

0 (z0, z1, v0, μ0, y0, y1, u0, λ0), . . . ,

G̃T
N−1(zN−1, zN , vN−1, μN−2, μN−1, yN−1, yN , uN−1, λN−1)

)T
. (19)

Birgin and Mart́ınez give a list of conditions for the two phases of the IR method [17,
Conditions (6)-(10)]. When these conditions are satisfied, one says that an IR iteration can
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be completed (or is well-defined). We translate these conditions into our setting as follows.
We say that an IR iteration starting from (xπ, uπ, λπ) ∈ IRnN ×IRmN ×IRnN can be completed
(or is well-defined) if one can compute yπ ∈ IRnN , (zπ, vπ, μπ) ∈ IRnN × IRmN × IRnN such
that it satisfies the following conditions.

‖h(yπ, uπ)‖ ≤ θ ‖h(xπ, uπ)‖ , (20)

‖yπ − xπ‖ ≤ K1 ‖h(xπ, uπ)‖ , (21)∥∥h′(yπ, uπ) (zπ − yπ, vπ − uπ)
∥∥ ≤ K2 ‖G(yπ, uπ, λπ)‖2 , (22)∥∥∥G̃(zπ, vπ, μπ, yπ, uπ, λπ)
∥∥∥ ≤ η ‖G(yπ, uπ, λπ)‖ , (23)

‖zπ − yπ‖ + ‖vπ − uπ‖ + ‖μπ − λπ‖ ≤ K3 ‖G(yπ, uπ, λπ)‖ , (24)

where θ, η ∈ [0, 1), K1,K3 > 0 K2 ≥ 0, and ‖ ·‖ is any norm in the relevant finite dimensional
space.

In the inexact restoration phase we set the initial point for the trajectories xπ and yπ to
be the same; namely

(A5) y0 = x0 .

Note that by (A2), there exists K > 0 such that for all x, y, u, and t,

‖f(y(t), u(t)) − f(x(t), u(t))‖ ≤ K‖y(t) − x(t)‖ . (25)

Lemma 1 Suppose Assumptions (A2) and (A5) hold. If Condition (20) is satisfied, so is
Condition (21).

Proof. Suppose (20) is satisfied. Then we have

‖h(yπ, uπ)‖ ≤ θ ‖h(xπ, uπ)‖ ≤ ‖h(xπ, uπ)‖ . (26)

We can rewrite (10) as

xi+1 = xi + Δt f(xi, ui) + hi(xi, xi+1, ui) ,

and similarly
yi+1 = yi + Δt f(yi, ui) + hi(yi, yi+1, ui) .

for i = 0, 1, . . . , N − 1. Now

yi+1 − xi+1 = yi − xi + Δt (f(yi, ui) − f(xi, ui)) + hi(yi, yi+1, ui) − hi(xi, xi+1, ui) .

For notational convenience, define ri := hi(yi, yi+1, ui) − hi(xi, xi+1, ui), and that rπ =
(r0, . . . , rN−1). Note that rπ = h(yπ, uπ) − h(xπ, uπ). Without loss of generality, in what
follows we use the sup-norm, for example, ‖rπ‖L∞ = supi ‖ri‖, where ‖ ·‖ denotes the 1-norm
in IRnN or in IRn, appropriately. Now, for i = 0, 1, . . . , N − 1,

‖yi+1 − xi+1‖ ≤ ‖yi − xi‖ + Δt ‖f(yi, ui) − f(xi, ui)‖ + ‖ri‖ .

Thus, by (25),
‖yi+1 − xi+1‖ ≤ (1 + Δt K) ‖yi − xi‖ + ‖ri‖ . (27)
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Since y0 = x0 by Assumption (A5), (27) implies that

‖y1 − x1‖ ≤ ‖r0‖ . (28)

Furthermore, the inequalities (27), for i = 1, and (28), yield

‖y2 − x2‖ ≤ (1 + Δt K) ‖r0‖ + ‖r1‖ .

Proceeding inductively, we prove that, for all i = 0, 1, . . . , N − 1,

‖yi − xi‖ ≤ (1 + Δt K)i−1‖r0‖ + . . . + (1 + Δt K) ‖ri−2‖ + ‖ri‖
≤ (1 + Δt K)N (‖r0‖ + . . . + ‖rN−1‖)
≤ (1 + Δt K)N N sup

0≤j≤N−1
‖rj‖

= N (1 + Δt K)N ‖rπ‖L∞

This is valid for any i, so

‖yπ − xπ‖L∞ = sup
0≤j≤N−1

‖yi − xi‖ ≤ N (1 + Δt K)N ‖rπ‖L∞

≤ N (1 + Δt K)N ‖h(yπ, uπ) + h(xπ, uπ)‖L∞ .

By (26), this implies that

‖yπ − xπ‖L∞ ≤ 2N (1 + Δt K)N‖h(xπ, uπ)‖L∞ (29)

which is the required conclusion. �

Remark 1 Inequality (29) implies that K1 depends on the Lipschitz constant K and the
number of subdivisions N ; namely that we have K1 ≥ 2N (1 + Δt K)N . We observe that
(1+Δt K)N = (1+(tf−t0)K/N)N is increasing in N and that, as Δt −→ 0, (1+Δt K)N −→
e(tf−t0)K . So one has K1 ≥ 2N e(tf−t0)K for any N .

Remark 2 In the optimal control problem we deal with, we can achieve exact restoration
(i.e. h(yπ, uπ) = 0) easily, because we can simply find yπ using yi+1 = yi + Δt f(yi, ui)
recursively with the given uπ. This case corresponds to θ = 0, for which Lemma 1 still holds.

Lemma 2 Suppose Assumption (A2) holds. Then the first-order partial derivative of ∇hπ

is Lipschitz continuous in (xπ, uπ).

Proof. It follows from the Lipschitz continuity of the first partial derivative of f . �

In the numerical experiments in Section 6, (14)-(16) will be solved “exactly” in each itera-
tion of the IR method. Then we can set K2 = 0, because we will implement the tangent plane
(or the linearization of the constraint) in an exact way. Furthermore because we will achieve
optimality exactly in the tangent plane, we have G̃(zπ, vπ, μπ, yπ, uπ, λπ) = 0, satisfying (23),
with the choice of η = 0. Consequently, the pose the following assumption.

(A6) K2 = 0 and η = 0 .
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Theorem 2 Suppose Assumptions (A2), (A5) and (A6) hold, and Conditions (20) and (24)
are satisfied. Then the sequence of IR iterates {x(k)

π , u
(k)
π , λ

(k)
π } is convergent to the critical

triplet {x∗
π, u∗

π, λ∗
π} of Problem (PE). Furthermore, if θ = η = 0, convergence of the iterates

is r-quadratic.

Proof. By Assumption (A6) and Lemma 1, (21)-(23) are satisfied. Also by Lemma 2, the
remaining hypotheses of Theorem 3 in [17] hold, yielding the first conclusion. The second
conclusion is then provided by Theorem 5 in [17]. �

Corollary 2 Suppose Assumptions (A1)-(A6) hold and Conditions (20) and (24) are sat-
isfied. As Δt −→ 0, the solution {x∗

π, u∗
π, λ∗

π} found by the IR method tends to the critical
triplet (x∗, u∗, λ∗).

Proof. The statement is furnished by Theorem 2 and Corollary 1. �

5 Quadratic Problems

Consider the problem with quadratic cost and a polynomial dynamics such that

(PQ)

⎧⎪⎨⎪⎩ minimize
∫ tf

t0

xT (t)Q(t)x(t) + uT (t)R(t)u(t) dt

subject to ẋ(t) = f(x(t)) + H(x(t))u(t), x(t0) = x0,

where Q is a time-varying n × n positive semi-definite matrix, R is a time-varying m × m
positive definite matrix. The coordinates of the vector function f(x) are quadratic in x, and
H(x) is an n × m matrix whose entries are linear in x. Dynamical systems of the form in
Problem (PQ) commonly arise in mechanics, epidemic and ecological models.

It is not difficult to see that the optimality phase equations (14)-(16) for Problem (PQ)
are linear in zi, μi and vi. Furthermore, (16) can be solved for vi in zi and μi uniquely.
Substitution of the expression obtained for vi into (14)-(15) yields a linear system of state-
costate equations which can in general be solved much more easily than the original nonlinear
equations (5)-(7). We provide a simple example to Problem (PQ) in Section 6.1.

5.1 IR and Projected Newton Methods

In this Subsection we show that a special case of the IR method is equivalent to the pro-
jected Newton method. For brevity, rewrite Problem (PIR), with x = (xπ, uπ) only in this
subsection, as

(PIRa): minimize f̃0(x), subject to h(x) = 0 .

Recall the classical Lagrangian function

L(x, λ) = f̃0(x) + λT h(x)

Denote the current iterate by (x, λ) and the next iterate by (z, μ). Newton’s method finds
(z, μ) by solving
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[ ∇xxL(x, λ) ∇h(x)T

∇h(x) 0

] [
z − x
μ − λ

]
= −

[ ∇xL(x, λ)T

h(x)

]
(30)

Let the kth iterate be denoted by (x(k), λ(k)). Then Newton iterations are carried out using
(30) with (x(k), λ(k)) = (x, λ) and (x(k+1), λ(k+1)) = (z, μ), k = 0, 1, 2, . . .. If one sets λ(k+1) =
μ, but chooses x(k+1) to satisfy h(x(k+1)) = 0, then the method is referred to as a projected
Newton method [30].

Proposition 1 Suppose that Problem (PIRa) is quadratic, namely that f̃0(x) and h(x) are
quadratic in x. If Assumption (A6) holds and θ = 0, the IR method is a projected Newton
method.

Proof. Rewrite the “modified Lagrangian function” used in the optimality phase of IR for
Problem (PIRa) as

L(z, μ) = L(z, λ) + (μ − λ)T∇h(y) (z − y)

Suppose f̃0(x) and h(x) are quadratic, namely, without loss of generality,

f̃0(x) = xT Qx , and hi(x) = xT Hix,

where Q and Hi, i = 1, . . . ,m, are n× n symmetric matrices. Then the necessary conditions
of optimality dictates that

∇L(z, μ)T =
[ ∇f̃0(z)T + ∇h(z)T λ + ∇h(y)T (μ − λ)

∇h(y)T (z − y)

]
(31)

=

⎡⎢⎣ Qz +
m∑

i=1

λiHiz + ∇h(y)T (μ − λ)

∇h(y)T (z − y)

⎤⎥⎦
=

⎡⎢⎣
(

Q +
m∑

i=1

λiHi

)
(z − y) + ∇h(y)T (μ − λ) +

(
Q +

m∑
i=1

λiHi

)
y

∇h(y)T (z − y)

⎤⎥⎦ = 0

After rearranging, one gets⎡⎢⎣ Q +
m∑

i=1

λiHi ∇h(y)T

∇h(y) 0

⎤⎥⎦[ z − y
μ − λ

]
= −

⎡⎢⎣
(

Q +
m∑

i=1

λiHi

)
y

0

⎤⎥⎦
that is [ ∇yyL(y, λ) ∇h(y)T

∇h(y) 0

] [
z − y
μ − λ

]
= −

[ ∇yL(y, λ)T

0

]
(32)

With θ = 0, the pair (y, λ) is the current iterate such that h(y) = 0, i.e. y is a feasible point.
Let the kth iterate be denoted by (y(k), λ(k)), k = 0, 1, 2, . . .. The next iterate (y(k+1), λ(k+1))
is found as follows: The system (32) is solved for (z, μ) with (y, λ) = (y(k), λ(k)). One sets
λ(k+1) = μ, and y(k+1) is chosen to satisfy h(y(k+1)) = 0.

In the case of projected Newton method, h(x) = 0 in (30), and so (32) is identical to (30).
This furnishes the proposition. �



Inexact Restoration for Optimal Control by C. Y. Kaya and J. M. Mart́ınez 13

Remark 3 Tapia and Whitley [30] establish super-quadratic convergence of order 1 +
√

2
for the projected Newton method applied to the eigenvalue problem of symmetric matrices,
which is an equality constrained quadratic problem. Their discovery does not hold, however,
for the eigenvalue problem of non-symmetric matrices. With Proposition 1, the convergence
of IR sets conditions for the convergence of the projected Newton method for general equality
constrained quadratic problems.
If f̃0(x) or h(x) is not quadratic in x, or θ �= 0, then IR and projected Newton are clearly
different methods.

6 Numerical Implementation

In this section we illustrate an implementation of the IR method through two test problems,
one with a quadratic scalar system and the other with the van der Pol system. Recall that
the IR method as described in [17] is a local technique. For comparison purposes we use the
Newton and the projected Newton methods as applied to Equations (14)-(16). In the first
example, which involves a quadratic problem, the IR method is the same as the projected
Newton method, by virtue of Proposition 1. In the case of van der Pol system, the problem
is not quadratic, so we provide comparisons with both the Newton and projected Newton
methods.

6.1 A scalar system

Consider the problem

(P1)

⎧⎪⎨⎪⎩ minimize
1
2

∫ 1

0
(u2(t) + x2(t)) dt

subject to ẋ(t) = 1 − x(t) + x(t)u(t), x(0) = 1 ,

where the state x(t) is scalar. Necessary conditions (1)-(3) yield the following TPBVP.

ẋ(t) = 1 − x(t) − λ(t)x2(t), x(t0) = 1 , (33)
λ̇(t) = (λ2(t) − 1)x(t) + λ(t) λ(1) = 0 , (34)

where the optimal control u(t) = −λ(t)x(t) has been substituted. The TPBVP (33)-(34) can
be solved accurately by using shooting techniques if a good initial guess for λ(0) is provided.
The solution is found to be the initial value problem (IVP) with the initial conditions

x(0) = 1 and λ(0) = 0.492349 ,

and the cost incurred is obtained as 0.439560, up to the given accuracy.

The optimality phase equations (14)-(16) for this example become

zi+1 = zi + (yi+1 − yi) + Δt [(ui − 1) (zi − yi) + yi (vi − ui)] , (35)
μi−1 = μi + Δt [zi + λi (vi − 1) + (μi − λi) (ui − 1)] , (36)

vi = −λi zi − (μi − λi) yi . (37)

for i = 0, . . . , N − 1, with x0 = 1 and μN−1 = 0. These form a linear system of equations
with the unknowns zπ, vπ and μπ, where the corresponding (3N × 3N) coefficient matrix
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is sparse. Note that (35)-(37) can be put into a computationally more convenient form, by
substituting vi in (37) into (35) and (36). After doing this substitution and rearranging (36)
one gets the recursive expressions

vi = −λi zi − (μi − λi) yi , (38)
zi+1 = zi + (yi+1 − yi) + Δt [(ui − 1) (zi − yi) + yi (vi − ui)] , (39)

μi+1 =
μi − Δt

[
(1 − λ2

i+1) zi+1 + λ2
i+1 yi+1 − λi+1 ui+1

]
1 − Δt(1 + λi+1 yi+1 − ui+1)

, (40)

with x0 = 1 and μN−1 = 0. Note that (40) is well-defined for sufficiently small Δt. With
the substitution of vi, Equations (39)-(40) constitute a standard discrete-time TPBVP in the
variables zπ and μπ. Because this TPBVP is linear (in zi and μi), unless it is ill-conditioned,
a solution to it can be found in just one iteration. This is more efficient than solving the
sparse linear system of equations in (35)-(37).

We carry out IR iterations with θ = η = K2 = 0. In other words, we solve the subproblems
in the feasibility and optimality phases exactly, where the linearization of the constraint is
also exact. We adopt this exact approach, because it is computationally less demanding than
the inexact version. We tabulate in Tables 1 and 2 the IR and Newton iterations with N = 8
(or 23) and N = 32768 (or 215), respectively. In each table, we list the values

d(k) = ‖zπ − x∗
π‖L∞ + ‖vπ − u∗

π‖L∞ + ‖μπ − λ∗
π‖L∞ , (41)

K
(k)
1 =

‖yπ − xπ‖L∞

‖h(xπ, uπ)‖L∞
, (42)

K
(k)
3 =

‖zπ − yπ‖L∞ + ‖vπ − uπ‖L∞ + ‖μπ − λπ‖L∞

‖G(yπ, uπ, λπ)‖L∞
, (43)

where the superscript k has been omitted from the terms on the right-hand side for clarity.
We also tabulate the cost, i.e. the value of f̃0, at each iteration. Note that the maxima of the
sequences K

(k)
1 and K

(k)
3 throughout all of the iterations roughly constitute lower bounds for

the parameters K1 and K3, respectively. At the beginning, we choose

λ
(0)
i = λ

(0)
0 +

i

N − 1

(
λ

(0)
N−1 − λ

(0)
0

)
, (44)

which are points equally spaced along a straight line between the guess for the initial costate
λ

(0)
0 and the terminal costate λ

(0)
N−1 = 0. We also use at the start u

(0)
i = −λ

(0)
i y

(0)
i for

i = 0, 1, . . . , N , recursively. In each iteration (k = 0, 1, . . .) of IR,

y
(k)
i+1 = y

(k)
i + Δt

(
1 − y

(k)
i + y

(k)
i u

(k)
i

)
, y0 = x0,

is used to achieve feasibility.

In both of the cases when N = 23 and N = 215, the IR conditions (21) and (23) can be
satisfied by setting K1 and K3 to appropriate values. Recall that the rest of the conditions,
where we choose θ = η = K2 = 0, are also satisfied. This assures that IR iterations can be
completed in each iteration and that convergence of the vectors xπ, uπ and λπ is achieved.

Numerical experiments with the IR and Newton methods show interesting similarities as
well as differences (see Tables 1 and 2). Based on the wider numerical evidence, including
the other experiments we did with various starting guesses, IR seems to be at least as fast
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IR Newton

k K
(k)
1 K

(k)
3 d(k) d(k)

(d(k−1))2
cost d(k) d(k)

(d(k−1))2
cost

0 — 16.2 4.2 × 100 1.441334 4.2 × 100 1.441334
1 2.7 1.5 1.6 × 100 0.091 0.622911 2.3 × 100 0.130 0.500589
2 3.0 1.8 1.2 × 10−1 0.046 0.442613 3.2 × 10−1 0.061 0.396110
3 2.2 2.4 8.5 × 10−4 0.060 0.441798 7.3 × 10−3 0.071 0.442573
4 2.7 1.5 5.0 × 10−8 0.070 0.441798 1.9 × 10−6 0.035 0.441798

Table 1: IR and Newton iterations with N = 8 and λ
(0)
0 = −1.2. Solution is obtained with

λ∗
0 = 0.479518.

IR Newton

k K
(k)
1 K

(k)
3 d(k) d(k)

(d(k−1))2
cost d(k) d(k)

(d(k−1))2
cost

0 — 80995.7 4.3 × 100 1.563850 4.3 × 100 1.563850
1 10488 2.0 2.3 × 100 0.128 0.800903 3.4 × 100 0.186 0.689536
2 12221 2.7 2.1 × 10−1 0.039 0.442607 7.1 × 10−1 0.062 0.325750
3 9159 3.8 2.9 × 10−3 0.064 0.439561 4.8 × 10−2 0.097 0.446216
4 9836 2.7 7.9 × 10−7 0.095 0.439561 1.4 × 10−4 0.061 0.439552
5 4.4 × 10−10 0.021 0.439561

Table 2: IR and Newton iterations with N = 215 (or 32768) and λ
(0)
0 = −1.2. Solution is

obtained with λ∗
0 = 0.492346.

as Newton for this particular problem. In fact, with the given initial guess, IR reaches
the solution one step earlier than Newton, pointing to robustness in the early iterations.
Local convergence of IR for this problem seems to be at least quadratic, rather than just
r-quadratic. Moreover, in most of the experiments we have done, we observe that while the
cost is decreasing monotonously with IR, this is not the case with Newton.

It is well-known that Newton’s method obeys the so-called mesh independence principle
[31, 32]; namely its convergence behaviour does not change with the mesh size, Δt, or with
N . We note in this example application that convergence behaviour of IR also seems to be
independent from the mesh size. An inspection of the convergence proof in [17] reveals that K1

is one of the parameters on which the convergence rate depends. However, by Remark 1, K1

depends on N , which is also evident from Tables 1 and 2. Therefore convergence rate should
be expected to depend on N . Nevertheless, the evidence observed on mesh independence of
IR in Tables 1 and 2 warrants further investigation.

6.2 The van der Pol system

The van der Pol system has been used as a test problem in various optimal control studies
[10, 33]. We consider the van der Pol system with unbounded control,

ẋ1(t) = x2(t) , (45)
ẋ2(t) = −x1(t) − (x2

1(t) − 1)x2(t) + u(t) , (46)
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where x(0) = (1, 1), with the aim of minimizing the quadratic cost

1
2

∫ 1

0
(x2

1(t) + x2
2(t) + u2(t))dt .

The necessary conditions (1)-(3) yield the following TPBVP, where the explicit expression
for the optimal control, u(t) = −λ2(t), has been substituted.

ẋ1 = x2 , (47)
ẋ2 = −x1 − (x2

1 − 1)x2 − λ2 , (48)
λ̇1 = −x1 + (1 + 2x1x2)λ2 , (49)
λ̇2 = −x2 − λ1 + (x2

1 − 1)λ2 , (50)
with x(0) = (−2, 4) and λ(1) = (0, 0) .

An accurate solution to these equations can be obtained with λ∗(0) = (7.107556, 2.943488),
where the (critical) cost is found as 5.544564.

The optimality phase equations for the van der Pol system can be rearranged in the same
fashion as those given in (38)-(40), giving rise to a standard discrete-time TPBVP. We are not
writing out these equations here, because of their complex appearance. At the beginning, we
choose λ

(0)
i in the same way it was chosen in (44) with some given λ

(0)
0 and with λ

(0)
N−1 = 0.

We also use at the start u
(0)
i = −λ

(0)
i for i = 0, 1, . . . , N , recursively. In each iteration

(k = 0, 1, . . .), we set
y

(k)
i+1 = y

(k)
i + Δt f(y(k)

i , u
(k)
i ), y0 = x0 .

In this way, we obtain exact feasibility.

The IR iterations, as well as the Newton and Projected Newton iterations, for N = 23 (or
8) and N = 215 (or 32768) are listed in Tables 3 and 4, respectively. The values d(k), K

(k)
1 ,

K
(k)
3 are defined as in (41)-(43).

Finite values of K1 and K3, along with other requirements, assure the convergence of IR.
As in Subsection 6.1, IR seems to be at least as fast as Newton, exhibiting convergence at
a quadratic rate. Because the problem is not quadratic, IR is different from the projected
Newton, this time. Therefore we also include the projected Newton in the comparisons. As in
Subsection 6.1 we observe that cost does not necessarily decrease monotonously with Newton,
as opposed to both IR and the projected Newton. Tables 3 and 4 verify this behaviour.

The fact that the behaviour of the IR iterations with N = 23 and N = 215 are similar
prompts again the issue of mesh independence. However, as discussed in the scalar case
before, we should leave this as part of a separate investigation.
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IR Newton Projected Newton

k K
(k)
1 K

(k)
3 d(k) d(k)

(d(k−1))2
cost d(k) d(k)

(d(k−1))2
cost d(k) d(k)

(d(k−1))2
cost

0 — 3.3 2.9 × 101 20.485664 2.9 × 101 20.485664 2.9 × 101 20.485664
1 4.4 7.6 1.6 × 101 0.0184 5.411196 2.2 × 101 0.0248 5.993229 1.9 × 101 0.0224 6.166872
2 3.8 2.6 5.2 × 10−1 0.0021 4.402118 1.7 × 100 0.0036 4.255352 1.2 × 100 0.0033 4.403729
3 2.0 2.0 8.9 × 10−5 0.0003 4.401793 1.3 × 10−3 0.0005 4.401682 6.8 × 10−4 0.0004 4.401793
4 1.4 4.1 1.3 × 10−10 0.0171 4.401793 8.1 × 10−9 0.0047 4.401793 8.9 × 10−10 0.0020 4.401793

Table 3: IR, Newton and projected Newton iterations with N = 8 and λ
(0)
0 = (10, 10). Solution is obtained with λ∗

0 = (2.223707, 1.912639).

IR Newton Projected Newton

k K
(k)
1 K

(k)
3 d(k) d(k)

(d(k−1))2
cost d(k) d(k)

(d(k−1))2
cost d(k) d(k)

(d(k−1))2
cost

0 — 3651 2.4 × 101 18.640039 2.4 × 101 18.640039 2.4 × 101 18.640039
1 25660 48962 1.6 × 101 0.0273 6.548757 2.2 × 101 0.0377 7.188487 2.0 × 101 0.0349 7.427308
2 2854 26756 1.1 × 100 0.0044 5.546653 4.5 × 100 0.0093 5.291185 3.3 × 100 0.0080 5.574305
3 4764 20580 3.0 × 10−3 0.0025 5.544268 2.3 × 10−1 0.0116 5.546968 8.8 × 10−2 0.0080 5.544293
4 4652 2 1.9 × 10−8 0.0021 5.544268 5.3 × 10−4 0.0099 5.544279 5.7 × 10−5 0.0074 5.544268
5 2.6 × 10−9 0.0092 5.544268 2.2 × 10−11 0.0067 5.544268

Table 4: IR, Newton and projected Newton iterations with N = 215 (or 32768) and λ
(0)
0 = (10, 10). Solution is obtained with λ∗

0 =
(7.106053, 2.943200).
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We define the piecewise-linear function approximation x(k)(t) in the kth IR iteration by

x(k)(t) = x
(k)
i + (Nt − i) (x(k)

i+1 − x
(k)
i ), for t ∈

[
i

N
,
i + 1
N

)
,

where i = 0, 1, . . . , N . The piecewise-linear approximations u(k)(t) and λ(k)(t) are defined
similarly. In Figure 1, we depict the IR iterations with N = 215. In the first column, solid
curves illustrate a current iterate x(k)(t), k = 1, . . . , 4, and the dashed curves a previous
iterate, x(k−1)(t), k = 1, . . . , 4. The second and third columns similarly depict u(k)(t) and
λ(k)(t), and their respective previous iterates, u(k−1)(t) and λ(k−1)(t), k = 1, . . . , 4.
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Figure 1: A graphical depiction of the IR iterations for the van der Pol system with N = 215.
Solid curves in each respective column represent x(k)(t), u(k)(t) and λ(k)(t), k = 1, . . . , 4; dashed
curves in each respective column represent x(k−1)(t), u(k−1)(t) and λ(k−1)(t), k = 1, . . . , 4.

7 Conclusions

Many (but not all) Nonlinear Programming problems have the property that, given an ar-
bitrary nonfeasible point x, a (perhaps approximately) feasible point y (related with x) is
easy to obtain. The Inexact Restoration theory [19, 17] sets sufficient conditions that the
restored point y must satisfy in order that the Inexact Restoration method enjoys global and
local convergence properties. Essentially, these conditions are that y should be sufficiently
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more feasible than x and that the distance between y and x should be, at most, of the order
of the infeasibility measure. In this paper we addressed the discretized version of the con-
trol problem (P) and we illustrated that the conditions that make the Inexact Restoration
method applicable are fulfilled. From the practical point of view, we explained why IR is
computationally attractive in this case and we described the application to classical control
problems. The numerical results were encouraging in the sense that practical convergence in
a few iterations was verified in all the test examples and the general performance seemed to
be at least as good as the Newton and projected Newton methods.

The IR method with relatively small N can obviously solve the discretized problem much
more efficiently than shooting techniques can solve the continuous-time problem. So, instead
of the computationally demanding first few iterations of shooting techniques, one can use the
IR method to obtain a reasonable approximation of the solution quickly, and then use this
approximation as a good initial guess in shooting methods so as to sharpen the solution and
reach a desired accuracy. Because the IR iterates are approximations of functions over the
given time horizon, the approximate solution would constitute a good initial guess particularly
for multiple shooting techniques.

Many computational schemes for optimal control involve finding some solution of a local
subproblem efficiently, which may not be required to be very accurate - an example to such
a scheme is the leapfrog algorithm [34]. The IR method seems to be well-suited for solving
such subproblems, too.

Future research should include the application and theoretical analysis of the IR technique
to more general control problems, for example, with the addition of constraints on the control
and/or the state.
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