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Abstract

The OVO (Order-Value Optimization) problem consists in the min-
imization of the Order-Value function f(x), defined by

f(x) = fip(x)(x),

where
fi1(x)(x) ≤ . . . ≤ fim(x)(x).

The functions f1, . . . , fm are defined on Ω ⊂ IRn and p is an integer
between 1 and m.

When x is a vector of portfolio positions and fi(x) is the predicted
loss under the scenario i, the Order-Value function is the discrete
Value-at-Risk (VaR) function, which is largely used in risk evaluations.

The OVO problem is continuous but nonsmooth and, usually, has
many local minimizers. A local method with guaranteed convergence
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to points that satisfy an optimality condition was recently introduced
by Andreani, Dunder and Mart́ınez. The local method must be com-
plemented with a global minimization strategy in order to be effective
when m is large. A global optimization method is defined where lo-
cal minimizations are improved by a tunneling strategy based on the
harmonic oscillator initial value problem. It will be proved that the
solution of this initial value problem is a smooth and dense trajectory
if Ω is a box.

An application of OVO to the problem of finding hidden patterns in
data sets that contain many errors is described. Challenging numerical
experiments are presented.

Key words: Order-Value optimization, local methods, harmonic os-
cillator, tunneling, hidden patterns.

1 Introduction

Given m continuous functions f1, . . . , fm, defined in a domain Ω ⊂ IRn and
an integer p ∈ {1, . . . , m}, the p−Order-Value (OVO) function f is given by

f(x) = fip(x)(x)

for all x ∈ Ω, where ip(x) is an index function such that

fi1(x)(x) ≤ fi2(x)(x) ≤ . . . ≤ fip(x)(x) ≤ . . . ≤ fim(x)(x).

The OVO function is continuous [2]. However, even if the functions fi

are differentiable, the function f may not be smooth. The OVO problem
consists in the minimization of the Order-Value function:

Minimize f(x) subject to x ∈ Ω. (1)

The definition of the OVO problem was motivated by two main applica-
tions.

1. Assume that Ω is a space of decisions and, for each x ∈ Ω, fi(x)
represents the cost of decision x under the scenario i. The Minimax
decision corresponds to choose x in such a way that the maximum
possible cost is minimized. This is a very pessimistic alternative and
decision-makers may prefer to discard the worst possibilities in order to
proceed in a more realistic way. For example, the decision maker may
want to discard the 10 % more pessimistic scenarios. This corresponds
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to minimize the p−Order-Value function with p ≈ 0.9×m. When fi(x)
represents the predicted loss for the set x of portfolio positions under
the scenario i, the function f(x) is the Value-at-Risk function, which
is largely used in the finance industry. See [15].

2. Assume that we have a parameter-estimation problem where the space
of parameters is Ω and fi(x) is the error corresponding to the obser-
vation i when the parameter x is adopted. The Minimax estimation
problem corresponds to minimize the maximum error. As it is well-
known this estimate is very sensitive to the presence of outliers [14].
Sometimes, we want to eliminate (say) the 15% larger errors because
they can represent wrong observations. This leads to minimize the
p−Order-Value function with p ≈ 0.85 × m. The OVO strategy is
adequate to avoid the influence of systematic errors.

In [2] the continuity and differentiability properties of the Order-Value
function was proved, nonsmoothness was discussed, local optimality condi-
tions were introduced and, according to them, a local algorithm was defined.
This algorithm is guaranteed to converge only to points that satisfy the op-
timality conditions, which are not necessarily global minimizers. A different
approach was used in [1]. In this paper a nonlinear-programming reformula-
tion of the OVO problem was defined. So, a general nonlinear programming
solver can be used for solving it but, again, global solutions may be very
difficult to find. Nonlinear programming methods that take advantage of
the structure of the OVO reformulation were presented in [22, 23] but it is
too soon for an evaluation of the effectiveness of these reformulations for
solving practical problems.

The objective of the present work is to insert the local algorithm in a
global heuristic and to apply the resulting method to the problem of finding
hidden patterns. It is interesting to observe that, both in the application to
decision problems and in the application to robust estimation of parameters,
the OVO problem used corresponds to large values of p (generally close to
m) whereas in the hidden-pattern problem the small values of p are the
interesting ones. This is because we assume, in the latter problems, that all
except a small number of data are corrupted.

This paper is organized as follows. The local algorithm is presented
in Section 2. In Section 3 we introduce Lissajous motions, which are the
basis of the global heuristic. In Section 4 we describe the global optimization
algorithm. The hidden-pattern problem is discussed in Section 5. Numerical
experiments are shown in Section 6 and in Section 7 we give some conclusions
and discuss the lines for future research.
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2 Local Algorithm

In this section we present the local algorithm which will be used in the
calculations. Before, let us define for all ε > 0 and x ∈ Ω:

Iε(x) = {j ∈ {1, . . . , m} | f(x)− ε ≤ fj(x) ≤ f(x) + ε}.

Algorithm 2.1

Let x0 ∈ Ω be an arbitrary initial point. Let θ ∈ (0, 1), ∆ > 0, ε > 0,
0 < σmin < σmax < 1, η ∈ (0, 1].

Given xk ∈ Ω the steps of the k-th iteration are:

Step 1. (Solving the subproblem)
Define

Mk(d) = max
j∈Iε(xk)

∇fj(xk)
T d.

Consider the subproblem

Minimize Mk(d) subject to xk + d ∈ Ω, ‖d‖∞ ≤ ∆. (2)

Let d̄k be a solution of (2). Let dk be such that xk + dk ∈ Ω, ‖dk‖ ≤ ∆
and

Mk(dk) ≤ ηMk(d̄k). (3)

If Mk(dk) = 0 stop.
Step 2. (Steplength calculation)

Set α← 1.
If

f(xk + αdk) ≤ f(xk) + θαMk(dk) (4)

set αk = α, xk+1 = xk + αkdk and finish the iteration. Otherwise, choose
αnew ∈ [σminα, σmaxα], set α← αnew and repeat the test (4).

Observe that, when Ω is convex, (2) is equivalent to the convex opti-
mization problem

Minimize w

∇fj(xk)
T d ≤ w, ∀ j ∈ Iε(xk),

xk + d ∈ Ω, ‖d‖∞ ≤ ∆.

Assume that Ω ⊂ IRn is closed and convex, and f1, . . . , fm have contin-
uous partial derivatives in an open set that contains Ω.
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For all x, y ∈ Ω, j = 1, . . . , m, we assume that

‖∇fj(x)‖∞ ≤ c,

and
‖∇fj(y)−∇fj(x)‖∞ ≤ L‖y − x‖∞.

Definition. We say that x is ε-optimal (or critical) if

D ≡ {d ∈ IRn | x + d ∈ Ω and ∇fj(x)T d < 0, ∀ j ∈ Iε(x)} = ∅.

The following theorem was proved in [2].

Theorem 2.1. Assume that xk ∈ Ω is the k−th iterate of Algorithm 2.1.
Then:

1. The algorithm stops at xk if, and only if, xk is a critical point. If the
algorithm does not stop at xk, then the k−th iteration is well-defined
and finishes at Step 2 with the computation of xk+1.

2. Suppose that x∗ ∈ Ω is a limit point of a sequence generated by Algo-
rithm 2.1. Then x∗ is critical.

3 Lissajous motions

Assume that Ω ⊂ IRn is a bounded box with nonempty interior. That is:

Ω = {x ∈ IRn | ` ≤ x ≤ u}.

The Harmonic Oscillator Initial-Value problem is the system of n inde-
pendent harmonic oscillators given by:

d2

dt2
xi(t) + θ2

i xi(t) = 0, i = 1, . . . , n (5)

where θ2
i = [ke]i

g
, g is the mass of the body and the [ke]i’s are the elasticity

constants.
The solutions of (5) are:

α(t) = (cos(θ1t + ϕ1), . . . , cos(θnt + ϕn)), (6)

where ϕ1, . . . , ϕn are constants. The trajectory defined by each solution (6)
is called a Lissajous curve. See [12] p. 36. In Pictures 1 and 2 we show
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examples of these curves for n = 2 and n = 3, respectively.
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Given x0 ∈ Ω and choosing appropriately ϕ1, . . . , ϕn we can find a Lis-
sajous curve such that x(0) = x0. Clearly, Lissajous curves are smooth. In
this section we give a simple proof that the image of a Lissajous curve is
dense in [−1, 1]n.

Definition. We say that θ1, . . . , θn ∈ IR are linearly independent over Q if

n
∑

i=1

riθi = 0 and r1, . . . , rn ∈ Q

only if r1 = · · · = rn = 0.

Theorem 3.1. (Kronecker’s Approximation Theorem) Let h1, h2, . . . ,

hn ∈ IR be linearly independent over Q, ξ1, . . . , ξn ∈ IR and ε > 0. Then,
there exists t ∈ IR and ki ∈ Z such that

|hit− ξi − ki| < ε, ∀ i = 1, . . . , n.

Proof. See [13] pp. 431-437.

Theorem 3.2. Let α : IR −→ [−1, 1]n be the Lissajous curve given by (6),
where θ1, . . . , θn are linearly independent over Q. Then, the image of α(t)
is dense in [−1, 1]n.

Proof. Let ε > 0 be arbitrarily small and x ∈ [−1, 1]n.
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Let λ ∈ IRn be such that

cos(λi) = xi, ∀ i = 1, . . . , n. (7)

By the uniform continuity of the cosine function, there exists δ > 0 such
that

|t1 − t2| ≤ δ ⇒ | cos(t1)− cos(t2)| ≤ ε, ∀ t1, t2 ∈ IR. (8)

Define

hi =
θi

2π
, ξi =

λi − ϕi

2π
, i = 1, . . . , n.

Since θ1, . . . , θn are linearly independent, h1, . . . , hn are also linearly in-
dependent. By Theorem 3.1 there exists t ∈ IR and ki ∈ Z such that

∣

∣

∣

∣

θi

2π
t− λi − ϕi

2π
− ki

∣

∣

∣

∣

<
δ

2π
, i = 1, . . . , n.

So,
|θit + ϕi − (λi + 2kiπ)| < δ, i = 1, . . . , n.

Then, by (8) and the periodicity of the cosine function,

| cos(θit + ϕi)− cos(λi)| ≤ ε.

From (7), the desired result follows.

Let Φ be the obvious linear dipheomorphism between [−1, 1]n and Ω. By
Theorem 3.2, {Φ(α(t)), t ∈ IR} is dense in Ω. Moreover, if β : (−1, 1)→ IR

is one-to-one and continuous, we have that the set {Φ[α(β(t))] | t ∈ (−1, 1)}
is also dense in Ω. Let us define F : (−1, 1)→ IR by

F (t) = f [Φ[α(β(t))]]. (9)

The problem of minimizing f on Ω is equivalent to the problem of minimiz-
ing F on (−1, 1) in the sense given by the following theorem.

Theorem 3.3. Let x∗ be a global minimizer of f on Ω and ε > 0. Then,
there exists t ∈ (−1, 1) such that

F (t) < f(x∗) + ε.

Proof. By the continuity of f , there exists δ > 0 such that f(x) < f(x∗) + ε

whenever ‖x− x∗‖ < δ. Since {Φ[α(β(t))] | t ∈ (−1, 1)} is dense in Ω, there
exists t ∈ (−1, 1) such that ‖Φ[α(β(t))] − x∗‖ < δ. Then, f [Φ[α(β(t))] <

f(x∗) + ε as we wanted to prove.
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4 Global algorithm

The local Algorithm 2.1 can be very effective in many cases for finding global
minimizers of the OVO problem. However, when m is large, the number of
local minimizers increases dramatically. Moreover, critical points are not
necessarily local minimizers and, therefore, the number of possible limit
points of Algorithm 2.1 that are not global solutions is enormous.

Our strategy for solving the OVO problem consists of using the lo-
cal algorithm for finding a critical point x∗ and, then, trying to “escape”
from this critical point using a Lissajous curve that passes through it.
The linearly independent parameters θ1, . . . , θn that define the Lissajous
curves are chosen to be the square roots of the n first prime numbers. So,
{θ1, θ2, θ3, . . .} = {

√
2,
√

3,
√

5, . . .}. Therefore, the escaping strategy is re-
duced to a one-dimensional tunneling procedure. See [19, 25, 26, 28], among
others.

After many trials and errors, we defined the global algorithm described
below. Besides the local minimization and the tunneling phases we intro-
duced a multistart procedure for generating different initial points, defining
criteria for discarding poor initial points and establishing an upper limit of
one second for each call to the tunneling phase.

Algorithm 4.1

Let kmax > 0 be an algorithmic parameter. Initialize k ← 1, fmin ←∞,
C ← ∅, A ← ∅, δ = 0.1× min

1≤i≤n
{ui − li}.

Step 1. Random choice
If k > kmax, stop. Otherwise, choose a random (uniformly distributed)

initial point xIk
∈ Ω.

Step 2. Functional discarding test
Define

fmax = max{f(x) | x ∈ A}.
The probability Prob of discarding xIk

, is defined in the following way:

• If f(xIk
) ≤ fmin, Prob← 0.

• If f(xIk
) ≥ fmax and A 6= ∅, Prob← 0.8.

• If fmin < f(xIk
) < fmax and A 6= ∅, Prob← 0.8

(

f(xIk
)− fmin

fmax − fmin

)

.
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Discard the initial point xIk
with probability Prob. If xIk

was discarded,
go to Step 1. Otherwise, go to Step 3.
Step 3. Neighborhood discarding test

Define

dmin = min{‖x− xIk
‖∞ | x ∈ C}, (C = ∅ ⇒ dmin =∞).

Update Prob, the new probability of discarding xIk
, in the following way:

• If dmin ≤ δ, Prob = 0.8.

• If dmin > δ, Prob = 0.

Discard the initial point xIk
with probability Prob. If xIk

was discarded,
go to Step 1. Otherwise, go to Step 4.
Step 4. 10-Iterations discarding test

Perform 10 iterations of the local method (Algorithm 2.1) obtaining the
iterate x10,k. Set

f10 = f(x10,k).

If C 6= ∅, define
faux = f(xIk

)− 0.1(f(xIk
)− fmin).

Update the probability Prob in the following way:

• If f10 ≤ fmin, Prob← 0.

• If f10 ≥ faux, Prob← 0.8.

• If fmin < f10 < faux, Prob← 0.8

(

f10 − fmin

faux − fmin

)

.

Discard xIk
with probability Prob. If xIk

was discarded, go to Step 1.
Otherwise, update

A ← A∪ {xIk
},

set k ← k + 1 and go to Step 5.
Step 5. Local minimization

Taking xIk
as initial point, execute Algorithm 2.1 obtaining a critical

point x∗,k. Update the set of critical points C:

C ← C ∪ {x∗,k}.

Update the best functional value:

fmin ← min{fmin, f(x∗,k)},
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xmin ← x∗,k if fmin = f(x∗,k).

Set time← 0 and go to Step 6.
Step 6. Tunneling

Using the Lissajous curve that passes through x∗,k and the definition
(9), try to obtain t ∈ (−1, 1) such that F (t) < f(x∗,k). If such a point is
obtained, update

xIk
← Φ[α(β(t))]

and go to Step 5. At each step of the tunneling process, update the com-
puter time parameter time. If time exceeds one second, go to Step 1.

The random choice at Step 1 of Algorithm 4.1 trivially guarantees that
a global minimizer is found with probability 1. This is stated, for complete-
ness, in the following theorem.

Theorem 4.1 Let x∗ be a global minimizer of (1) and let ε > 0 be arbi-
trarily small. Assume that kmax =∞. Then, with probability 1, there exists
k ∈ {1, 2, . . .} such that the point xmin computed at Step 5 of the algorithm
satisfies f(xmin) ≤ f(x∗) + ε.

Proof. Since f is continuous there exists a ball B centered in x∗ such that

f(x) ≤ f(x∗) + ε ∀ x ∈ B.

Since the initial point at Step 1 is chosen randomly and according to
the uniform distribution, the probability of choosing xIk

∈ B at a particular
iteration k is strictly positive. By the structure of Steps 2–4, the probability
of discarding xIk

is strictly smaller than 1.
Therefore, at a fixed iteration k, a point belonging to the ball B is cho-

sen as the initial point for Algorithm 2.1 with positive probability. Since
Algorithm 2.1 does not increase the objective function value, it follows that,
given k, a point xmin ∈ B is computed at Step 5 with positive probability.
The desired result follows since kmax =∞.

5 Hidden patterns

The search of hidden patterns is one of the most challenging issues in modern
data mining. Many papers address the problem of hidden-patterns discovery
in different areas, as Ecology [9, 24], Web-log Analysis [16], Public Health
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Administration [17], Spatio-temporal Dynamics of Wave Modes [8], Art [35],
Psychoanalytic Literary Criticism [27], Psychiatry [11], Social History [29],
Demography [6, 7], City Systems [18] and many others.

Consider the clouds of points given in Pictures 3a and 3b. At a first
sight, the two clouds of points look qualitatively similar. However, in Pic-
ture 3a there are exactly five points that lie on the same parabola whereas
in Picture 3b such set of points does not exist.
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In Picture 4 we show again the points of Picture 3a together with the
parabola that fits those special points. In situations like this, we say that
Picture 3a hides the pattern of a parabola (or, simply, hides a parabola),
whereas Picture 3b does not.
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Picture 4

In the following section we show how the OVO problem and Algo-
rithm 4.1 may be used to find hidden patterns of this type. Several examples
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presented in the following section are simple and small enough to be solved
by exhaustive enumerative methods. However, if the number of data or the
number of unknown parameters is moderately increased the use of combina-
torial procedures is prohibitive. This is the reason why we did not consider
enumerative algorithms in our analysis.

It must be mentioned that in many data-mining papers and applications,
patterns are hidden in the sense that they are difficult to find, at least using
standard fitting procedures. In our case patterns are hidden because they
are revealed only taking into account a small amount of data, the reason
being that most available information is severely corrupted.

6 Numerical experiments

Some practical features concerning the implementation of the algorithm are
given below:

• As mentioned before, problem (2) is a convex optimization problem.
Moreover, in our applications the constraints Ω will be linear, therefore
(2) is a Linear Programming problem. For solving it we use the IMSL
Library routine DDLPRS.

• The subproblems were solved exactly. This means that we used η = 0.

• The algorithmic parameters used were:

θ = 0.5, ∆ = 1, ε = 10−3, σmin = 0.1, σmax = 0.9.

• In the backtracking process (4) we took αnew = 0.5α.

• All the numerical experiments were run on a Pentium 4, 2.4 Ghz, 1Gb
RAM in double precision FORTRAN.

6.1 Finding hidden polynomials

Assume that {(t1, y1), . . . , (tm, ym)} ⊂ IR2 is a set of data and we know
that “most of them are wrong”. Nevertheless, a few of these points con-
tain valuable uncorrupted information, represented by a low-degree poly-
nomial x1t

n−1 + · · · + xn−1t + xn. Least-squares fitting of the form yi ≈
x1t

n−1
i + . . . + xn−1ti + xn leads to disastrous results due to the overwhelm-

ing influence of outliers.
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

3 10 2 -0.34 1.65 3.97 1.40E-16 4 step 1
4 150 190 1.00 -5.00 2.00 2.68E-13 233 step 1
5 250 395 1.00 -5.00 2.00 2.94E-13 590 step 1
6 200 284 1.51 0.90 6.23 0.2687 307 step 6
7 200 397 1.66 1.39 2.59 1.3313 431 step 6
8 200 376 1.54 0.84 5.14 2.3728 384 step 6

−10 −5 0 5 10
0

50

100

150

−10 −5 0 5 10
0

50

100

150

· set of data (ti, yi) * correct data (ti, yi), ı = 1, . . . ,“correct p” - best solution for p = 5

Table 1: m = 50, “correct p”= 5, x∗ = (1,−5, 2)

The OVO approach for finding the hidden polynomial consists in defin-
ing, for each i = 1, . . . , m, the error function

fi(x) = (
n

∑

j=1

xjt
n−j
i − yi)

2.

Given p ∈ {1, . . . , m}, this set of functions defines an OVO problem (1) for
which Algorithm 4.1 may be employed. The idea is to solve this problem for
different values of p. If p is close to m we expect a large value of the OVO
function at the solution found, showing that there are wrong data among
the points that correspond to fi1 , . . . , fip . When p is decreased, the OVO
function at the solution tends to decrease as well. We expect that, when we
take “the correct p”, the OVO function would decrease abruptly, taking a
value close to zero.

The results are summarized in Tables 1 to 6 and the corresponding pic-
tures.
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

8 50 99 -1.00 -6.00 4.00 7.65E-13 66 step 6
9 50 102 -1.00 -6.00 4.00 2.28E-12 72 step 6
10 50 93 -1.00 -6.00 4.00 4.94E-12 45 step 6
11 200 397 -0.95 -6.94 8.08 1.00 406 step 6
12 200 368 -1.04 -5.90 5.45 1.42 75 step 6
13 200 371 -0.94 -6.19 1.95 3.14 133 step 1
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−20
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20

−10 −5 0 5 10
−160
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−120

−100

−80

−60

−40
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0

20

· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 10

Table 2: m = 100, “correct p”= 10, x∗ = (−1,−6, 4)

In all cases we generated m random data. Ten per cent of them are
“correct” in the sense that they fit exactly a previously chosen polynomial.
We defined Ω = [−10, 10]n. The parameter kmax is reported under the
second column of each table. Under the third column we report the total
number of “better points” obtained by the tunneling Lissajous procedure.
The last column indicates the step of Algorithm 4.1 that gave rise to the
initial point that produced the solution. The penultimate column indicates
the number of calls to Algorithm 2.1 that were necessary to find the best
point obtained.

6.2 Finding hidden circles

The experiments are entirely analogous to the ones reported for polynomials.
In this case we need to estimate three parameters x1, x2, x3 ∈ Ω where

Ω = {x ∈ IR3 | − 10 ≤ x1, x2 ≤ 10, 0 ≤ x3 ≤ 10}.
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

13 50 91 -1.00 1.00 -6.00 9.92E-14 33 step 6
14 50 95 -1.00 1.00 -6.00 5.18E-14 36 step 6
15 100 177 -1.00 1.00 -6.00 2.45E-14 221 step 6
16 200 350 -1.00 1.00 -5.96 0.0272 14 step 6
17 200 358 -1.00 1.00 -6.18 0.0339 179 step 6
18 200 332 -1.00 0.97 -6.19 0.0865 288 step 6
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0

· set of data (ti, yi) * correct data (ti, yi), i = 1, . . .“correct p” - best solution for p = 15

Table 3: m = 150, “correct p”= 15, x∗ = (−1, 1,−6)

The center of the unknown circle is (x1, x2) and its radius is x3. The
functions fi are:

fi(x) = [(ti − x1)
2 + (yi − x2)

2 − x2
3]

2.

The results, following the same conventions as before, are summarized in
Tables 7, 8 and 9 and the corresponding pictures.

6.3 Finding hidden “bananas”

The hidden pattern is a curve in the ty-plane, of the form

(y − x2 − (t− x1)
2)2 + (1− (t− x1))

2 = x3,

where x1, x2 and x3 are the parameters that we need to estimate. We defined

Ω = {x ∈ IR3 | − 10 ≤ x1, x2 ≤ 10, 0 ≤ x3 ≤ 20}.

15



Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

3 10 4 1.21 3.34 -5.84 1.36 8.41E-20 4 step 6
4 50 74 1.24 3.55 -5.90 -0.58 1.14E-16 84 step 1
5 50 85 1.00 5.00 3.00 -7.00 1.26E-14 101 step 6
6 200 466 1.05 5.10 -0.95 -10.0 140.50 309 step 6
7 200 397 0.97 4.76 5.77 -10.0 679.53 119 step 6
8 200 450 0.48 -0.52 -7.83 -10.0 3655.75 627 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 5

Table 4: m = 50, “correct p”= 5, x∗ = (1, 5, 3,−7)

And, for each i = 1, . . . , m the error function is:

fi(x) = [(yi − x2 − (ti − x1)
2)2 + (1− (ti − x1))

2 − x3]
2.

The results, following the same conventions as before, are summarized
in Tables 10, 11 and 12 and the corresponding pictures.

6.4 Finding hidden ellipses

In this section the hidden patterns are ellipses:

(ti − x1)
2

x2
3

+
(yi − x2)

2

x2
4

= 1.

In this case we need to estimate four parameters x1, x2, x3 and x4 ∈ Ω where

Ω = {x ∈ IR4 | − 10 ≤ x1, x2 ≤ 10, 0 ≤ x3, x4 ≤ 10}.
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

8 100 181 -1.00 3.00 3.00 9.00 3.46E-17 144 step 6
9 50 100 -1.00 3.00 3.00 9.00 9.15E-15 93 step 6
10 50 80 -1.00 3.00 3.00 9.00 4.51E-14 23 step 6
11 200 407 -1.00 3.00 2.97 8.86 0.0272 369 step 6
12 200 414 -0.98 3.21 0.80 1.73 118.89 115 step 6
13 200 429 -0.98 3.46 2.17 -5.14 207.12 527 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 10

Table 5: m = 100, “correct p”= 10, x∗ = (−1, 3, 3, 9)

Therefore, the error functions are:

fi(x) =

[

(ti − x1)
2

x2
3

+
(yi − x2)

2

x2
4

− 1

]2

.

The results, following the same conventions as before, are summarized
in Tables 13, 14 and 15 and the corresponding pictures.

We used the third problem of Table 15 for comparing the efficiency of
Algorithm 4.1 with respect to a straightforward multistart strategy. The
result reported in Table 15 was obtained using 25 minutes of CPU time.
However, the pure random multistart method, which uses the local algo-
rithm without discarding and tunneling, did not obtain a solution of similar
quality after 12 hours of computation.
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6.5 Finding a hidden polynomial-trigonometric function

Consider the points in Picture 5a. We wish to fit a polynomial-trigonometric
function of the form

y(x, t) = x1 + x2t + x3t
2 + x4t

3 + x5 cos(x6t + x7) + x8 sin(x9t + x10).

Consequently, the error functions are:

fi(x) = [yi − y(x, ti)]
2.

Taking p = 50 we obtained using Algorithm 4.1 and after 2 hours of CPU
time the function given in Picture 5b. Observe that since we need at least
10 points to fit this function and C100

10
∼= 1.7× 1013, the use of enumerative

schemes is completely impossible.
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Picture 5a Picture 5b

· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 50

Picture 5: m = 100, “correct p”= 50

7 Conclusions

Order-Value Optimization is a serious global minimization problem with im-
portant applications, many of which remain to be discovered. In this paper
we emphasized the application to finding hidden patterns in the presence of
massive corrupted data. The local algorithm introduced in [2] is not efficient
enough to cope the problem of multiple critical points, therefore the defini-
tion of a globalization strategy was necessary. In order to preserve the local
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

13 50 80 -1.00 3.00 7.00 0.00 3.24E-16 914 step 6
14 50 82 -1.00 3.00 7.00 0.00 8.30E-12 69 step 6
15 100 210 -1.00 3.00 7.00 0.00 1.45E-12 213 step 6
16 200 413 -1.01 3.06 7.79 -1.75 12.04 34 step 6
17 200 447 -1.01 2.96 8.57 0.66 37.10 61 step 6
18 200 409 -0.98 3.10 4.89 -2.21 55.24 225 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 15

Table 6: m = 150, “correct p”= 15, x∗ = (−1, 3, 7, 0)

efficiency of Algorithm 2.1, our global strategy incorporates multiple starts
with discarding strategies and a one-dimensional tunneling procedure for
escaping from critical points, based on Lissajous harmonic oscillator dense
curves.

Although we do not have rigorous theoretical arguments to support the
point of view that this strategy is the best possible for the global OVO
problem (and probably it is not) a rather extensive numerical experimen-
tation (some of which is reported here) suggests that we are not far from
discovering a satisfactory methodology for many practical problems. In par-
ticular, the use of Lissajous curves has been a pleasant experience. The idea
of transforming n-dimensional minimization problems into one-dimensional
ones by means of dense curves is not new but the theoretical question about
which is “the best” curve to fill the n-dimensional box does not seem to be
explicitly formulated. Even the criteria that should define “the best” filling
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

3 50 3 -4.99 -4.81 5.68 3.48E-19 4 step 1
4 2800 3002 5.00 -3.00 7.00 8.77E-18 5670 step 6
5 200 263 5.00 -3.00 7.00 2.93E-16 378 step 1
6 200 302 5.66 3.04 4.32 0.01 363 step 6
7 200 288 5.71 3.09 4.29 0.08 341 step 6
8 200 315 0.01 1.50 5.63 0.18 366 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . .“correct p” - best solution for p = 5

Table 7: m = 50, “correct p”= 5, x∗ = (5,−3, 7)

curve are not completely clear. Although we feel that Lissajous curves sat-
isfy many of these (non-formulated) criteria, we would like to point out the
relevance of future theoretical research on this subject.

Valuable research on solving multi-dimensional multi-extremal optimiza-
tion problem employing Peano-space-filling curves [4, 5, 10, 21, 30, 31, 32, 33,
34] may complement our Lissajous-based approach. A common drawback of
space-filling algorithms is that closeness of points in the multidimensional
space does not correspond to closeness in the corresponding one-dimensional
interval. Strongin [33] introduced an attractive scheme which allows one to
reflect, in the reduced one-dimensional problem, some information on the
nearness of points in the multidimensional domain. His ideas should be
adapted to our scheme in future research. We also need to improve the
escaping procedure, which in the present implementation is rather naive.

Finally, we would like to mention that the application of the hidden-
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

8 50 89 1.00 -2.00 5.00 1.21E-15 78 step 6
9 300 543 1.00 -2.00 5.00 1.35E-17 781 step 6
10 50 88 1.00 -2.00 5.00 5.11E-17 109 step 6
11 200 382 0.92 -1.99 5.00 0.6348 355 step 6
12 200 407 1.00 -2.00 4.88 1.4563 527 step 6
13 200 371 1.00 -2.00 4.87 1.6275 185 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 10

Table 8: m = 100, “correct p”= 10, x∗ = (1,−2, 5)

pattern technology introduced in this paper to the Common Reflection Sur-
face (CRS) problem [3, 20] has been suggested by Lúcio T. Santos and
other members of the Computational Geophysics Group at the University
of Campinas. Advances on this research will be reported in the near future.

A particularly interesting field of future research concerns the use of
Order-Value Optimization for training neural networks in the presence of a
large number of corrupted data.

Acknowledgement We are indebted to Lúcio T. Santos for his careful
reading of the first draft of this paper and to Leo Liberti for suggesting
many improvements.
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

13 300 567 -3.00 1.00 7.00 1.52E-15 815 step 6
14 100 174 -3.00 1.00 7.00 1.99E-13 256 step 6
15 100 173 -3.00 1.00 7.00 5.98E-16 241 step 6
16 200 360 -3.00 1.04 7.00 0.3760 287 step 6
17 200 349 -3.07 1.68 7.69 3.3274 228 step 6
18 200 363 -3.05 1.69 7.69 3.6929 105 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 15

Table 9: m = 150, “correct p”= 15, x∗ = (−3, 1, 7)

22



Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

3 50 9 4.70 5.73 5.82 3.52E-18 53 step 1
4 1000 1258 1.00 -4.00 7.00 1.38E-16 1828 step 6
5 1000 1899 1.00 -4.00 7.00 4.80E-17 2141 step 6
6 1000 2114 1.86 -5.49 12.9 0.0857 2835 step 6
7 1000 2284 1.89 -5.48 13.0 0.2796 2081 step 6
8 1000 2459 1.87 -5.52 13.2 0.4496 551 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 5

Table 10: m = 50, “correct p”= 5, x∗ = (1,−3, 7)
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

8 500 1018 -1.00 -7.00 9.00 1.24E-05 403 step 6
9 500 1013 -1.00 -7.00 8.99 6.66E-05 40 step 6
10 500 1152 -1.00 -7.00 9.00 2.28E-08 760 step 6
11 500 1102 -1.00 -7.00 9.00 0.0001 695 step 6
12 500 1068 -1.00 -6.95 9.01 0.0646 458 step 6
13 500 1103 -1.00 -6.89 8.98 0.3416 1263 step 1
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 10

Table 11: m = 100, “correct p”= 10, x∗ = (−1,−7, 9)
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

13 100 216 0.00 -6.00 15.0 1.45E-15 107 step 6
14 100 207 -0.00 -6.00 15.0 1.31E-16 41 step 6
15 100 221 0.00 -6.00 15.0 2.49E-16 70 step 6
16 200 427 -0.00 -6.00 14.7 0.0675 169 step 6
17 200 481 -0.01 -6.01 15.5 0.6014 458 step 6
18 200 450 -0.02 -6.07 15.2 0.8290 515 step 6

−10 −5 0 5 10
−10

−8

−6

−4

−2

0

2

4

6

8

10

−10 −5 0 5 10
−10

−8

−6

−4

−2

0

2

4

6

8

10

· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 15

Table 12: m = 150, “correct p”= 15 x∗ = (0,−6, 15)
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

8 1819 4181 0.00 4.00 9.00 5.00 1.73E-13 5063 step 6
9 500 1151 0.00 4.00 9.00 5.00 3.18E-13 1587 step 6
10 500 1091 0.00 4.00 9.00 5.00 2.39E-13 993 step 6
11 500 1218 -0.02 4.01 9.12 4.94 0.0006 1601 step 6
12 500 1226 -0.08 4.03 9.12 4.93 0.0008 1229 step 6
13 500 1183 0.31 4.22 8.14 6.06 0.0033 303 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 10

Table 13: m = 50, “correct p”= 10, x∗ = (0, 4, 9, 5)
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

18 1000 3008 0.01 -2.00 9.00 6.99 7.07E-6 1085 step 6
19 1000 2954 0.00 -2.00 8.99 7.00 6.00E-6 3057 step 1
20 6000 17667 -0.00 -2.00 9.00 7.00 2.58E-6 23201 step 6
21 1000 2966 0.01 -1.98 8.98 6.99 7.76E-5 3914 step 6
22 1000 2950 0.03 -1.99 8.93 7.04 0.0002 229 step 6
23 1000 2859 0.00 -1.99 8.90 7.04 0.0004 1728 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 20

Table 14: m = 100, “correct p”= 20, x∗ = (0,−2, 9, 7)
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Number of
Best solution obtained

minimizations

Successful Calls to Successfulp kmax x f(x)
Tunnelings Algorithm 2.1 Step

28 1000 3494 0.97 -0.00 7.99 9.00 7.43E-5 1660 step 6
29 1000 3428 1.00 -0.02 8.00 9.00 2.35E-5 1959 step 6
30 1000 3311 1.00 -0.00 8.00 8.99 3.85E-6 1492 step 6
31 1000 3388 1.02 0.01 7.96 8.99 0.0002 333 step 6
32 1000 3376 1.04 0.01 8.01 9.00 0.0003 4149 step 6
33 1000 3338 1.00 0.02 8.03 9.02 0.0004 1761 step 6
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· set of data (ti, yi) * correct data (ti, yi), i = 1, . . . ,“correct p” - best solution for p = 30

Table 15: m = 150, “correct p”= 30, x∗ = (1, 0, 8, 9)
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Lennard-Jones clusters: 148-309. Comput. Phys. Commun., 123:87–
96, 1999.

[29] P. Street. The logic and limits of “plant loyalty”: Black workers, white
labor, and corporate racial paternalism in Chicago’s stockyards, 1916-
1940. Journal of Social History, 29:659–&, 1996.

[30] R. G. Strongin. On the convergence of an algorithm for finding a global
extremum. Engineering Cybernetics, 11:549–555, 1973.

[31] R. G. Strongin. Numerical Methods for Multi-extremal Problems.
Nauka, Moscow, 1978. (in Russian).

[32] R. G. Strongin. Numerical methods for multi-extremal nonlinear pro-
gramming problems with nonconvex constraints. In V. F. Demyanov
and D. Pallaschke, eds., Lecture Notes in Economics and Mathematical
Systems, 225:278–282, 1984. Proceedings 1984. Springer-Verlag. IIASA,
Laxenburg/Austria 1985.

[33] R. G. Strongin. Algorithms for multi-extremal mathematical program-
ming problems employing the set of joint space-filling curves. Journal
of Global Optimization, 2:357–378, 1992.

[34] R. G. Strongin and D. L. Markin. Minimization of multi-extremal func-
tions with nonconvex constraints. Cybernetics, 22(4):486–493, 1986.
Translated from Russian. Consultant Bureau. New York.

[35] J. W. Weaver. Hidden patterns in Joyce ‘Portrait of the artist as a
young man’. South Atlantic Bulletin, 41:63–63, 1976.

31


