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Abstract

Mathematical programming problems with equilibrium constraints
(MPEC) are nonlinear programming problems where the constraints
have a form that is analogous to first-order optimality conditions of
constrained optimization. We prove that, under reasonable sufficient
conditions, stationary points of the sum of squares of the constraints
are feasible points of the MPEC. In usual formulations of MPEC all the
feasible points are nonregular in the sense that they do not satisfy the
Mangasarian-Fromovitz constraint qualification of nonlinear program-
ming. Therefore, all the feasible points satisfy the classical Fritz-John
necessary optimality conditions. In principle, this can cause serious
difficulties for nonlinear programming algorithms applied to MPEC.
However, we show that most feasible points do not satisfy a recently
introduced stronger optimality condition for nonlinear programming.
This is the reason why, in general, nonlinear programming algorithms
are successful when applied to MPEC.
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1 Introduction

Let f : IRn × IRm → IR be a continuously differentiable function. The
MPEC (mathematical programming with equilibrium constraints) problem
considered in this paper consists in the minimization of f subject to

h(x, y) = 0, g(x, y) ≤ 0, (1)

F (x, y) +∇yt(x, y)λ +∇ys(x, y)z = 0, (2)

t(x, y) = 0, (3)

z ≥ 0, s(x, y) ≤ 0, zi [s(x, y)]i = 0, i = 1, . . . , q, (4)

where [s(x, y)]i is the i−th component of s(x, y), h(x, y) ∈ IRm1 , g(x, y) ∈
IR`, F (x, y) ∈ IRm, s(x, y) ∈ IRq, t(x, y) ∈ IRm2 . We assume that h, g, F are
continuously differentiable and that s, t are twice continuously differentiable.

The constraints (1) will be called ordinary whereas the constraints (2,3,4)
are called equilibrium constraints. If F (x, y) is the gradient (with respect to
y) of some potential function P (x, y) then the equilibrium constraints are
the Karush-Kuhn-Tucker (KKT) conditions of

Minimizey P (x, y) subject to t(x, y) = 0, s(x, y) ≤ 0. (5)

When, instead of (2,3,4), the constraints are (5), we have a bilevel program-
ming problem.

The applications of MPEC include the design of transportation networks,
shape optimization and economic modeling. See [18, 19, 26, 33, 35, 36, 38].

MPEC is a nonlinear programming problem, so one is tempted to apply
ordinary NLP algorithms for solving it. The main difficulty traditionally
associated to this strategy is associated to the constraints (4). If si(x, y) = 0,
the gradients that correspond to this active constraint and to zisi(x, y) = 0
are linearly dependent. On the other hand, if zi = 0, the gradient associated
to the complementarity constraint zisi(x, y) = 0 is dependent of the gradient
associated to zi = 0. Since, at any feasible point, either zi = 0 or si(x, y) =
0, it turns out that the set of gradients of active constraints are linearly
dependent for all the feasible points of MPEC. Many NLP algorithms depend
strongly of the hypothesis of linearly independence of the gradients of active
constraints, so their performance could be poor for MPEC or, perhaps, they
could be inapplicable. This motivated many authors to introduce specific
algorithms for solving MPEC. See [13] and references therein.

In this paper we discuss the application of NLP algorithms to MPEC.
The first problem is addressed in Section 2, where we give sufficient con-
ditions under which “reasonable” algorithms find feasible points of MPEC.
In Section 3 we discuss the lack of regularity of feasible points of MPEC.
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We show that if a method converge to points that satisfy an optimality con-
dition introduced in [31] then, its chances of converging to a solution are
enhanced. Conclusions are given in Section 4.

2 NLP algorithms and feasibility

Many NLP algorithms have the property that their accumulation points
are stationary (KKT) points of the squared norm of the residual of the
constraints. See, for example [11]. Of course, one would like to guarantee
the feasibility of accumulation points, but this is impossible unless convexity
(and existence) hypotheses are introduced. In an extreme case, the set of
constraints could be empty. Even in this case it is desirable to understand
how the NLP algorithm behaves. Without loss of generality, assume that
the constraints of an NLP problem are given by

H(u) = 0 u ≥ 0. (6)

(Arbitrary constraints can be transformed into this form by the introduction
of suitable slack variables.) Then a stationary point of the squared residual
norm is a point that satisfies the first-order optimality conditions of

Minimize ‖H(u)‖2
2 subject to u ≥ 0. (7)

Roughly speaking, in most NLP algorithms for minimizing f(u) subject
to (6) (see, for example [8, 11]), limit points belong to one of the following
sets:

(a) Stationary (KKT) points of (7) that do not satisfy (6);
(b) Feasible points for which some constraint qualification does not hold;
(c) KKT points of the original NLP problem.
Typically, convergence theorems for nonlinear programming algorithms

begin proving that limit points are KKT points of (7). For some problems
(for example, if the feasible region is empty) nothing else can be proved.
Therefore, it is important to characterize the situations in which KKT points
of (7) are feasible points. This is the motivation of Theorem 1.

¿From now on, we write ‖ · ‖2 = ‖ · ‖. Introducing slack variables v ∈
IRm2 , w ∈ IRq in (2,3,4), these constraints can be formulated as

h(x, y) = 0, g(x, y) + v = 0, v ≥ 0, (8)

F (x, y) +∇yt(x, y)λ +∇ys(x, y)z = 0, (9)

t(x, y) = 0, (10)

s(x, y) + w = 0, wizi = 0, i = 1, . . . , q, w ≥ 0, z ≥ 0. (11)
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Therefore, given r, p > 0, solving (8)-(11) corresponds to:

Minimize ‖h(x, y)‖2 + ‖g(x, y) + v‖2 (12)

+‖F (x, y) +∇yt(x, y)λ +∇ys(x, y)z‖2

+‖t(x, y)‖2 + ‖s(x, y) + w‖2 + (
q∑

i=1

(wizi)r)p (13)

subject to v ≥ 0, z ≥ 0, w ≥ 0. (14)

The formulation (12,13,14) corresponds to the reformulation of nonlinear
complementarity problems given in [1] and [32]. Usually, one is interested
in the case r = 2, p = 1, which corresponds to the sum of squares of the
constraints, as in the formulation (7).

In the following theorem, we prove that, under some circumstances, sta-
tionary points of (12,13,14) are feasible points of the MPEC.

Theorem 1. Assume that the following conditions hold:

(i) (x∗, y∗, v∗, w∗, λ∗, z∗) is a KKT point of (12,13, 14);

(ii) The matrix ∇yF (x∗, y∗) +
∑q

i=1[z
∗]i∇2

yy[s(x
∗, y∗)]i is positive definite

in the null-space of ∇T
y t(x∗, y∗) ;

(iii) h(x∗, y∗) = 0, g(x∗, y∗) ≤ 0;

(iv) t(x∗, y) is an affine function (of y) and the functions [s(x∗, y)]i are
convex (as functions of y);

(v) There exists ỹ such that t(x∗, ỹ) = 0 and s(x∗, ỹ) ≤ 0;

(vi) p ≥ 1, r ≥ 1 and p + r > 2.

Then, (x∗, y∗) is a feasible point of MPEC.

Proof. Let us define
u1 = g(x∗, y∗) + v∗,

u2 = F (x∗, y∗) +∇yt(x∗, y∗)λ∗ +∇ys(x∗, y∗)z∗,

u3 = s(x∗, y∗) + w∗,

Zν = diag(([z∗]1)ν , . . . , ([z∗]q)ν),

W ν = diag(([(w∗]1)ν , . . . , ([w∗]q)ν),
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Hy = ∇yF (x∗, y∗) +
q∑

i=1

[z∗]i∇2
yy[s(x

∗, y∗)]i,

Hx = ∇xF (x∗, y∗) +
q∑

i=1

[z∗]i∇2
xy[s(x

∗, y∗)]i +
m2∑
i=1

[λ∗]i∇2
xy[t(x

∗, y∗)]i,

θ =
q∑

i=1

([w∗]i[z∗]i)r,

e = (1, . . . , 1).

Since (x∗, y∗, v∗, w∗, λ∗, z∗) is a KKT point, then there exist α, ρ, µ such that

2∇xh(x∗, y∗)h(x∗, y∗) + 2∇xg(x∗, y∗)u1 + 2Hxu2

+2∇xt(x∗, y∗)t(x∗, y∗) + 2∇xs(x∗, y∗)u3 = 0, (15)

2∇yh(x∗, y∗)h(x∗, y∗) + 2∇yg(x∗, y∗)u1 + 2Hyu2

+2∇yt(x∗, y∗)t(x∗, y∗) + 2∇ys(x∗, y∗)u3 = 0, (16)

2u1 − α = 0, (17)

∇T
y t(x∗, y∗)u2 = 0, (18)

2∇T
y s(x∗, y∗)u2 + p(θ)p−1rW rZr−1e− ρ = 0, (19)

2u3 + p(θ)p−1rZrW r−1e− µ = 0, (20)

v∗i αi = 0 i = 1, . . . , `, (21)

[z∗]iρi = 0, [w∗]iµi = 0, i = 1, . . . , q, (22)

v∗ ≥ 0, z∗ ≥ 0, µ ≥ 0, ρ ≥ 0, α ≥ 0, w∗ ≥ 0. (23)

Suppose that there exists k such that [u1]k 6= 0. By (17) we have that
[u1]k = αk > 0. But g(x∗, y∗) ≤ 0, so v∗k = αk − [g(x∗, y∗)]k > 0. Therefore,
αkv

∗
k > 0 which contradicts (21). Therefore, u1 = 0. Thus, since h(x∗, y∗) =

0, (16) can be written as:

2Hyu2 + 2∇yt(x∗, y∗)t(x∗, y∗) + 2∇ys(x∗, y∗)u3 = 0. (24)
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Premultiplying (19) by 2u3 and using (20-23) we obtain:

4〈u3,∇T
y s(x∗, y∗)u2〉 = (pr)2(θ)2p−2

q∑
i=1

(w∗
i z

∗
i )2r−1 + 〈ρ, µ〉 ≥ 0. (25)

Since u2 belongs to the null-space of ∇T
y t(x∗, y∗), premultiplying (24) by

2u2, we get:

4〈u2,H
yu2〉+ 4〈u2,∇ys(x∗, y∗)u3〉 = 0. (26)

Therefore, using (25), we have that

4〈u2,H
yu2〉+ (pr)2(θ)2p−2

q∑
i=1

(w∗
i z

∗
i )2r−1 + 〈ρ, µ〉 = 0. (27)

But Hy is positive semidefinite in the null-space of ∇T
y t(x∗, y∗). So,

using(25, 27), we obtain:

〈u2,H
yu2〉 = 0 (28)

and

(pr)2(θ)2p−2r
q∑

i=1

(w∗
i z

∗
i )2r−1 + 〈ρ, µ〉 = 0. (29)

From (23, 29), p ≥ 1 and r ≥ 1 , it follows that

θ = 0. (30)

Using (30) and that p + r > 2, we can rewrite (20) as:

2u3 − µ = 0, u3 ≥ 0. (31)

Since Hy is positive definite in the null-space of ∇T
y t, we obtain that

u2 = 0. Then, by (24),

2∇yt(x∗, y∗)t(x∗, y∗) + 2∇ys(x∗, y∗)u3 = 0. (32)

Since there exists (x∗, ỹ) such that t(x∗, ỹ) = 0, by the linearity of
t(x∗, y), it follows that

t(x∗, y∗) = t(x∗, ỹ) +∇T
y t(x∗, y∗)(y∗ − ỹ) = ∇T

y t(x∗, y∗)(y∗ − ỹ). (33)

Premultiplying (32) by y∗ − ỹ and using (33), the equation (32) yields:

‖t(x∗, y∗)‖2 + 〈(y∗ − ỹ),∇ys(x∗, y∗)u3〉
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= ‖t(x∗, y∗)‖2 +
q∑

i=1

[u3]i〈∇y[s(x∗, y∗)]i, (y∗ − ỹ)〉 = 0. (34)

Define J = {i ∈ {1, . . . , q} | w∗
i > 0}. If i ∈ J we get µi = 0. So, by

(31),
[u3]i = 0 for all i ∈ J . (35)

If i /∈ J , we get w∗
i = 0. So, by (31) and using the definition of u3, we

obtain:

[u3]i = si(x∗, y∗) ≥ 0, for all i /∈ J . (36)

But [s(x∗, y)]i is convex, therefore, for all i = 1, . . . , q ,

〈∇y[s(x∗, y∗)]i, (y∗ − ỹ)〉 ≥ ([s(x∗, y∗)]i − [s(x∗, ỹ)]i). (37)

Then, by (35, 37, 36), equation (34) implies that

0 = ‖t(x∗, y∗)‖2 +
q∑

i=1

[u3]i〈∇y[s(x∗, y∗)]i, (y∗ − ỹ)〉

≥ ‖t(x∗, y∗)‖2 +
∑
i/∈J

([s(x∗, y∗)]2i − [s(x∗, y∗)]i[s(x∗, ỹ)]i). (38)

By the hypothesis (v) we have that s(x∗, ỹ) ≤ 0. So, by (36), we get:

0 ≥ ‖t(x∗, y∗)‖2 +
∑
i/∈J

(si(x∗, y∗))2. (39)

Therefore, by (39), we obtain that t(x∗, y∗) = 0 and that [u3]i = s(x∗, y∗) =
0 whenever i /∈ J .

Therefore, by (35), we deduce that u3 = 0. This completes the proof.
2

Remarks

(i) The derivatives with respect to x play no role in the proof of Theo-
rem 1. Therefore, the theorem can be generalized in an obvious way
with the hypothesis of stationarity with respect to y. We maintain the
present formulation to stress the relationship with the class of points
that are obtained by NLP algorithms.

(ii) In Theorem 1, Hypothesis (ii) cannot be relaxed. Define

F (y) =

{
−1 if y ≤ 1

(y − 1)2 − 1 if y > 1
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and s(y) = −y. The operator F if monotone and the solution of the
variational inequality problem is y = 2. However, the point (y, z, w) =
(0, 0, 0) is a KKT point of

Minimize (−1− z)2 + (−y + w)2 + (wz)2 s. t. z, w ≥ 0,

wich does not correspond to a solution of the variational inequality
problem.

(iii) Hypothesis (v) cannot be relaxed either. Define F (y) = y and s(y) =
y2 + 1. Then, F is strongly monotone. But (y, z, w) = (0, 0, 0) is
stationary point of

Minimize (y + 2yz)2 + (y2 + 1 + w)2 + (wz)2 s. t. z, w ≥ 0

and this point does not correspond to a solution of the problem.

In the following theorem we prove that the thesis of Theorem 1 remains
true assuming positive semidefiniteness of the reduced “Hessian-like” matrix
if we assume that F and s are affine functions with respect to y.

Theorem 2. Assume that the following conditions hold:

(i) (x∗, y∗, v∗, w∗, λ∗, z∗) is a stationary point of (12,13, 14);

(ii) The functions F (x∗, y), t(x∗, y) and s(x∗, y) are affine functions (w.r.t.
y);

(iii) The matrix ∇yF (x∗, y∗) is positive semidefinite in the null-space of
∇T

y t(x∗, y∗);

(iv) h(x∗, y∗) = 0, g(x∗, y∗) ≤ 0;

(v) There exist ỹ, λ̃, z̃ ≥ 0 such that

F (x∗, ỹ) +∇yt(x∗, ỹ)λ̃ +∇ys(x∗, ỹ)z̃ = 0,

t(x∗, ỹ) = 0 and s(x∗, ỹ) ≤ 0;

(vi) p ≥ 1 and r ≥ 1 and p + r > 2.

Then, (x∗, y∗) is a feasible point of MPEC.

Proof. Repeat the proof of Theorem 1 for obtaining (30). So, since p ≥
1, r ≥ 1, p + r > 2, the point (y∗, λ∗, z∗, w∗) is a stationary point of the
convex problem:
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Minimize (40)

‖F (x∗, y) +∇yt(x∗, y)λ +∇ys(x∗, y)z‖2

+‖t(x∗, y)‖2 + ‖s(x∗, y) + w‖2 (41)

subject to v ≥ 0, z ≥ 0, w ≥ 0. (42)

By Hypothesis (v), there exists w̃ ≥ 0 such that (ỹ, λ̃, z̃, w̃) is a solution
(40,41,42) and the objective function value is zero. But (y∗, λ∗, z∗, w∗) is a
stationary point, so, since the problem is convex, the proof is complete. 2

The derivatives with respect to x play no role in the proof of Theorem 1.
Therefore, the theorem can be generalized in an obvious way with the hy-
pothesis of stationarity with respect to y. We maintain the present formu-
lation to stress the relationship with the class of points that are obtained
by NLP algorithms. volver Theorems 1 and 2 establish sufficient conditions
under which reasonable NLP algorithms find feasible points of MPEC. Very
roughly speaking, the conditions “on the problem” say that the equilibrium
constraints “look like” optimality conditions of a convex problem. The as-
sumption h(x∗, y∗) = 0, g(x∗, y∗) ≤ 0 has algorithmic consequences. It tells
us that preserving feasibility of the ordinary constraints is important. We
cannot guarantee feasibility of the ordinary constraints with the only as-
sumption of stationarity of the sum of squares. Therefore, algorithms that
maintain feasibility of the ordinary constraints at all the iterations should,
perhaps, be preferred. When the ordinary constraints have a simple struc-
ture (for example, when they define boxes) to maintain their feasibility is
simple, but the situation is more complicate when the constraints are highly
nonlinear.

3 Optimality conditions

Assume that we have a method that converges (in some sense) to feasi-
ble points of MPEC. Essentially, a sufficient condition for that property
was given in the previous section but, of course, many algorithms gener-
ate sequences that converge to feasible points, even when the hypotheses of
Theorem 1 do not hold. For many nonlinear programming algorithms (see,
for example [8, 11]) it has been proved the following property:

Property 1. If a limit point is feasible and the gradients of the active con-
straints are linearly independent, then it satisfies the KKT conditions of the
nonlinear programming problem.
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Since, in MPEC, the gradients of active constraints are linearly depen-
dent at all the feasible points, it follows that an algorithm that satisfies
Property 1 can “converge” to any feasible point. In other words, Property 1
adds nothing to the convergence properties of an algorithm, provided that
convergence to feasible points takes place.

More serious than the lack of linear independence of gradients of active
constraints is the fact that even the Mangasarian-Fromovitz (MF) constraint
qualification [7, 24, 25, 34] is not satisfied at any feasible point of the MPEC.
Therefore, even algorithms that satisfy the following Property 2 are not sat-
isfactory, unless something better can be proved about them.

Property 2. If a limit point is feasible, then it satisfies the Fritz-John con-
ditions of the nonlinear programming problem.

Points that do not satisfy the MF constraint qualification, necessarily
satisfy the Fritz-John optimality conditions. See [24, 34]. Therefore, if
Property 2 holds, we have, again, a situation where all the feasible points
can be cluster points of the algorithm.

This state of facts motivated many authors to devise specific algorithms
(and specific optimality conditions) for MPEC. See [13] and references therein.
Herskovits and Leontiev [21] observed that the inequality constraints are,
in some sense, superfluous from the point of view of optimality conditions
unless two complementary variables annihilate at the same point. Based
on this observation, they developed an interior point algorithm for bilevel
programming that can be easily generalized to MPEC.

Our objective in this paper is not to analyze specific algorithms for
MPEC but to discuss the applicability of general NLP algorithms. There-
fore, our question is “Are general NLP algorithms so bad that they can
converge to any feasible point of MPEC?”

Fortunately, the answer is no. The set of points to which specific al-
gorithms can converge is, usually, much smaller than the set of Fritz-John
points. Mart́ınez and Svaiter [31] introduced a “sequential” necessary opti-
mality condition (AGP) and showed that, in general, the set of points that
satisfy AGP is strictly smaller than the set of Fritz-John points. So, algo-
rithms that are guaranteed to converge to AGP points are natural candidates
for solving MPEC.

Let us state here the AGP condition for the special case in which the
nonlinear programming problem is

Minimize Φ(x, y) subject to H(x, y) = 0, y ≥ 0. (43)

Given x and y ≥ 0, we define Ω(x, y) as the set of points (x′, y′) such
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that y′ ≥ 0 and
H ′(x, y)(x′ − x, y′ − y) = 0. (44)

For all (x, y) such that y ≥ 0, we define

gP (x, y) = PΩ(x,y)[(x, y)−∇Φ(x, y)]− (x, y), (45)

where PC(·) denotes the orthogonal projection onto C. The vector gP (x, y)
will be called Approximated Gradient Projection.

We say that a feasible point (x∗, y∗) satisfies the AGP property if there
exists a sequence (xk, yk), yk ≥ 0 that converges to (x∗, y∗) and such that
gP (xk, yk) → 0.

In [31] it has been proved that this property implies (and is strictly
stronger than) Fritz-John. This proof is also implicit in the proof of Fritz-
John conditions in Chapter 3 of [7]. The example below shows that the set
of points that satisfy the AGP property can be strictly smaller than the set
of Fritz-John points. Consider the following problem in two variables:

Minimize x2 s.t. y = 0, y ≥ 0.

Here, all the feasible points are Fritz-John (because the fail to satisfy the
Mangasarian-Fromovitz constraint qualification) but only the solution of the
problem satisfies the AGP property.

Therefore, in general, the set of AGP points is a better approximation
of the set of local minimizers than the set of Fritz-John points.

The following result has been proved in [31].

Theorem 3. Assume that (x∗, y∗) is a local minimizer of (43). Then,
(x∗, y∗) satisfies the AGP property.

The AGP property is naturally satisfied by the recently introduced inexact-
restoration algorithms [27, 28, 30] and, probably, by many other classical
algorithms for nonlinear programming.

The applicability of AGP to the MPEC problem comes from the following
theorem. We prove that, in MPEC, the set of points that satisfy the AGP
property is considerably smaller than the set of Fritz-John points.

Consider the constraints of MPEC given in the form (8,9,10,11). In this
way, the MPEC problem is a particular case of

Minimize Φ(x, v, w, z) (46)
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subject to

H(x, v, w, z) = 0, wizi = 0, i = 1, . . . , q, (47)

v ≥ 0, w ≥ 0, z ≥ 0, (48)

where x ∈ IRn, v ∈ IRm, w ∈ IRq, z ∈ IRq,H(x, v, w, z) ∈ IR`. We use some
abuse of notation to avoid an excessive number of variables and different
dimensions. Remember that the lack of regularity of the feasible points of
this problem is due to the simultaneous presence of the constraints wizi = 0
and wi ≥ 0, zi ≥ 0. Assume that (x∗, v∗, w∗, z∗) is a feasible point of the
problem (46,47,48) and that w∗

i + z∗i > 0 for all i ∈ I∗ ⊂ {1, . . . , q}.
We define an associated problem to (46,47,48) which consists simply in

dropping the constraints wi ≥ 0, zi ≥ 0 for i ∈ I∗. (This is the idea behind
the analysis of Herskovits and Leontiev of bilevel programming problems
[21].) So, the associated problem is

Minimize Φ(x, v, w, z) (49)

subject to

H(x, v, w, z) = 0, wizi = 0, i = 1, . . . , q (50)

v ≥ 0; wi ≥ 0, zi ≥ 0 ∀ i /∈ I∗. (51)

Below we prove that, if (x∗, v∗, w∗, z∗) is an AGP point of (46,47,48)
then, it is necessarily an AGP point of (49,50,51). This means that cluster
points of algorithms that satisfy the AGP property applied to (46,47,48) are,
very likely, AGP points of an associated problem where the constraints that
make that all the feasible points are nonregular are not present any more.
The consequence is that most feasible (Fritz-John) points of the MPEC are
discarded as possible limit points of the algorithm.

Theorem 4. Assume that (x∗, v∗, w∗, z∗) is an AGP point of (46,47,48)
such that w∗

i + z∗i > 0 ∀ i ∈ I∗. Then, (x∗, v∗, w∗, z∗) is an AGP point
of (49,50,51).

Proof. Suppose that (xk, vk, wk, zk) is a sequence that satisfies the AGP
property and converges to the feasible point (x∗, v∗, w∗, z∗). The names of
the variables wi and zi can be interchanged, so we can assume that z∗i > 0
for all i ∈ I∗. Let (x̄k, v̄k, w̄k, z̄k) be the projection of (xk, vk, wk, zk) −
∇Φ(xk, vk, wk, zk) on Ω(xk, vk, wk, zk). Now, Ω(xk, vk, wk, zk) is defined by
a set of linear equalities and inequalities, including

zk
i (wi − wk

i ) + wk
i (zi − zk

i ) = 0, wi ≥ 0, zi ≥ 0, (52)

12



for all i ∈ I∗. Since z∗i > 0 for i ∈ I∗, zk
i → z∗i and, by the AGP property,

|z̄k
i −zk

i | → 0, then z̄k
i > 0 for all i ∈ I∗ and for k large enough. Therefore, by

the convexity of the subproblems that define the projections, the constraints
(52) can be replaced by

zk
i (wi − wk

i ) + wk
i (zi − zk

i ) = 0, wi ≥ 0 (53)

for all i ∈ I∗. The rest of the proof consists on proving that, in the definition
of the projection subproblem, the constraint wi ≥ 0 can also be dropped.
Let us take a fixed index i ∈ I∗ and analyze two cases:

Case 1: There exists a natural number k0 such that wk
i = 0 for all k ≥ k0.

Case 2: For infinitely many indices, wk
i > 0.

In Case 1, for k ≥ k0, (53) reduces to

zk
i wi = 0, wi ≥ 0.

But, for k large enough, zk
i > 0 so, this is obviously equivalent to wi = 0. It

follows that (53) reduces to

zk
i (wi − wk

i ) + wk
i (zi − zk

i ) = 0, (54)

that is to say, the constraint wi ≥ 0 can be dropped.
In Case 2, we can assume, taking a convenient subsequence, that wk

i > 0
and zk

i > 0 for all k. We are going to prove that, for k large enough, w̄k
i > 0.

In fact, if w̄k
i = 0, then, by (53),

zk
i (−wk

i ) + wk
i (z̄k

i − zk
i ) = 0.

Since wk
i > 0, this implies that z̄k

i = 2zk
i . This contradicts the fact that

|z̄k
i − zk

i | → 0 and zk
i → z∗i > 0. Therefore, w̄k

i > 0 for k large enough. This
implies that the constraint wi > 0 can also be dropped in (53).

Therefore, repeating this reasoning for all i ∈ I∗, we see that, for k large
enough, the subproblem that defines the projection can be defined using the
constraints (54) instead of (52). But this is the same as saying that the
sequence satisfies the AGP property related to the problem (49,50,51), as
we wanted to prove. 2

Theorem 4 says that, excluding the points such that wi = zi = 0, the
AGP points of the problem (46,47,48) are AGP points of (49,50,51). There-
fore, the set of possible limit points of algorithms that satisfy the AGP
property is restricted to the AGP points of (49,50,51). When, at a given
point, the Mangasarian-Fromovitz constraint qualification of the problem
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(49,50,51) is satisfied (in particular, when the gradients of the active con-
straints of (49,50,51) are linearly independent), the AGP property implies
the KKT optimality conditions. Since the KKT conditions of (49,50,51)
clearly imply those of (46,47,48), we can establish the following theorem.

Theorem 5. Assume that (x∗, v∗, w∗, z∗) is a feasible AGP point of (46,47,48)
such that w∗

i +z∗i > 0 ∀ i = 1, . . . , q and that (x∗, v∗, w∗, z∗) satisfies the MF
constraint qualification of (49,50,51). Then, (x∗, v∗, w∗, z∗) is a KKT point
of (46,47,48).

4 Conclusions

If one wants to use NLP algorithms for solving MPEC, one must choose a
reformulation of the constraints that makes them suitable for NLP applica-
tions. In this paper we used straightforward reformulations that consist on
squaring the complementarity constraints, maintaining the positivity of the
variables. See [6, 32]. We showed that, in some situations, this reformulation
is good, in the sense that stationary points of the squared violation of the
constraints are, necessarily, feasible points. The same study must be done
for other reformulations. Reformulations based on the Penalized-Fischer-
Burmeister function are especially attractive, according to the experiments
in [6, 9].

We discussed the problem induced by the nonregularity of the constraints
at all the feasible points of MPEC. All the feasible points of MPEC satisfy
the Fritz-John optimality condition which, in consequence, is completely
useless in this case. However, we observed that many algorithms have the
property of converging to points that satisfy an optimality condition (intro-
duced in [31]) which is sharper than Fritz-John. The MPEC problem is a
good example of the difference between Fritz-John and the sequential opti-
mality condition AGP, given in [31]. In fact, we proved that the fulfillment
of the AGP condition implies (under a “dual nondegeneracy” assumption)
the fulfillment of AGP on a problem where positivity constraints are elimi-
nated. In the new problem, not all the feasible points are Fritz-John points.
As a consequence, there are good reasons to expect that the application of
algorithms that converge to AGP points will behave well in MPEC problems.

We feel that even NLP algorithms that are not guaranteed to satisfy the
AGP property are unlike to converge to “very arbitrary” feasible points of
MPEC. For example, there does not exist a proof that the Herskovits algo-
rithm [20] satisfies AGP, but its application to MPEC seems to be successful
[21]. We conjecture that the same is true for other interior NLP algorithms
as the ones described in [8] and [37]. We think that it is worthwhile to study
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this aspect of NLP algorithms, not only from the point of view of their ap-
plicability to MPEC but also as an additional theoretical index of efficiency
of NLP methods. Further research on this subject should be expected in
the near future.
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