
This article was downloaded by: [UNICAMP]
On: 24 January 2014, At: 10:53
Publisher: Routledge
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Mathematical Population Studies: An
International Journal of Mathematical
Demography
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gmps20

How Do Bird Migrations Propagate the
West Nile virus
NORBERTO ANÍBAL MAIDANA a & HYUN MO YANG b
a Centro de Matemática, Computação e Cognição , Universidade
Federal do ABC , Santo André , Brazil
b Departamento de Matematica Aplicada , UNICAMP–IMECC ,
Campinas , Brazil
Published online: 02 Oct 2013.

To cite this article: NORBERTO ANÍBAL MAIDANA & HYUN MO YANG (2013) How Do Bird Migrations
Propagate the West Nile virus, Mathematical Population Studies: An International Journal of
Mathematical Demography, 20:4, 192-207, DOI: 10.1080/08898480.2013.831709

To link to this article:  http://dx.doi.org/10.1080/08898480.2013.831709

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content”) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,
and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &
Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions

http://www.tandfonline.com/loi/gmps20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/08898480.2013.831709
http://dx.doi.org/10.1080/08898480.2013.831709
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


HOW DO BIRD MIGRATIONS PROPAGATE THE WEST
NILE VIRUS

Norberto Anı́bal Maidana
Centro de Matemática, Computação e Cognição, Universidade Federal do
ABC, Santo André, Brazil

Hyun Mo Yang
Departamento de Matematica Aplicada, UNICAMP–IMECC, Campinas,
Brazil

The rapid spread of the West Nile virus from New York City (USA) in 1999 to the West

Coast of North America by 2003 is related to several avian species. The propagation of this

virus follows the migratory routes of these birds.

Keywords: reaction-diffusion equation; traveling waves; wave speed; West Nile virus

1. INTRODUCTION

The West Nile virus (WNV) disease appeared for the first time in New York
City in the summer of 1999 and then infected 200 species. The WNV is an arthropod-
borne flavivirus. The primary vectors of the WNV are Culex spp mosquitoes
(Campbell et al., 2002).

The transmission to humans depends on the abundance and feeding patterns of
infected mosquitoes and on human exposure to mosquitoes (Harrington et al., 2005).
Mammals do not develop sufficiently high bloodstream titers to play a significant
role in the transmission (Hayes, 1989; DeBiasi and Tyler, 2006), which is a reason
to consider the mosquito–bird cycle.

Wonham et al. (2004), Kenkre et al. (2005), Cruz-Pacheco et al. (2005), and
Bowman et al. (2005) studied the dynamic without space. Lewis et al. (2006) and
Maidana and Yang (2009) incorporated the homogeneous space according to
Wonham et al. (2004) and Cruz-Pacheco et al. (2005).

We study the geographic propagation of WNV using the same method applied
to describe the dissemination of rabies among foxes by Murray et al. (1986), Murray
and Seward (1992), Milner and Zhao (2008) for directly transmitted disease, and
Maidana and Yang (2009) for indirectly transmitted diseases.

We consider several avian populations and look for the traveling waves
connecting the disease-free state and the endemic equilibrium. We determine the
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norberto.maidana@ufabc.edu.br

Mathematical Population Studies, 20:192–207, 2013

Copyright # Taylor & Francis Group, LLC

ISSN: 0889-8480 print=1547-724X online

DOI: 10.1080/08898480.2013.831709

192

D
ow

nl
oa

de
d 

by
 [

U
N

IC
A

M
P]

 a
t 1

0:
53

 2
4 

Ja
nu

ar
y 

20
14

 



speed of propagation of the WNV disease. We study the importance of diffusion and
migratory movements of different bird species.

2. MODEL

2.1. Spatial WNV Propagation

The WNV disease first appeared in North America in summer 1999, with the
simultaneous occurrence of an unusual total number of deaths of exotic birds and
crows in New York City (DeBiasi and Tyler, 2006). The WNV propagated across
the United States until 2003.

The population sizes are denoted by NjðtÞ and NvðtÞ, where j¼ 1, . . . , n,
describes an avian species. Each avian population is divided into susceptible,
infective, and recovered subpopulations, named Sj, I j , and Rj, while for the vector
population, the susceptible and infected subpopulations are Sv and Iv.

The population densities of the avian species vary; Kj is a constant recruitment
rate due to birth and migration, and the death rate including emigration is lj. Each
bird population varies, irrespective of the WNV infection, according to:

dNjðtÞ
dt

¼ Kj � ljNðtÞj; j ¼ 1; . . . ; n; ð1Þ

resulting in Nj ¼ Kj=lj as total population size at equilibrium. Birth and death
rates of mosquitoes populations are equal to lv, resulting in a constant mosquito
population size Nv.

The WNV is transmitted when an infected mosquito bites a susceptible bird.
The transmission rate is denoted by bj , for j¼ 1, . . . , n. Conversely, a susceptible
mosquito is infected when it bites infected birds, denoted by bvj. The biting rate of
one mosquito is assumed to be the same for all bird species and is equal to b. The
proportions of each population of birds at the steady state disregarding the WNV
infection are denoted by qj , j¼ 1, . . . , n. They are used to approximate the varying
populations considering the dissemination of WNV by:

qj ¼
Kj

ljPn
k¼1

Kk

lk

� NjPn
k¼1 Nk

: ð2Þ

The per-head infection rates in birds become:

bbj
I vPn

k¼1 Nk

Nj

Nj

¼ b
bj
Nj

NjPn
k¼1 Nk

Iv � bqj
bj
Nj

Iv: ð3Þ

Analogously, the rate of transmission in mosquito population is:

Xn
j¼1

bqjbvj
I j

Nj

: ð4Þ

The infected mosquitoes transmit the WNV during their entire life spans, but
infected birds recover at rate cj. The specific death rate associated with the WNV
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in the avian population is aj, with aj � cj (Cruz-Pacheco et al., 2005). Another
assumption is that mosquitoes can transmit the WNV vertically, and the fraction
of the progeny of infected mosquitoes is p.

The populations Njðt; xÞ and Nvðt; xÞ and their subpopulations depend on each
other. These quantities become now densities with respect to space. The diffusion
among birds is considered constant and denoted by Dj. The mosquitoes are con-
sidered as a nondiffusive population: the mean dispersal distance for Aedes aegypti
ranges from 28 to 199 meters (Harrington et al., 2005; Ferreira et al., 2006).

The advection coefficients for avian species are denoted by n j, j¼ 1, . . . , n. The
infected subpopulations have the same diffusion and advection coefficients assuming
that the WNV disease does not affect their movements. The parameters are pre-
sented in Table 1.

The model is:

@Sjðt;xÞ
@t ¼ Dj

@2Sjðt;xÞ
@x2

� n j
@Sjðt;xÞ

@x þ Kj �
bqjbj
Njðt;xÞ

Ivðt; xÞSjðt; xÞ � ljSjðt; xÞ
@I jðt;xÞ

@t ¼ Dj
@2Ijðt;xÞ

@x2
� nj

@I jðt;xÞ
@x þ bqjbj

Njðt;xÞ
Ivðt; xÞSjðt; xÞ � ðcj þ lj þ ajÞI jðt; xÞ

@Rjðt;xÞ
@t ¼ Dj

@2Rjðt;xÞ
@x2

� nj
@Rjðt;xÞ

@x þ cjI jðt; xÞ � ljRjðt; xÞ
@Svðt;xÞ

@t ¼ ð1� pÞlvIvðt; xÞ �
Pn
j¼1

bqjbvj
Njðt;xÞ

I jðt; xÞSvðt; xÞ

@Ivðt;xÞ
@t ¼ plvIvðt;xÞ þ

Pn
j¼1

bqjbvj
Njðt;xÞ

I jðt; xÞSvðt; xÞ � lvIvðt;xÞ;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð5Þ

for j¼ 1, . . . , n. For susceptible mosquitoes, the recruitment and mortality rates are
similar, which explains the absence of the mortality rate. In the simulations, the
initial and boundary conditions are:

I1ð0; xÞ ¼
1; jxj � 1=2
0 jxj > 1=2;

�
ð6Þ

Table 1. Notations

Vector (v) Reservoirs (j¼ 1,. . ., n)

State variables

Susceptible Sv Sj

Infectious Iv I j
Recovered — Rj

Total Nv Nj

Parameters

Birth lv Kj

Death (natural) lv lj
Death (due to disease) — aj
Recovery (from disease) — cj
Virus transmission (to) bvj bj
Vertical transmission p —

Diffusion — Dj

Advection — nj
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and

Sjð0; xÞ ¼ N0
j ; Rjð0; xÞ ¼ 0; Njð0; xÞ ¼ N0

j ; Svð0; xÞ ¼ N0
v ; Iv ¼ 0; ð7Þ

where N0
j ¼ Nj ¼ Kj=lj and N0

v ¼ Nv. These conditions describe a local introduction
of infectious birds of species 1 in a disease free region. At the boundaries, the
homogeneous Neumann boundary conditions are:

@Sj

@x
ðt;LÞ ¼ @I j

@x
ðt;LÞ ¼ @Rj

@x
ðt;LÞ ¼ @Nj

@x
ðt;LÞ ¼ 0

@Sv

@x
ðt;LÞ ¼ @Iv

@x
ðt;LÞ ¼ 0; t > 0: ð8Þ

The initial population counts 100 mosquitoes and 20 birds per km for each
species: mj ¼ N0

v=N
0
j ¼ 100=20 ¼ 5.

The ratio between the size of vector populations and the disease free

equilibrium of the jth bird population is denoted mj ¼ Nv

Kj=lj
. The time is scaled with

respect to bq1m1, where b is the biting rate of mosquitoes. The first species is taken
as the fastest one: D1�Dj, j¼ 1, . . . , n. The spatial variable is scaled with respect to

D1

bq1m1

� �1=2
. The remaining parameters, which are dimensionless, are:

Sj ¼
Sj

Kj=lj
; I j ¼

I j
Kj=lj

; Rj ¼
Rj

Kj=lj
; Nj ¼

Nj

Kj=lj
; Sv ¼

Sv

Nv

; Iv ¼
Iv

Nv

; ð9Þ

Dj ¼
Dj

D1

; nj ¼
nj

bq1m1

bq1m1

D1

� �1=2

; nv ¼
nv

bq1m1

bq1m1

D1

� �1=2

; ð10Þ

lj ¼
lj

bq1m1
; cj ¼

cj
bq1m1

; aj ¼
aj

bq1m1
; lv ¼

lv
bq1m1

; ð11Þ

bj ¼ bj; bvj ¼
bvj
m1

; mj ¼
mj

m1
; qj ¼

qj
q1

: ð12Þ

With Nj¼Sjþ IjþRj and Svþ Iv¼ 1, System (5) becomes:

@Sj

@t ¼ Dj
@2Sj

@x2
� n j

@Sj

@x þ lj � qjmj
bj
Nj
I vSj � ljSj

@I j
@t ¼

@2I j
@x2

� nj
@I j
@x þ qjmj

bj
Nj
I vSj � ðcj þ lj þ ajÞI j

@Nj

@t ¼ @2Nj

@x2
� n j

@Nj

@x þ lj � ljNj � ajI j

@Iv
@t ¼

Pn
j¼1

qj
bv
Nj
I j

 !
ð1� IvÞ � ð1� pÞlvIv:

8>>>>>>>><
>>>>>>>>:

ð13Þ

We determine the velocity of the propagation of the WNV through space.
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3. ANALYSIS

3.1. Spatially Homogeneous Dynamics of the WNV

System (13) homogeneous with respect to space becomes:

dSjðtÞ
dt ¼ lj � qjmj

bj
NjðtÞ IvðtÞSjðtÞ � ljSjðtÞ

dIjðtÞ
dt ¼ qjmj

bj
NjðtÞ IvðtÞSjðtÞ � ðcj þ lj þ ajÞI jðtÞ

dNjðtÞ
dt ¼ lj � ljNjðtÞ � ajI jðtÞ

dIvðtÞ
dt ¼

Pn
j¼1

qj
bvj

NjðtÞ I jðtÞ
 !

ð1� IvðtÞÞ � ð1� pÞlvIvðtÞ;

8>>>>>>><
>>>>>>>:

ð14Þ

for j¼ 1, . . . , n. From the product of the thresholds of the transmission coefficients bj
and bvj, the basic reproduction ratio R0 is:

R0 ¼
Xn
j¼1

q2j mjbjbvj
ð1� pÞlvðcj þ lj þ ajÞ

: ð15Þ

The stability of the disease-free point is determined by a polynomial of 3nþ 1
degree whose coefficient of the term of degree zero depends on R0. For R0> 1, the
equilibrium point is unstable because the latter coefficient is negative implying the
existence of a positive real root (Raimundo and Yang, 2006). The stability for
R0< 1 is checked using the Routh-Hurwitz criterion (Norman and Bowers, 2007).
The threshold is an average of the thresholds with respect to the single model for
isolated species living in the region. The threshold is then an average of the fitness
of the bird species in a region. The proof is in Maidana and Yang (2009).

3.2. Traveling Wave Solution

We determine the minimum wave speed connecting the disease-free equilibrium
to the endemic state. The solution corresponding to the minimum wave speed of Sys-
tem (13) describes the biological waves (Volpert and Volpert, 1994; Sandstede, 2002).

The travelling waves solution, when it exists Murray (2002), is:

ðs1ðt; xÞ; i1ðt; xÞ; n1ðt; xÞ; . . . ; ivðt; xÞÞ ¼ ðs1ðzÞ; i1ðzÞ; n1ðzÞ; . . . ; ivðzÞÞÞ; ð16Þ

where z¼ x� ct. System (13) becomes:

�c
dsjðzÞ
dz ¼ Dj

d2sjðzÞ
dz2

� nj
dsjðzÞ
dz þ lj � qjmj

bj ivðzÞ
njðzÞ sjðzÞ � ljsjðzÞ

�c
dijðzÞ
dz ¼ Dj

d2ijðzÞ
dz2

� nj
dijðzÞ
dz þ qjmj

bj ivðzÞ
njðzÞ sjðzÞ � ðlj þ aj þ cjÞijðzÞ

�c
dnjðzÞ
dz ¼ Dj

d2njðzÞ
dz2

� n j
dnjðzÞ
dz þ lj � ljnjðzÞ � aj ijðzÞ

�c divðzÞ
dz ¼

Pn
j¼1

qjbvijðzÞ
ð1�ivðzÞÞ
njðzÞ � ð1� pÞlvivðzÞ

8>>>>>>><
>>>>>>>:

ð17Þ

for j¼ 1, . . . , n.
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Defining the variables uj :¼ dsj
dz , yj :¼

dij
dz, and wj :¼ dnj

dz , j¼ 1, . . . , n, the differen-
tials with respect to z are:

dsaðzÞ
dz ¼ ujðzÞ

dujðzÞ
dz ¼ 1

Dj
ð�cþ njÞujðzÞ � lj þ

qjmjbj ivðzÞ
njðzÞ sjðzÞ þ ljsjðzÞ

� �
dijðzÞ
dz ¼ yjðzÞ

dyjðzÞ
dz ¼ 1

Dj
ð�cþ njÞyjðzÞ �

qjmjbj ivðzÞ
njðzÞ sjðzÞ þ ðcj þ lj þ ajÞijðzÞ

� �
dnjðzÞ
dz ¼ wjðzÞ

dwjðzÞ
dz ¼ 1

Dj
ðð�cþ njÞwjðzÞ � lj þ ljnjðzÞ þ aj ijðzÞÞ

divðzÞ
dz ¼ 1

c �
Pn
j¼1

qjbvijðzÞ
ð1�ivðzÞÞ
njðzÞ þ ð1� pÞlvivðzÞ

 !

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð18Þ

for j¼ 1, . . . , n, where the boundary conditions are:

lim
z!�1

ðs1ðzÞ; u1ðzÞ; i1ðzÞ; y1ðzÞ; n1ðzÞ;w1ðzÞ; . . . ; ivðzÞÞ ¼ ð1; 0; 0; 0; 1; 0; . . . ; 0Þ ð19Þ

and

lim
z!1

ðs1ðzÞ; u1ðzÞ; i1ðzÞ; y1ðzÞ; n1ðzÞ;w1ðzÞ; . . . ; ivðzÞÞ ¼ ðS�
1; 0; I

�
1; 0;N

�
1; 0; . . . ; I

�
vÞ:

ð20Þ

All zeros in the second equilibrium correspond to the derivatives of the
subpopulations sj, ij, and nj, for j¼ 1, . . . , n. However, the first equilibrium has
more zeros corresponding to infectious populations of birds (ij¼ 0, j¼ 1, . . . , n)
and mosquitoes (iv¼ 0), which must not be negative. The linear solutions must not
oscillate, that is, the eigenvalues corresponding to this trivial equilibrium point
must always be real. The roots of the characteristic polynomial of the linear system
at the equilibrium:

ðs1; u1; i1; y1; n1;w1; . . . ; ivÞ ¼ ð1; 0; 0; 0; 1; 0; . . . ; 0Þ ð21Þ

are the roots of the polynomials Qj (k), j¼ 1, . . . , n, and P(k), where:

QjðkÞ ¼ Djk
2 þ ðc� njÞk� lj

� �2 ð22Þ

and

PðkÞ ¼ a2nþ1k
2nþ1 þ a2nk

2n þ � � � þ a1kþ a0; ð23Þ

where the coefficients depend on the parameters. The polynomials Qj(k), j¼ 1, . . . , n,
have always real roots.
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The polynomial P(k) shows if all the roots of the characteristic polynomial are
real. The coefficient a0, which depends of R0 determines this fact.

The term a0 is:

a0 ¼
ð1� pÞlvð�1Þðnþ1Þ Qn

j¼1

ðcj þ lj þ ajÞ

c
1� R0ð Þ: ð24Þ

4. DISSEMINATION OF THE WNV

The WNV was identified in New York City in the year 1999 and spread rapidly
from north to south and from east to west. In 2000, the front of disease traveled
approximately 187 km to the north and 1100 km to the south. In 2001, the wave
front traveled 312 km to the north, reaching the ocean and traveled 1100 km to
the west. In 2002, the wave front travelled 1300 km to the west. In 2003, the
wave front traveled 1200 km. Figure 1 shows the propagation of the WNV from
New York to California (DeBiasi and Tyler, 2006). In the southern and the western
directions the range of the wave speed is approximately 3.5 km=day.

We consider the blue jay population because together with the common
grackle, it is the most efficient in the dissemination. The blue jay has specific
migratory patterns (Stewart, 1982). We describe a unique bird species transmitting
the WNV. We ignore long-range movement and focus on diffusion.

Figure 1. Spread of the West Nile virus (WNV) from 1999 to 2003 in the United States. In 2003, the

WNV spread throughout the United States.
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4.1. One Bird Species

The wave speed is obtained from the polynomial of Eq. (23) n¼ 1. For a single
species transmitting the WNV, the polynomial P(k) is:

PðkÞ ¼ k3 þ a2k
2 þ a1kþ a0; ð25Þ

where the coefficients are:

a2 ¼ �cþ n1 þ
lvð1� pÞ

c
ð26Þ

a1 ¼ �ða1 þ c1 þ l1Þ �
lvðc� n1Þð1� pÞ

c
ð27Þ

a0 ¼
ð1� pÞlvðc1 þ l1 þ a1Þ

c
1� R0ð Þ; ð28Þ

with R0, obtained from Eq. (15) for one species (n¼ 1), being:

R0 ¼
q21m1b1bv1

ð1� pÞlvðc1 þ l1 þ a1Þ
: ð29Þ

The minimum velocity is determined by the condition that the polynomial
evaluated at the unique local maximum, k�, must be zero, that is, P(k�)¼ 0, where:

k� ¼ 1

3
�a2 � ða22 � 3a1Þ1=2
� �

: ð30Þ

The minimum velocity satisfying P(k�)¼ 0 is called the critical value cmin

(Figure 2).When c> cmin, all the roots are real, while for c< cmin, the roots are complex.

Figure 2. The critical value cmin. For c< cmin, the polynomial has complex roots. However, for c> cmin the

polynomial increase, and always has real roots. At c¼ cmin the root is double. The parameters associated

to the blue jay are taken from Table 2, with p¼ 0.007. Advection is ignored (n1¼ 0).
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If the blue jay were the single species transmitting WNV and if all mosquitoes
would bite only this species, then bq1 ¼ 0:5� 1. The diffusion rates of various
population of birds, estimated by Okubo (1998), range from 0 to 14 km2 per day.
With a diffusion rate of blue jay of D1¼ 6 km2 per day (Lewis et al., 2006; Maidana
and Yang, 2009) in the dimensional parameters for blue jay (Table 2), the disease
propagates at a speed of 3.03 km per day (Maidana and Yang, 2009). This velocity
was obtained using the values given in Table 2, taking into account the polynomial
of Eq. (25). Figure 3 represents the results of the simulated propagation, under the
assumption that the starting points were concentrated in a small region.

If the blue jay represents 50% of the total bird population, and in contrast to
the previous case where all the birds are bitten by mosquitoes, the biting rate
becomes bq1 ¼ 0:5� 0:5. The wave travel 1.65 km per day, less than 3.03 km per
day in the previous case.

Figure 4 represents the simulated propagation of the disease for the northern
flicker, under the assumption that infected birds are initially concentrated in a small
region. In this case the wave travel is 0.16 km per day, less than 3.03 km per day
which characterizes the blue jay.

If the blue jay is 50% of the total bird population and coexists with other
species, then the wave speed has the upper bound of 3.03 km per day and the lower
bound of 1.65 km per day. Table 2 presents the wave speed for two values of q1, 1
(isolated species) and 0.5 (unique transmitter of the WNV comprising 50% of the
population of the birds).

4.2. Dissemination With Two Avian Species

We consider the blue jay coexisting with another avian species. Blue jay and
common grackle are the most efficient birds transmitting the WNV (Komar et al.,

Table 2. The range of the wave speed obtained for a unique bird species transmitting the WNV, with

q1 ¼ 0:5 and 1. The epidemiological and demographic parameters are given in Komar et al. (2003) and

Cruz-Pacheco et al. (2005). p¼ 0.007, Turell et al. (2001), Dohm et al. (2002), Goddard et al. (2002),

m1¼ 5, b¼ 0.5, b1 ¼ 1, Cruz-Pacheco et al. (2005)

Common name bv1

c1
(day�1)

a1
(day�1)

la�10�4

(day�1)

lv�10�2

(day�1) R1
0

cmin km

(day�1)

Common grackle 0.68 0.33 0.07 1 6 35.64 [1.67, 3.05]

Blue jay 0.68 0.26 0.15 2 6 34.76 [1.65, 3.03]

House sparrow 0.53 0.33 0.10 2 6 25.84 [1.39, 2.73]

American robin 0.36 0.33 0.00 2 6 22.84 [1.29, 2.51]

American crow 0.50 0.31 0.19 2 6 20.96 [1.20, 2.51]

House Finch 0.32 0.18 0.14 3 6 20.96 [1.20, 2.41]

Ring-billed gull 0.28 0.22 0.1 3 6 18.32 [1.12, 2.29]

Black-billed magpie 0.36 0.33 0.16 1 6 15.40 [0.96, 2.21]

Fish crow 0.26 0.36 0.06 2 6 12.96 [0.85, 2.02]

Mallard 0.16 0.33 0.00 2 6 10.16 [0.70, 1.76]

Morning dove 0.11 0.59 0.00 2 6 3.92 [0.00, 0.96]

Northern flicker 0.06 1.00 0.00 2 6 1.24 [0.00, 0.16]

Canada goose 0.10 3.33 0.00 2 6 0.64 [0.00, 0.00]
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2003). They live in the region of New York. We consider that the blue jay and the
common grackle represent 50% of the total bird population, which corresponds to
n¼ 2, qj ¼ 0:5, j¼ 1, 2, leading to q1¼ q2¼ 1. We consider K1¼K2 and l1¼ l2,
which gives m1¼m2¼ 1. To compute the wave speed, the polynomial of Eq. (23)
for n¼ 2 becomes:

PðkÞ ¼ a5k
5 þ a4k

4 þ a3k
3 þ a2k

2 þ a1k
1 þ a0; ð31Þ

where:

a0 ¼ �
ðc1 þ l1 þ a1Þðc2 þ l2a2Þlvð1� pÞ 1� R1

0 þ R2
0

� �� �
c

: ð32Þ

The coefficient a0 depends on R0. With this polynomial we compute the critical
value cmin (Figure 5).

Figure 4. The propagation of the disease for the northern flicker. Solutions of susceptible (in total number

Sa(t, x)) and infective (in total number Ia(t, x)) birds, assuming that mosquitoes (in total number Iv(t, x))

bite only this species (q1¼ 1), are shown at (a) t¼ 965 and (b) t¼ 1,065 days. The wave is very slow, 0.16 km

per day. The susceptible avian population (Sa(t, x)) is divided by 200.

Figure 3. Propagation of the disease for blue jay. Solutions of susceptible (in total number Sa(t, x)) and

infective (in total number Ia(t, x)) birds, assuming that the mosquitoes (Iv(t, x)) bite only this species

(q1¼ 1), are shown at, (a) t¼ 33 and (b) t¼ 43 days. The wave speed is 3.03 km per day.
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For the blue jay and the common grackle, we obtain cmin¼ 0.845. Maidana and
Yang (2009) and Lewis et al. (2006) considered a single bird species with diffusive
coefficient of 6 km2 per day. This diffusive value is assumed here to both the blue
jay and the common grackle, that is, D1¼D2¼ 6 km2 per day. The wave speed of
disease dissemination is:

cmin ¼ ð0:25� 5� 6Þ1=2 � 0:845 ¼ 2:31 km per day: ð33Þ

The wave speed cmin ¼ 2:31 lies in the interval [1.65, 3.03] as expected from
Table 2. When we consider only the blue jay and when we assume that mosquitoes
bite only this bird, the wave is faster than when the blue jay coexists with the efficient
common grackle. The reason is that the total avian population varies while the
mosquito population is constant. The probability of one mosquito biting an infected
bird is then lower.

Figure 6a shows the initial propagation of the WNV under the assumption that
infected blue jays (in total number Ia(t, x)) are initially concentrated in a small
region. Initially, the infected population of common grackle (in number Ib(t, x)) is
less numerous, but the infected densities of blue jay and common grackle become
similar (Figures 6b and 6c). This is a consequence of the same R0 for both
species (Table 2). Figures 6b and 6c show the wavefront traveling 23 km in 10 days
or a wave speed of:

V ¼ 123� 100

54� 44
¼ 2:3 km per day: ð34Þ

Figure 5. The critical value cmin¼ 0.845. For c¼ 0.8< cmin, the polynomial has two complex roots.

For c¼ 0.9> cmin, the polynomial has real roots. At c¼ cmin¼ 0.845 the root is double. The parameters

corresponding to the blue jay and to the common grackle are taken from (Table 2) with p¼ 0.007, and

advection is ignored (n1¼ n2¼ 0).
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If we consider other bird species, the wave speed is upper bounded by 3.03 km
per day. The fastest wave for blue jay is when this bird coexists with the common
grackle, which is the most efficient species. In this case, the wave speed is 2.31 km
per day only. When we consider less efficient species coexisting with the blue
jay, the speed drops to 1.65 km per day. For the blue jay coexisting with the fish
crow, the speed is 1.94 km per day; when the blue jay coexists with the northern
flicker, the wave speed is 1.68 km per day (Figure 7).

The resident bird house sparrow for example does not migrate. If this behavior
affects the diffusion movement, we assume D2¼ 2 km2 per day. In this case, the
coexistence with the blue jay yields a wave speed of 1.94 km per day. However, if
D2¼ 6 km2 per day, a value used by Okubo (1998), then the wave speed is 2.19 km
per day. A threefold increase in the diffusion coefficient changes the wave speed only
little. The diffusion of the house sparrow then does not influence the wave speed.

4.3. Dissemination of the WNV With Three Avian Species

The wave slows down with three species. Again the probability of bites
decrease, because the total population increases.

Figure 6. Propagation of the disease for the blue jay (Ia(t, x)) coexisting with the common grackle (Ib(t, x))

and mosquitoes (Iv(t, x)) Initial time, (a) t¼ 2, then (b) t¼ 44 and (c) t¼ 54 days. The population density

Iv(t, x) of the infected mosquito population is divided by 5.

Figure 7. Propagation of the disease for the blue jay (Ia(t, x)) and northern flicker (Ib(t, x)) and mosquitoes

(Iv(t, x)), (a) t¼ 60 and (b) t¼ 70 days. The wave speed 1.68 km per day is close the lower limit for the blue

jay, because the northern flicker is not very efficient in transmitting the West Nile virus when it is the only

species, R1
0 ¼ 1:24 (Table 2). The density of the infected mosquito population (Iv(t, x)) is divided by 5.
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When we consider the blue jay, the common grackle and the northern flicker,
the wave speed is 1.49 km per day. Figure 8a shows the initial time of the propa-
gation. At the beginning, the infected blue jay birds are more numerous than infected
common grackles, because the disease affects only the blue jays. Later, the infected
blue jay is as numerous as the common grackle because both have similar R1

0

(Figures 8b and 8c). Infected northern flickers are always less numerous because they
are less efficient in the transmission, and because they have a smaller reproduction
rate (R1

0) as a single species than the blue jay and the common grackle.
Figures 8b and 8c represent the wave front at t¼ 65 and t¼ 75 days. The wave

speed is 1.49 km per day. With the blue jay only, the wave speed is 3.03 km per day.
The coexistence with the common grackle reduces the wave speed to 2.31 km per day.
The coexistence of these two bird species with the northern flicker, which is less
efficient in transmitting WNV, drops the wave speed to 1.49 km per day.

The blue jay and the common grackle live in the eastern United States.
The most efficient transmitters of WNV in the East are the house sparrow and the
American robin. The coexistence with the norther flicker yields a wave speed of
1.24 km per day.

The presence of two and three species reduce the wave speed. To explain the
observed WNV dissemination in the United States, we need to incorporate the long-
reach movement of birds, (Rappole et al., 2000; Reed et al., 2002). The birds transmit
the disease duringmigration because of different stop-over strategies (Erni et al., 2002).

4.4. Migration of Birds

Migration can explain the observed data for dissemination of the WNV.
Including migration of two avian populations, for instance the blue jay and the
common grackle, the wave travels faster. In Figure 9, n1 ¼ n2 ¼ 2 km per day, and
the speed increases from 2.31 to 3.64 km per day.

Migration may exceed diffusion. From simulations the density at the peak of
infected subpopulation is 10% of the total population in the direction of migrations
and 30% in the opposite direction. This come from the existence of isolated cases in
the direction of migration. We expect a faster dissemination but a lower density of
infected birds.

Figure 8. Propagation of the disease for the blue jay (Ia(t, x)), the common grackle (Ib(t, x)), the northern

flicker (Ic(t, x)) and mosquitoes (Iv(t, x)). Initial time, (a) t¼ 4, (b) t¼ 65 and (c) t¼ 75 days. The density of

the infected mosquito population (Iv(t, x)) is divided by 10.
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When we consider the blue jay coexisting with a resident species, such as the
house sparrow, n2¼ 0. If n1¼ 0 the wave speed is 2.19 km per day. If we consider
the advection movement of the blue jay n1¼ 2 km per day, the wave speed is
3.12 km per day, under the 3.64 km per day obtained for two migratory species,
the blue jay and the common grackle. Although house sparrows do not migrate,
the presence of the blue jay migration accelerates the wave.

5. CONCLUSION

From the traveling waves solution and their associated wave speed front, we
showed that the coexistence of several bird species reduces the wave speed. This is
a consequence of the increase of the total avian population in comparison with
the case of one species. The mosquito population is kept constant. The probability
of a mosquito biting an infected bird is lower. The observed wave speed is then influ-
enced by migrations of birds. By incorporating long range migration, the wave tra-
vels faster, which could explain the dissemination of the WNV in the United States.
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