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Dualidade Onda-Part́ıcula

|ψA(x)|2

|ψA(x)|2 + |ψB(x)|2

|ψB(x)|2

|ψA(x) + ψB(x)|2

ψ(x) função de onda

|ψ(x)|2 probabilidade de
encontrar uma particula em x
em um dado tempo

P (A) = |ψA(x)|2

P (B) = |ψB(x)|2

A e B independentes

P (A∪B) 6= |ψA(x)|2+|ψB(x)|2

P (A ∪B) = |ψA(x) + ψB(x)|2
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Probabilidade quântica

Clássica Quântica

Ω H

F L

Prc : F → [0, 1] Prq : L → [0, 1]

Axiomas

(C1) Prc(∅) = 0
(C2) Prc(A

c) = 1− Prc(A)
(C3) Prc(A ∪B) = Prc(A) + Prc(B)− Prc(A ∩B)

(Q1) Prq(0) = 0
(Q2) Prq(V

⊥) = 1− Prq(V )
(Q3) Prq(V ⊕W ) = Prq(V ) + Prq(W ), V ⊥W
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Sistemas quânticos de variáveis discretas

Variáveis discretas: propriedades de sistemas quânticos descritas por um
número finito de eventos

Exemplos: ńıveis de energia, spins, polarização

Q-bit: sistema quântico de dois ńıveis

0

1

bit

0

1

p-bit

|ψ〉

|0〉

|1〉

θ

ϕ

q-bit

|ψ〉 vetor unitário no espaço de Hilbert H

|ψ〉 = α|0〉+ β|1〉 (Superposição de estados)
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Matrizes de densidade

Ensemble de estados quânticos {|ψi〉}i

ρ =
∑
i

λi|ψi〉〈ψi|,

com λi ≥ 0,
∑
i λi = 1.

ρ é chamada matriz de densidade.

Propriedades

ρ � 0, ie, 〈φ|ρ|φ〉 ≥ 0,∀|φ〉
tr (ρ) = 1

tr (ρ) = 1

xy

z

S

ρ =

[
x z
z y

]

ρ � 0
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Postulados da Mecânica Quântica

Toda medição sobre um sistema quântico em um estado ρ é descrita por um
conjunto de operadores {Ei}i tais que

Ei � 0∑
iEi = I

onde i diz respeito a cada um dos posśıveis resultados da medição.

A probabilidade de ocorrência do evento i é dada pela Regra de Born

pi = tr (Eiρ) .

Dáı o nome matriz de densidade. Assim como

〈X〉 =
∑
i

xip(xi),

temos que

〈O〉 = tr (ρO) = tr

(
ρ

(∑
i

λiΠi

))
=
∑
i

λitr (Πiρ).
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O problema

Dadas as medidas realizadas, descritas por {Ei}i
e as frequências registradas fi = ni/N

Determinar uma estimativa para ρ ∈ S

!̂!
1

2n
"

i1 ,i2 , . . . ,in!0

3 Si1 ,i2 , . . . ,in
S0,0, . . . ,0

#̂ i1
! #̂ i2

! ••• ! #̂ in
. $2.12%

This is a recipe for measurement of the density matrices

which, assuming perfect experimental conditions and the

complete absence of noise, will always work. It is important

to realize that the set of four Stokes measurements

&'̂0 ,'̂1 ,'̂2 ,'̂3( is not unique: there may be circumstances
in which it is more convenient to use some other set, which

is equivalent. A more typical set, at least in optical experi-

ments, is '̂0!!!H)*H!, '̂1!!!V)*V!, '̂2!!!D)*D!, '̂3!
!!R)*R!.
In the following section we will explore more general

schemes for the measurement of two qubits, starting with a

discussion, in some detail, of how the measurements are ac-

tually performed.

III. GENERALIZED TOMOGRAPHIC RECONSTRUCTION

OF THE POLARIZATION STATE OF TWO PHOTONS

A. Experimental setup

The experimental arrangement used in our experiments is

shown schematically in Fig. 2. An optical system consisting

of lasers, polarization elements, and nonlinear optical crys-

tals $collectively characterized for the purposes of this paper
as a ‘‘black box,’’% is used to generate pairs of qubits in an
almost arbitrary quantum state of their polarization degrees

of freedom. A full description of this optical system and how

such quantum states can be prepared can be found in Refs.

+22–24,.1 The output of the black box consists of a pair of

beams of light, whose quanta can be measured by means of

photodetectors. To project the light beams onto a polarization

state of the experimenter’s choosing, three optical elements

are placed in the beam in front of each detector: a polarizer

$which transmits only vertically polarized light%, a quarter-
wave plate, and a half-wave plate. The angles of the fast axes

of both of the wave plates can be set arbitrarily, allowing the

!V) projection state fixed by the polarizer to be rotated into
any polarization state that the experimenter may wish.

Using the Jones calculus notation, with the convention

" 0
1
# !!V), " 1

0
# !!H) , $3.1%

where !V) (!H)) is the ket for a vertically $horizontally%
polarized beam, the effects of quarter- and half-wave plates

whose fast axes are at angles q and h with respect to the

vertical axis, respectively, are given by the 2"2 matrices

ÛQWP$q %!
1

!2 " i#cos$2q % sin$2q %

sin$2q % i$cos$2q %
# ,

ÛHWP$q %!" cos$2h % #sin$2h %

#sin$2h % #cos$2h %
# . $3.2%

Thus the projection state for the measurement in one of the

beams is given by

!-pro j
(1) $h ,q %)!ÛQWP$q %•ÛHWP$h %•" 0

1
#

!a$h ,q %!H)$b$h ,q %!V), $3.3%

where, neglecting an overall phase, the functions a(h ,q) and

b(h ,q) are given by

a$h ,q %!
1

!2
&sin$2h %#i sin+2$h#q %,(,

b$h ,q %!#
1

!2
&cos$2h %$i cos+2$h#q %,(. $3.4%

The projection state for the two beams is given by

!-pro j
(2) $h1 ,q1 ,h2 ,q2%)!!-pro j

(1) $h1 ,q1%) ! !-pro j
(1) $h2 ,q2%)

!a$h1 ,q1%a$h2 ,q2%!HH)

$a$h1 ,q1%b$h2 ,q2%!HV)

$b$h1 ,q1%a$h2 ,q2%!VH)

$b$h1 ,q1%b$h2 ,q2%!VV). $3.5%

We shall denote the projection state corresponding to one

particular set of wave plate angles &h1,. ,q1,. ,h2,. ,q2,.( by

1It is important to realize that the entangled photon pairs are pro-

duced in a nondeterministic manner: one cannot specify with cer-

tainty when a photon pair will be emitted; indeed there is a small

probability of generating four or six or a higher number of photons.

Thus we can only postselectively generate entangled photon pairs:

i.e., one only knows that the state was created after if has been

measured.

FIG. 2. Schematic illustration of the experimental arrangement.

QWP stands for quarter-wave plate, HWP for half-wave plate; the

angles of both pairs of wave plates can be set independently giving

the experimenter four degrees of freedom with which to set the

projection state. In the experiment, the polarizers were realized us-

ing polarizing prisms, arranged to transmit vertically polarized

light.

JAMES, KWIAT, MUNRO, AND WHITE PHYSICAL REVIEW A 64 052312

052312-4

James et al. PRA 64 052312, 2001.

Regra de Born: tr (Eiρ) = pi
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Inversão Linear

Inversão Linear

ρ ∈ Cd×d

d2 operadores Ei (d2 equações)

Teoria:
fi ≈ pi = tr (Eiρ) , ∀i

Sistema linear: fornece uma estimativa para ρ

Prática:
fi = εi + pi = tr (Eiρ) , ∀i

Sistema linear: leva a estimativas “fora do espaço paramétrico” ρ /∈ S
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Máxima Verossimilhança

Uma alternativa seria
min
ρ

∑
i

(tr (Eiρ)− fi)2

s.a tr (ρ) = 1

ρ � 0

quadrados ḿınimos restrito.

Ou, assumindo algum modelo paramétrico

max
ρ

L(ρ) ≡ P (n | ρ)

s.a tr (ρ) = 1

ρ � 0,

temos a estimativa de Máxima Verossimilhança.
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Máxima Verossimilhança

Multinomial (alta eficiência, RMN, ion trap)

P (n | ρ) =
N !

n1! . . . nm!

∏
i=1

tr (Eiρ)ni

Gaussiana (photon detection)

P (n | ρ) =
1

N0

∏
i

exp−1

2

(N tr (Eiρ)− ni)2

N tr (Eiρ)
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Máxima Verossimilhança

Autovalores nulos (probabilidades nulas)

Incompat́ıvel com “barras de erro”

9

ρ̂MLE
ρ̂tomo

Positive states

Negative tomographic
estimates

Figure 2. An example of a likelihood function (for a single qubit) whose
unconstrained maximum lies outside the state-set and whose constrained
maximum therefore lies on its boundary. The domain shown here is a cross
section of the Bloch sphere, with 〈σy〉 = 0. This particular likelihood function
is obtained from 16 measurements each of σx and σz, comprising 14 |1〉 and
|+〉 results and 2 |0〉 and |−〉 results. The unconstrained maximum of L(ρ) is
at ρ̂tomo = 1

2

(
1 + 3

4σx + 3
4σz

)
, which has a negative eigenvalue. The constrained

maximum is at ρ̂MLE = |ψ〉〈ψ |, where |ψ〉 = (2 +
√

2)−1/2.

1.3. What is the underlying flaw?

Tomography and MLE maximize L(ρ) over different domains. They display the same
pathology, implying unjustifiable (zero or negative) probabilities. The underlying problem is
simple: maximum likelihood methods are frequentistic; they interpret observed frequencies as
probabilities. By maximizing L(ρ), they seek to fit the observed frequencies as precisely as
possible. If there exists a ρ̂ that fits the data exactly, then that is always the best estimate.

The point of state estimation, however, is not solely to explain the data. Rather, it is to find a
state that will predict the future. It should concisely describe what the estimator knows about the
system being estimated. Mindless data fitting accomplishes only retrodiction, of the past. The
best description of the past (i.e. data) probably does not describe the estimator’s knowledge,
especially his/her uncertainty.

For example, consider estimating the bias of a coin after flipping it just once. The best
fit to the data is to assume that the coin always comes up the same way. This clearly does
not describe the estimator’s knowledge—an honest description would perhaps include the word
‘scant’. Ironically, it is the high entropy of the estimator’s knowledge that causes a spuriously
low-entropy estimate.

The problem with MLE is that it matches probabilities to observed frequencies, consistent
with frequentist statistics. This is actually unfair to frequentism, which begins by defining
probability as the infinite-sample-size limit of frequency. A true frequentist avoids making
statements about probabilities in the absence of an infinite ensemble, so applying a frequentist
method to relatively small amounts of data is inherently disaster-prone. Nonetheless, this is
precisely what is happening in MLE. For further discussion, see section 2.4.

New Journal of Physics 12 (2010) 043034 (http://www.njp.org/)

R. Blume-Kohout, New J. of Physics, 2010
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Inferência Bayesiana na Tomografia de Estados Quânticos

Visão frequentista × Visão Bayesiana

Frequentista: probabilidade como limite de frequências

Bayesiana: probabilidade como medida de credibilidade

O conhecimento prévio é atualizado pelos dados

O parâmetro a ser estimado é considerado uma variável aleatória e
definido pela distribuição a posteriori
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Inferência Bayesiana na Tomografia de Estados Quânticos

Inferência Bayesiana

P (H | D) ∝ P (D | H)P (H),

em Tomografia de Estados Quânticos

π(ρ) ∝ L(ρ)π0(ρ).

Estimativa Bayesiana (média)

ρB =

∫
S
ρ π(ρ) dρ,

lembrando que S =
{
ρ = ρ† | tr (ρ) = 1, ρ � 0

}
.



Um pouco de f́ısica Tomografia de Estados Quânticos: Abordagens usuais Inferência Bayesiana

Inferência Bayesiana na Tomografia de Estados Quânticos

Verossimilhança Multinomial

L(ρ) = P (n | ρ) =
N !

n1! . . . nm!

∏
i=1

tr (Eiρ)ni .

Priori não-informativa: π0(ρ) uniforme em S

Garantia de estimativas de posto completo

Como avaliar ∫
S
ρ π(ρ) dρ,

ou amostrar de π(ρ) ??
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Inferência Bayesiana na Tomografia de Estados Quânticos

Monte Carlo via Cadeias de Markov (MCMC)

Amostrar de uma cadeia de Markov {ρt}t que tenha π(.) como distribuição
estacionária

Após o burn-in, tomamos a média ergódica

ρB =

∫
S
ρ π(ρ) dρ ≈ 1

n−m

n∑
t=m

ρt

Metropolis-Hastings

Candidato Y amostrado de q(. | ρt), aceito quando u < α(ρt, Y ), u ∼ U(0, 1)

α(ρt, Y ) = min

(
1 ,

π(Y )q(ρt | Y )

π(ρt)q(Y | ρt)

)
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Inferência Bayesiana na Tomografia de Estados Quânticos

A distribuição proposta q(. | ρt)

Y ∼ (1− λ)ρt + λX,

com λ ∈ (0, 1) e X de uma distribuição uniforme em S (medida de
Hilbert-Schmidt).

Primeiro tomamos W do ensemble de
Ginibre: Wij normais padrão i.i.d., e
então

X =
W †W

tr (W †W )

Pela convexidade de S, para λ ∈ (0, 1)
temos que (1− λ)ρt + λX ∈ S.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

Y

Uniform Hilbert−Schmidt

X



Um pouco de f́ısica Tomografia de Estados Quânticos: Abordagens usuais Inferência Bayesiana

Inferência Bayesiana na Tomografia de Estados Quânticos

Escolha de λ ∈ (0, 1):
Y ∼ (1− λ)ρt + λX,

λ = 1, distribuição uniforme em S

λ = θ, fixo em (0, 1), distribuição uniforme em A ⊂ S (suporte variável)

λ ∼ N(0, σ2), favorecer valores de λ mais próximos de zero. (σ = 0.3)
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Burn-in = 1000

(Cadeias se misturam rapidamente)
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Autocorrelações
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Diagnósticos de convergência

Gelman-Rubin

m ≥ 2 cadeias, iniciadas em pontos “espalhados”

Calcular a variância “dentre” as cadeias W e “entre” as cadeias B

R̂ =

√
Var(θ)

W
, onde Var(θ) = (1− 1

n
)W +

1

n
B

R̂ < 1.1 indicativo de convergência

Geweke

Uma única cadeia

Teste de igualdade de médias: primeiros 10% e últimos 50% (após
burn-in)
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Geweke plots
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3 cadeias em paralelo

2000 4000 6000 8000 10000
1

1.05

1.1

1.15

1.2

1.25

Sh
rin

k 
fa

ct
or

2000 4000 6000 8000 10000
1

1.05

1.1

1.15

1.2

1.25

Sh
rin

k 
fa

ct
or

2000 4000 6000 8000 10000
1

1.05

1.1

1.15

1.2

1.25

Sh
rin

k 
fa

ct
or
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Exemplo (maldoso): medir os projetores {I, σx, σy, σz}

|0〉〈0| : 14, |1〉〈1| : 2, |+〉〈+| : 14, |−〉〈−| : 2, 〈σy〉 = 0

ρIL =
1

2

(
I+

3

4
σx +

3

4
σz

)
=

[
0.8750 0.3750
0.3750 0.1250

]

ρML =
1

2

(
I+

1
√
2
σx +

1
√
2
σz

)
=

[
0.8536 0.3536
0.3536 0.1464

]

ρB =

[
0.6817 0.1876
0.1876 0.3183

]
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Exemplo (maldoso): medir os projetores {I, σx, σy, σz}

|0〉〈0| : 14, |1〉〈1| : 2, |+〉〈+| : 14, |−〉〈−| : 2, 〈σy〉 = 0

ρIL =
1

2

(
I+

3

4
σx +

3

4
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)
=

[
0.8750 0.3750
0.3750 0.1250

]

ρML =
1

2

(
I+

1
√
2
σx +

1
√
2
σz

)
=

[
0.8536 0.3536
0.3536 0.1464

]

ρB =

[
0.8044 0.3065
0.3065 0.1956

]
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Exemplo (maldoso): medir os projetores {I, σx, σy, σz}

|0〉〈0| : 14, |1〉〈1| : 2, |+〉〈+| : 14, |−〉〈−| : 2, 〈σy〉 = 0

ρIL =
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)
=

[
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]

ρML =
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2

(
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1
√
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σx +

1
√
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)
=

[
0.8536 0.3536
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]

ρB =

[
0.8425 0.3407
0.3407 0.1575

]
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Comentários

É posśıvel aplicar IB em TEQ

Dependendo da priori temos garantia de estimativas de posto completo

Compatibilidade com “barras de erro”

Trabalhos futuros

Uso de prioris informativas

Generalização da distribuição de Dirichlet

Testar MCMC em sistemas de dimensão maior

Eficiência dos algoritmos MCMC
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