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Abstract

We define a reflection in a tree as an involutive automorphism whose set of fixed
points is a geodesic and prove that, for the case of a homogeneous tree of even degree,
the group of even automorphisms may be covered by at most 11 reflections.

Reflections are defined as involutive automorphisms having a geodesic as set of fixed
points. In a previous work ([6]) we studied the structure of reflections in an homogeneous
tree T' of degree k = Omod4. We considered the group (R) generated by the set of all
reflections R and the (index two) subgroup Aut™ (T') C Aut (') consisting of automorphisms
with even displacement function and proved that the topological closure of (R) is Aut™ (I),
that is, given ¢ € Aut™ (') there is a sequence (py,), with ¢, € (R) and a sequence of
subsets A; C I" with A,, C A,41 and I' = U2 A,, such that ¢, coincides with ¢ on A,,
that is, ¢n|a, = ¢|a,. The proof given is constructive and actually each ¢,, is the product
of n reflections, so we could not say that Aut™ (T') is finitely generated by R.

In this work we prove with simple arguments that Aut™ (') is finitely generated by R
(Proposition 2) and go further, proving that every ¢ € Aut® (I') may be expressed as the
product of at most eleven reflections (Theorem 12).

1 Basic Concepts

The free monoid X* of words over the alphabet X = {0,...,n — 1} ordered by the prefix
relation has a n-regular rooted tree structure in which the empty word is the root and the
words of length [ constitute the level [ in the tree. Denote this n-regular rooted tree by
7. If we consider two copies 7’ and 7" of the n-regular rooted tree 7 and add a single
edge, connecting the root of 7’ to the root of 7", we get a k-homogeneous tree T, that is,
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a tree where the number of vertices adjacent to every vertex x is a constant (in this case
k =mn+ 1), called the homogeneity degree of T', denoted Degree (T).

Every k-homogeneous tree I' comes equipped with a natural metric d. For any two
vertices x,y of I" we define d(z,y) to be the minimal number of edges in an edge-path from
x to y. If we endow each edge with the metric of the unit interval [0, 1] C R, then d naturally
extend to a metric on I'.

We denote by S (z, R) the usual metric sphere of T', centered at x with radius R.

By an automorphism of ' we mean an isometry of (I', d) which takes vertices to vertices
(and therefore edges to edges). We denote by Aut (I') the group of automorphisms of T

An integer interval is a subset of Z of one of the kinds Z, N or
Loy :={m € Zla < m < b}, with a,b € Z. A subset v (I) C I is called a geodesic, a geodesic
ray or a geodesic segment if v : 1 — I' is a map defined on an integer interval respectively
of type Z,N or 1, , such that d (v (n),v (m)) = |[n —m| for every n,m € I. We call the map
v : 1 — T a parametrization but often make no distinction between the map ~ and its image
v (I). We denote by [x,y] the geodesic segment joining the vertices z,y € T.

In this work, we will use a labelling of the tree relative to a geodesic. Since it will be
used repeatedly, we will introduce it with some details. Given a geodesic v € I, we consider
(for n € N) the n-level around ~:

Vo i=Vo(y) ={x eTl|d(z,vy) =n}.

We note that V5 = v and
r={JV.
n>0

Given z € V,, (n > 0) there is a unique vertex =’ € V,,_; adjacent to x and this defines a
surjective map
Pn t v% — v%—l
x — ' =p,(x)

p:UVnHF:UVn

n>1 n>0

from V,, onto V,,_q. If

be such that ply, = p,, we say that x is a descendent of 2’ if p (z) = o’.

An automorphism g € Aut (T') that leaves the geodesic v invariant defines a sequence
(1%, pt, 12, ...) of permutations, where u™ acts on V,, (u" (Vy,) = V) and satisfies the in-
variance condition:

o (0™ (2)) = " (pn (2)) Y0 > 0,V € V,. (1)

Reciprocally, any sequence of permutations (,uo,,ul,,u2,...) with p” acting on V,, and
satisfying the invariance condition defines an automorphism g of I' that leaves  invariant.
We note that v is fixed by p iff u° = Id.



2 Reflections in Trees

There are many possibilities to define a reflection in a tree. The minimal condition for a map
¢ : ' = T to resemble what is commonly known as a reflection in geometry, is to demand
¢ to be an involutive automorphism, i.e., ? = Id. Indeed, this is the definition adopted by
Moran in [4]. In this work, we adopt a much more restrictive definition:

Definition 1 A reflection in a tree I' is an automorphism ¢ : I' — T', satisfying:
1. ¢ is an involution.
2. The set of fixed points of ¢ is the geodesic vy, i.e., there is a geodesic v C I' such that
p(r)=x<xery.

In this case we say that ¢ is a reflection in the geodesic v and denote by R the set of
all reflections in the geodesic .

From here on, we assume that I' is a k-homogeneous tree of even degree, since there are
no reflections (as defined before) in case the degree of the tree is odd.

Let R be the set of all reflections in the tree I' and (R) the subgroup of Aut (I') generated
by R. We let

Aut® (I) = {p € Aut (I) |d,, (z) = Omod2 for every z € I'},

where d,, (z) := d(z, ¢ (z)) is the displacement function of an automorphism . We call
Aut™ (T") the group of even (displacement) automorphisms and observe it is a normal sub-
group of index 2 of Aut (T") ([3, Proposition 1]).

Proposition 2 Let T be a k-homogeneous tree and (R) the group generated by reflections.
Then (R) = Aut™ ().

Proof: Given a reflection ¢ € R, C R and a vertex « € T, the (unique) vertex zo € v
such that d(xg,x) = d(z,7) is the middle point of the geodesic segment [z, ¢ (z)] and so
# € Aut™ (') and hence (R) C Aut™ (I'). Given ¢ € Aut(T) and ¢ a reflection in the
geodesic v, we have that ¢ o ¢ o o~ ! is a reflection in the geodesic ¢ () ([6, Proposition
4]). Tt follows that (R) is normal in Aut (T') and hence also in Aut™® (T'). But Aut™ (') is a
simple group ([3, Theorem 7]), and it follows that (R) = Aut™ (T'). O

3 Covering Number by Reflections

We say that a subset A of a group G covers the group if there is a positive integer n such
that G = A™ with

A" :={p10¢a0---0d,|d; € A;i=1,2,...,n}.
In this case, the smallest such integer is called the covering number of G by A:
cn(G, A) := min {n|A" = G}
Our main result, that will be proved by the end of this work, is the following:



Theorem 3 Let I' be a k-homogeneous tree and R the set of reflections in geodesics of T'.
Then, Aut™ (T') may be covered by R and cn (Aut™ ('), (R)) < 11.

Given an involution ¢ € Aut (I'), if ¢ (z) = x and ¢ (y) = y, then ¢ (z) = z for every
z € [z,y] and it follows that Fix (¢) := {z € T'|¢ () = z} is a sub-tree of I'. We say that a
non empty sub-tree IV C T' is an admissible tree if there is an involution ¢ € Aut (T") such
that Fix (p) = I, We say such a tree I is a trivial admissible tree if TV = T, TV = {z} or
I' = v (a geodesic). We start characterizing admissible trees.

Proposition 4 Let T' be a k-homogeneous tree and T' C T a sub-tree. Then, TV is an
admissible tree iff |S (z,1)|p, = 0mod2 for every x € IV, where |S (z,1)|p = |S (z,1) NT7|.

Proof: Assume that IV = Fix (¢) for some involution ¢ € Aut (T') and let z € TV. The
action of ¢ on S (z,1) fixes every vertex y € S (z,1) NI and acts as an involution with no
fixed points in S (x, 1) \I'". It follows that the restriction of ¢ to S (z,1)\I" is the product
of disjoint transpositions, so that |S (z,1)\I"| is even. Since k is also even, we find that
IS (z,D)|p =S (z, 1) NT"| =k —|S (x,1) \I"| = 0mod 2.

Let us assume now that IV C I is a sub-tree such that |S (z,1)|, = 0mod 2 for every x €
I'". We label the vertices of I'" as {z;|i € I} where I is any set. Since |S (x;,1)|r, = 0mod2,
we have that |S (x;,1) \I"/| is also even, and we label those vertices as x; 1, ©; 2, ..., T4 2k, where
k; depends on ;. Each z; ; € I'\I" has exactly n—1 adjacent vertex that are descendents of
x; ; relatively to I, in the sense that x; ; is contained in the geodesic segment joining each
z;; to IV, so we label them as z; ;1,...,%; ;. .. n—1. By repeating this process, every vertex
in I\I" can be labeled as x; j, j,....;, where i € I, j; € {1,2,...,2k;}, jr € {1,2,...,n — 1} for
r>1andl=d(zj, j,. j,1"). We define a map ¢ : I' — T in the following way:

(T, jr,gareit) = Tiros (1) G2t
where
TG =Y =k ifk+1<j<2k

Since each ¢; is an involution, we find that ¢ is also an involution. Moreover, it easy to see
that Fix (¢) =T". O

Our next goal is to prove that every involution may be represented as the product of
5 reflections in geodesics. In order to do so, we need to consider two distinct types of
admissible trees:

Definition 5 Let IV C T be an admissible tree and x € TV a vertex. We say that x satisfies
the

e I"-even parity condition (I"-EPC) if |S (z,1)|, = 0mod 4;
e I"-odd parity condition (I"-OPC) if |S (x,1)| = 2mod 4.

We also need to define the symmetry condition:



Definition 6 A sub-tree IV C T' is v-symmetric if there is a reflection o in the geodesic
v C TV such that o (I") =T".

The next two lemmas will be used to prove our main theorem and could be stated
in a unique proposition, but we prefer to separate the two different cases, according to
homogeneity degree of T'.

Lemma 7 Let T' be a k-homogeneous tree with k = Omod4, and TV C T’ an admissible
sub-tree that is y-symmetric. If every vertex x € v satisfies the I'-EPC, there are i, 7 € R
such that:

1. Fix (p) = Fix (1) = ~;

2. Fix(top)=T1".
Proof: The proof consists of making appropriate choices of permutations acting on each
Vi = V4, () and satisfying the invariance condition (1).

Starting at the initial level Vy = v, we define pu° = 70 = Id, so that p° (y) = 7° (y) = v

and, since v C I
Fix (120 p°) =T' N V.

Given z,, € v(m € Z) we have that p~! (z,,) C V4 consists of k — 2 vertices, each of them
adjacent to x,,. We label those k — 2 vertices as 1, Zm,2,-..; Tm, k—2. We do so in such a
way that z,, ; € I" & j > (k—2) — 1 (m), where I (m) := [S (2, 1), — 2. We define pi,
and 7, by the product of disjoint involutions as follows:
Hm = (l"m,lzm,:%) (mm,zu’CmA) (‘Tm,k—l(m)—Svxm7k—l(m)—3) (xm7k—l(m)—47xm,k—l(m)—2)
(xm,k—l(m)—la xm,k—l(m)) (xm,k—l(m)—i-l, mm,k—l(m)-&-Q) (mm,k—f)’a xm,k—Q)
Tm = (l'm,lxm,él) (xm,me,S) (xm,k—l(m)—5v xm,k,—l(m)—Q) (xm,k—l(m)—47 xm,k—l(m)—iﬁ)

(xm,kfl(m)fh xm,kfl(m)) (xm,kfl(m)Jrl» xm,kfl(m)+2) (xm,kf?n xm,k:72) .

Straightforward calculations show that

Tm © Um = (xm,lxm,2) (-rm,S-'If'mA) (xm,kfl(m)fb mm,kfl(m)fél) (mm,kfl(m)ffiv xm,kfl(m)72)

so that the only vertices of p~! (z,,) fixed by 7,,, o i, are the I (m) vertices x,, ; with
j > (k—2)—1(m), that is, for every x,, € v we find that

Fix (Ty 0 ftr) =T N p~ 1 (2,) .
We define p! and 7! by
Nl (wm,i) = Um (xm,i) 37_1 (xm,i) =Tm (xm,z)

for m € Z and it follows that
Fix (r'op') =T"NW

Before we get to the next level, we observe that, since x € TNV, implies that ps (z) € T'NV;.
We are actually interested only on the vertices in V5 that are descendent of the vertices in



I'NV;. Moreover, the action of 4! and 7! restricted to Fix (7'1 o ,ul) coincide (it means, they
permute the same vertices of Fix (7'1 o Ml)), so that it is enough to show that, restricted to
a pair of vertices p, i, Tp,; € Fix (71 o pt) such that 7' (@) = p' (Tmi) = Tm,j, we can
define involutions fim, ; = fim ; and T ; = Tm,; acting on p~! (2, ;) Up~! (z4,,5) C Va such
that
Fix (7,5 © i) = T 0 (p7 (€m0) Up™ ! (2n5)) -

We recall we are assuming that I” is y-symmetric, that is, there is ¢ € R, such that
o) =T If o(zmi) = Tm, and label the k¥ — 1 descendents of z,,,; and of z, ;
aS Tm,i, 1, Tm,i,2y -y Tm,ik—1 and Tm,j,1,Tm, 5,25 s Tm,j,k—1 in such a way that o (xm,i,q) =
Tm,jq for every ¢ € {1,2,...,k — 1} with 2,4 € IV & 24,54 € T'. We also observe
that since I is an admissible tree, Proposition 4 assures that, among the k — 1 vertices
T, j1sTm,§,2, s Tm,jk—1, an odd number must be fixed by the product 7, © tim ;. Let 1 <
I (m,i) < k—1 be the number of vertices in I'Np~! (2,,,;). In the same way as we did in the
first level, we may assume without loss of generality that z,, ;4 € IV < g > (k—1)—1(m, ).
We also observe that since z,,; and z,, ; are symmetric relatively to v, [ (m,i) = [ (m, j).
We define pi, ; and 7, ; as

Hm,i = (mm,i,lzm,j,Q) (xm,i,me,j,l) (xm,i7k—l(m,i)—2xm,j7k—l(m,i)—l)
(xm,i,k—l(m,i)—1xm,j,k—l(m,i)—2)
Tm,i = (xm,i,lxm,j,l) (fm,i,zxm,jg) (mm,i,k—l(m,i)—zxm,j,k—l(m,i)—z)

(xm,i,kfl(m,i)71xm,j,k7l(m,i)71) .

and note that (i, ; = fim,; and 7y, ; = Ty j. Straightforward calculations show that

Tm,i © bm,i = (xm,i,lxm,i,2) (xm,j,lxm,j,Q) (xm,i,kfl(m,i)72xm,i,k:7l(m,i)71)

(T, k—t(mi)—2Tm j k—1(m,i)—1) »

and so there are exactly 2 (I (m,)) vertices in p~* (zp, ;) Up~* (@, ;) that are fixed by the
composition 7, ; © fm, ;, and those are precisely the vertices z,, ; 4 with ¢ > (k — 1) —1(m, 1),
that is,
Fix (Ty.5 © pmi) =17 N (pfl (i) Upt (Zm.j))
We define
MQ (xm7i17i2) = Hmyiy (xm7i17i2) ) 7—2 (xm7i17i2) = Tm,iy (xm,i17i2)

formeZ, iy € {1,2,...k—2}, is € {1,2,.... k — 1} and it follows that
Fix (7’2 ) IuQ) =I'n',

The definition of p” and 7", acting at the level V,. is done in a similar way. Suppose
Toniv,iv 1> Tmjr,je_y € FiX (Tr_l o /f_l). If o is the reflection in v such that o (I') =T’
and o (Tym,iy,.iv_1,0) = Tmoji,rjr_1,q 01 every q € {1,2,...,k — 1} then, by the invariance
condition we have that T i, i 1.0 €IV S Ty a.g €TV Let 1 <1 (m, i1, .., ip_1) <
k — 1 be the number of vertices in I N p~* (T y,....i,_, ). We may again assume that

Tmit,eyir_1,q € I q> (k - 1) -1 (maila "'7ir—1)' Since o ($m7i11-~~7i7‘—17q) = Tm,j1,....jr—1,9



we have that [(m,iy,...,i,—1) = L(m,j1,..,jr_1) = I/ N p~? (xm7j1,..<,jr71)- We define
Hmiq,..ir_1,q and Tm,j1,....Jr—1,q a5
Hmyiy,.ip oy = (%n,il,...ir,l,1$m,j1,...jr,1,2) (xm,il,...ir,l,me,jl,...,jr,l,l)
(xm,il,...ir_l,kfl(m,il,...,iT_1)72xm,j1,...,jr_l,kfl(m,il,...,ir_l)fl)
(-rm,il,...ir_l,kfl(m,il,...,iT_l)flxm,jl,...,jr_l,kfl(m,il,...,ir_1)72)
Tmyiy,ip_1 — (xm,il,u.ir,l,lxm,jl,...jr,l,l) (xm,il,...ir,l72xm,j1,...j7.,1,2)
(xm,il,‘Hir,l,kfl(m,il,...,ir,1)71xm,j1,...jr,l,kfl(m,il,.“,ir,l)fl)

so that

Tmyit,eir—1 © Mmyiy . dpog = (ajm,il,-~-i7-—1Jajm,il,mir—l’2) (mm:jla~~-j7'71Jmm:jlan-jr—l72)
(xmailw“i'r‘fl1k7l(m7i1yuwi'rfl)72xm7i1g~~ir—17k77l(mai17~~~gir71)71)
(xmajlwuj'r‘flfk*l(mﬂ;lg~~’ir—1)72xm7‘jlg~~jr—17k77l(ma7;17~~~gir71)71) :

We note that /‘myih»--ir—ll = W, jrn an(il Trmyityeoin_1 = Tmj1,...r_1- 1t follows that the
number of vertices in p~ (xm,il,...,irfl Up~ (xmdla»--»]‘rfl) fixed bY Tim. iy, iy © My ,oins
is 2-1(m,i1,...,5,—1) and those are precisely the vertices ®m i;....ir_1.q5 Tmji,ejne1,q With
qg>(k—=1)—=1(m,iy,...,ir—1), and as we did before, we define

MT (xmzlu) = Hmyig e (xmnzr) and 7" (zm,il,...,iT) = Tmyig,..dp—1 (xmzlir)
with m € Z,i1 € {1,2, ...,k — 2} and 4, ..., 4, € {1,2, ...,k — 1} and we have that
Fix (" op™) =T"NV,.
Finally, if we define

o= pt )

(70,71, ey T ) ,

T
those are involutions that has v as set of fixed points, that is, 1, 7 € R and by construction

Fix(topu)=1"

The same proposition holds if every vertex x € v satisfies the I'-OPC:

Lemma 8 Let I' be a k-homogeneous tree with k = 2mod4, and TV C T’ an admissible
sub-tree that is v-symmetric. If every vertex x € v satisfies the I'-OPC, there are u, T € R,
such that:

1. Fix(p) = Fix (1) = ;



2. Fix(rop)=T".

Proof: The proof is essentially the same of the preceding lemma, except for the number
of vertices in the first level relatively to ~, since it satisfies the IV-OPC instead of I'-EPC.
We adopt the same notations used before and show how to proceed in the firs level. Given
Zm € v we have that p~! (xm) has k—2 vertices, and we label them as %y, 1, Tm 25 -y Tm k—2-

Let 0 <1 (m) < k — 2 be the number of vertices in p~* (2,,) NI". Since x,, satisfies the
IV-OPC and two of the vertices adjacent to x,, are in -y, we have that [ (m) = 0mod 4. We
define p,, and 7, as follows:

fim = (Tm,1%m,3) (Tm,28m.a) - (T k—1m) =5 Tok—i(m)—3) (T k—1(m)—45 Tm,k—1(m)—2)
(T k—1(m)—1> T o—1(m)) (Trmok—t(m)+1> T k—t(m)+2) - (T k=35 Tom k—2)

T = (Tm1Tm 4) (Tm,2Tm 3) --- (ffm,k—z(m)—rnxm,k—l(m)—z) (xm,k—l(m)—4,xm,k—l(m)—f&)
(T k—t(m)—1> T k—1(m)) (T k—t(m) 1> T k—t(m)+2) - Timk—35 T k—2)

As we did before, we may assume that z,,; € IV < j > (k—2) — {3 (m). Direct
computation shows that

Tm © Um = (xm,lxm,2) (-Tm,3xm,4) (xm,kfl(m)fEn xm,kfl(m)fél) (mm,kfl(m)f?n mm,kfl(m)f2)
so that the vertices in p~! (z,,) fixed by the product 7, o y1,,, are precisely the [ (m) vertices
Tpm,; With j > (k —2) —l; (m). In other words,
Fix (T 0 ptm) = ' N p~ ! (21)
for every x,, € v. We define
l’él (xm,l) = fm (xm,i) and Tl (xm,i) =Tm (Z‘m,z)
and it follows that
Fix (7' op') =T' N 1.

The definition of the permutations acting on subsequent levels is done in exactly the same
way it was done in the preceding lemma. O

Theorem 9 Let T' be a k-homogeneous tree, I' C T' a non-trivial admissible sub-tree and
R = {p € Aut (') |¢ is a reflection}. Then, there are at most five reflections p, T,0,w,d €
R such that Fiz (powoooropn) =TI and (powoooropu)’ =1d.

Proof: Since I is non-trivial, there is a vertex xoy € I'' such that at least 2 (and at most
k — 2) vertices adjacent to xy are not in I'V. Let we label those vertices as z7 and z_; and
let 1 be a geodesic containing both x; and z_;. Then we have that n NI = {z¢}. We label
the vertices of n as

N=..0—-0,..,0-2,T—-1,T0y L1y L2y eeey L...

with d (z,,2n+1) = 1 for all n € Z. Let v be a geodesic such that v Ny = x1. We consider
any reflection in vy that keeps the geodesic 7 invariant and denote by I'’ the image of I under



such reflection. Since 7 is invariant under such reflection and it keeps the vertex z; € y N7
fixed, we have that xq is carried to 3, so that I' is a copy of IV such that I Nn = {x2}.
We define a tree _
"=npuyul’ur”.

o =
Omod 2 Vv € T'*. In order to use one of the preceding lemmas, we must establish the parity
condition (even or odd) for every vertex of v, depending on the parity of k — 2. First of all
we label the geodesic v as

By construction we have that T* is ~v-symmetric and also admissible, since |.S (v, 1)

Vi= Y=gy Y=15Y0 Y1y - Yy e

with 7 € N and 1 = yg.
We now consider two different cases:
Case 1 (k =0mod4): We consider a family A;,i € Z,7 # 0 of geodesics such that

Ai Ny ={y;} foreveryi#0

and define B
=T\
iE€Z
i£0

Then we have that I'* is an admissible y-symmetric tree and every vertex of v satisfies I'*-
EPC. So, by Lemma 7, there are u, 7 € R such 7 oy is an involution with Fix (7 o u) = I'™.
Case 2 (k = 2mod4): In this case we just consider a geodesic A such that

Ann=A0y={y}
(this is possible since k > 4 and k = 2mod4) and define
I :=T*UA

Then we have that I'* is an admissible y-symmetric tree and every vertex x € ~ satisfies
the I'*-OPC. So, by Lemma 8, there are u,7 € R such 7o g is an involution with I C
Fix (top) =T%.

We consider as given two reflections p, 7 € R such that

I C Fix(tou)=T"% (2)
Let w € Aut (T") be an automorphism such that w () = . We label the vertices of T'
relative to n, so that w may be described as a sequence w := (wo,wl,wz, ) of permuta-

tions where w™ acts on V,, :=V,, (n) and p (w" (z)) = 0™ (p(2)). If W (Tigirsin,..in,...) =
Tjo.i1 jarrin,... WE have that the r-th component of the sequence (jo, j1, j2...) depends on the
r first components of the sequence (ig, 1,42, ...). We state it by using the following notation:

w (xio’il 7i27i3*"') = xwo(iﬂ)f‘”%{) (il)fwgoﬂd (i2)vw130,i1,i2 (i),

where the upper index r in w] ; . is a redundancy that only helps us (we hope) to track

the level where the permutation acts.



Direct computation shows that

ow (xio,i17i27---,ik7---) =0 (wwo(io),w}() (il)’w?(,,qzl (i2),w§?’0,i1,12 (i3)7~~')

= T 50,,0(; 1 1 (s 2 2 : 3 3 :
g w1 (e W K3 g (% . 1 o w; . . 3
(0):7 0 (1) Wio ( 1) wOig)wl (1) fovi (12); wO(ig) wh (i1).w3 4. (i2) Yovi1i (18);

where w, o € Aut (I') are any automorphism leaving 7 invariant.
We recall that the reflections 4 and 7 in (2) keep 7 invariant and
p(n) = /1'0 (Tn) = Tni2

n
n) 0 (xn) =T —_n+42

for every x,, € ). Let 51 be a geodesic transversal to 7 at x1, that is, 1 Ny = {x1} . There
is 0 € Rp, satisfying the following conditions:

7 (x

0 (z,) = x_, 4 for every z, €1 (3)
0 (Tig,iin,..) = To0(ig),inia,... TOT G0 7 1,

since ¢ is an involution fixing 31 N7n. The action of o on the vertices having x; as prefix

(vertices labelled as 1,4, i,,..) will be characterized later.
Let 32 be a geodesic transversal to n at z2 and let w € Rg, be a reflection satisfying the
condition:
0 —
w? (xn) = x_p_q for every xz, €.

We define now another reflection ¢ € R, with ¢ # o, satisfying
#° (xn) = x_p_o for every xz,, € 1.

To define the action of pow oo € R on the descendents of z,, (n € Z) we will consider three
different cases.

Descendents of x,,n # 0,1: We observe that the action of 0,7 and p are already
defined when restricted to those vertices. We want to define the action of the reflections w
and ¢ in such a way that

Powo T 0T O U (Tigiizis...) = Tigiriasis OT 10 # 0, 1.

If we manage to do so, we will find that the composition ¢ o w oo o7 o u will clearly act on
those vertices as an involution.
Direct computations shows that

1 () = & _nio
0,0 —
T (Tn) = 2y
UOTOMO (xn) = T—n+2
W70 (2,) = o
#0u0507040 () = &



If we denote
Powoad oToU(Tigiin,..iv) = Tjojarjarirs
since
Jo :¢OowooaOoTOou0(io)
it follows that
Jo = —to-
From the definition of ¢ (in 3) we have that

T | 1 1 1 1 /-
J1= ¢w00'07'0p,0(io)wUOTOMO(io)UTouo(io)Tuo(io)Mio (21)
1 1 1 1 /-
= Qi oW ig 42T g2k (11)

and we want to impose that j; = 1. To get this equality it is enough to define

1 1 (1 1\~ 1
PiggaW_igt2 = (T*i(ﬁ*QMio) :

We move now to the second level. By definition we have that

.9 2 2 2 .
J2 = ¢i0+27w£io+27{i0+2/‘%0 (il)w—io+277iio+2/t%0(il)T—io+27#%g(i1)'ulMl (i2)

and in order to get the equality jo = is, it is enough to define

¢2 (A)Q

—1
= (72 2
o+ 2wl Lol ang (i)Y —io+2,mL, Lo (i) _i0+2nu'110(7;1)u‘10:7'1 :

For the third level, we have that

. 3
J3 = ipyo.umt

1 1 : 2 2 2 ;
i0+2T7i0+2ui0(ll)’w*'io+2,fiio+2“zlo(il)T*ioJr?v#},o(i1)ui0*i1(12)
3 3 3 .

w_, 1 1 2 2 s NT 1 2 ; i i1 i \2
720+2’T*i0+2#f’0(21)’T—io+2,u}0(z‘1)#"0,i1 (i2) 720+2"ui0(”)’“i01i1 (7'2)#20’7'1’12 ( 3)
and again, by defining

3
(154 1 1 10 2 2 2 :
zo+2,w7i0+277m+2#10 (11),w_,,0+2,71i0+2%10 (11)7—710-%-2,#}0 (il)“io,il (i2)

-1
3 — (-3 3

w7i0+2,'rii0+2y%0(il),Tin+2 nl (i1)‘u120:171(i2) o <T7i0+2’”110(i1)”u?0wi1(ig)uio’il’h)

il
we find that j3 = i3. We proceed in this same manner for the other levels, so that we get five
reflections such that the composition powooorop acts on I'\ ({Z0,i; is,...} U{Z1i1,is,...}) @8
an involution. Moreover, the vertices that are descendents of x,,, for n # 0,1 are not fixed
by the composition of the five reflections.

Descendents of xo: We remember that 4 and 7 are given (in 2) and the restriction of
o to descendents of zg is defined as

0 (%0,i1,i2,...) = T2,iin, ..

11



We still have to define the action of w and ¢ on the descendents of xy in such a way that
the composition of the five reflections becomes an involution that fixes only the vertices of

the admissible tree I, Given %, i,.i5,... € I we have that

T 0 f (20,1 inis,...) = T0,ix,inis,...

0 (%0,i1 inis,..) = T2,ir,inis, ..

W (22,4, ini5,...) = T2,0h (1) wf ; (i2) w3 4 o (i3)oeen
¢ ow (-1’2,1‘1,1'2,1‘3},,,) =

x 1.,1(: 2 2 ; 3 3 ;
0,¢5w; (11)7¢21u%(i1)“’2,i1 (7’2)a¢27w%(11%w% . (i) 2011 i (18)--

If we define ¢* and w’ by the equations
-1
¢% = (w%) ) (4)
-1
¢§,w;(i1) = (Wg,il) )

3 (3 -1
¢2,w;(i1),wg,il(z2) = (me)

we find that
pawy (i1) = i,
D21 (1) W2,01 (12) = 2,
3 3 SN
P wh(in) i, (12)V2iin iz (13) = B3, o
so that

powoaoTo (L0 inis,...) = POWI(T2iyini5,...)

= 20,1 ,iz,i3,...

that is, the vertices of IV descending from zy are fixed by ¢ o w o o o 7 o u. Moreover, if
L0,iq,i2,i3,... ¢ F/, we have that

¢powoaoT 0 (L0 izia...) = L0,j1j2,gs.

where
g1 = daway g (i) -
We observe that if we define (¢3w]) as in 4, we get that
g1 =T (i1)

i.e., 71 is determined by the action of yu and 7. For j, we have that

. 2 2 2 2 (s

J2 = ¢2,w%7‘21u(1](i1)w2,7'21u(1)(i1)T2,p(1)(i1)'u’0’i1 (22)
and by defining

—1
¢2 — (,d2
2,w5 Ty pg(in) 2,73 g (i1)

12



we find that

2 2
J2 = To p1iy)Ho,is (i2)

i.e., jo is well defined. This is actually the inductive step that should be performed to
complete the proof. The same can be done, for example, for the level 3: We have that

. 3 3 3 3 -
= . N . . \T. . . .. (1
J3 %,w;T;ug(“),wgﬁéué(il)fgﬁﬂé(il)ug,il(m 2 b (000,72 g, () 2 (i1)0a3 1, (12) K. iz (13)

So, if we define
—1
¢3 1.1,,1(; 2 2 2 iy = w3 1,1(; 2 2 ;
2’w2T2“0(“)’“}2,721“[1)(11)Tz.u}](il)uf’,il(12) 2’7—2Ho(zl)’Tz,“})(il)MO’il(12)

we find that
. 3 3 .
.]3 — T27.u(1)(i1)7u(%,i1 (Z‘z)uo,il,iz (23) .

Proceeding in this way we will find that j,, # i,, for some n > 1, since zg;;,, ¢ T and
the descendents of xo that are fixed by 7 o u are those ones contained in I".
Descendents of x;: We proceed in a similar way. We recall that the reflections 7 and

w are completely determined and, given x,, € 7,

12,13,

MO (Tn) = T_n2, 7 (Tn) = Topnt2
0% () = 2_pta, WO (Tn) =T ps

QSO (xn) =T—_n-2-

We define the action of w on the descendents of z1 as

w (xio,il,ig,ig...) = TwO(ig),in,in,03..
If we write
powo o oT O (T4 iziz...) = To1,j1, G,
we have that
J1 = ¢zo17ipi (in)
G2 = 5 ot e ul (i) Tl i) Tt o) ML (72)

3 3 3 .
'u%:il (ig)al"rll'ui(il)"rz ll’%,il (1'2)7—17#%(1'1)7#%,7;1 (i2) P11 iz (13) y e

- 3
J3 :¢3 1.1,,1(; 2
o1 (i), 1l i)

7.2
1,rindGn) 1eiGr)

We need to define ¢ and o in such a way that j; = ¢; for every ¢ € N and for this it is enough
to define the action of ¢ and o on the descendents of x; as follows:

bot o= (rlad)

-1
2 2 (2 2
¢37U}T}u§(i1)017ffu}(il) = (71,u}(i1)ﬂ1,z‘1)

-1
& o3 — (3 u
3,0irini(in),o? 4 o ni 5, (i2) 1,7'11#%(h)ﬁiu%(il)ltiil (i2) Lpg (i1),uf ;, (i2) 710102 v

7_2
1,rindGa) 16 Gin)
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Altogether we have 5 reflections such that the composition powocorop is an involution
and Fix (powoooTopu)=TI"as we wanted. O

By definition, an admissible tree is the set of fixed points of an involution. Since all such
involutions are conjugated, if we prove that a single involution is a product of a bounded
number of reflections, the same bound will hold for every involution with the same set of
fixed points. In the next theorem we will prove that, in case of a trivial admissible tree,
such an involution can be attained as the product of 3 reflections.

Let us prove the same Theorem for the case of trivial admissible trees.

Theorem 10 Let T' be a k-homogeneous tree, I' C T' a trivial admissible tree and
R = {¢ € Aut (T') |¢ is a reflection}. Then, there are at most three reflections p, 7,0 € R
such that Fix (0 o 7o p) =T" and (0 o 7o p)* = Id.

Proof: If I is a geodesic 7, it is enough to consider p as any reflection in v and by
definition we have that Fix () = I". If IV =T, we take any reflection ¢ € R and since a
reflection is an involution, we have that Fix (uou) = I' = IV, So, it is left the case when
the trivial admissible tree I consists of a single vertex, that is, IV = {xo}. We shall divide
the prove in two cases, according to homogeneity of I'.

Case 1 (k=0mod4): Consider two geodesics v; and s in T' such that v; Ny =
{zo}. We label the vertices adjacent to =g as x1, za, ..., x—1, 2 and assume without loss of
generality that x1,22 € 7, and xx_1, 2 € ¥2. Let p € R, and 7 € R, be reflections such
that

[l (z0,1) = (#374) (2526) ... (Tp—3Tk—2) (Th—17%)
T|$(o,1) = (T122) (2375) (2426) .. (Tp—52k—3) (Th—aTr—2) .

The existence of such reflections is assured by the extension property ([6, Proposition 7]).
Direct computations shows that

TO M|S(z0,1) = (z122) (x3x6) (x4x5) ... (Tp—32p—4) (Tp_12k)
so that Fix (7 o p1) |g(ze,1) = 0 and it follows that
Fix(top) = {zg} =T"

and (7o p)? =1d.
Case 2 (k =2mod4): Let o be a reflection fixing the vertex zg. Let

N=...0T—0y...; -2, L_1,L0,L15L2y +eey L]...
be a geodesic containing the vertex zy. Consider now two geodesics 1 and 5 such that
1 N =21 and 2 NN = zs.
Let u,0 € R4, and 7 € R, be reflections satisfying the following conditions

wl (2n) = 2 pyo, 70 (2n) =2 _pig and 0% (z,) =i

14



for every z, € n where the decomposition of the reflections is considered relative to the
geodesic 7, in the same way we did in the proof of Theorem 9. Direct computations shows
that 0% o 7% 0 p° (x,,) = x_,, and it follows that

Fix (6° 0 7% 0 %) = {zo} .

Since x¢ is the only fixed point of o o 7 o 1 on v, in order to have Fix (o o7opu) = {xg} it
is enough to define the reflections in such a way that it has no fixed points in S (zg, 1), that
is, considering the labeling from ~, we need the condition

OO0TO [1,(1’071') 7£ Zo,i-

Considering the decomposition of the three reflections we get that

ogoropu(re) =0T (962,“5@)) =0 (xz,rsum) = 0,043 ub (i)

and for any choice of o, 73 and p} such that o373 g # 1, we will get that Fix (c o710 u) =
{zo}. If we define, for instance,

ph (i) =i, 74 (i) =k —1—iand o3 (i) =i
for every i = 1,2, ...,k — 2, we find that o7l pd (i) = k — 1 — i. Moreover,
(007 0p)* (xo:) = (007 0p) (Tok—1-4) = To,

so that (o o7 o u)® = 1Id. O

Before we prove our main result, we need the following lemma:

Lemma 11 Let I' be a k-homogeneous tree and ¢ € Aut™ (I'). Then ¢ may be expressed
as the product of at most three involutions with fized points, where at least one of those is a
reflection.

Proof: Suppose there is zg € T such that ¢ (z¢) = z¢. In [4], Moran proved that a rooted
tree has the bi-reflection property, that is, every automorphism of the rooted tree may be
expressed as the product of two involutions. Since ¢ (z¢) = g, the automorphism ¢ may be
seen as an automorphism of the tree with root in zg and it is the product of two involutions.

Suppose now that ¢ has no fixed point. Given g € T', since 0 < d (g, ¢ (zo)) = 0mod 2
there is a vertex w € T" that is the middle point of the geodesic segment [zg, ¥ (x0)]. So
there is a reflection ¢ such that ¢ (¢ (z0)) = x. Since ¢,¢ € Aut™ (I') we have that
o e Aut™ (') and since ¢ o ¢ (x9) = x¢, as we just proved, there are involutions oy, o2
such that ¢ o ¢ = 01 0 02 and we have that

p=¢o(poyp)=¢ooryoo0s.

15



Theorem 12 Let T' be a k-homogeneous tree and 1 € Aut™ (T'). Then, ¢ may be expressed
as the product of at most 11 reflections in geodesics.

Proof: In the previous Lemma we proved that ¢» € Aut® (I') may be expressed as the
product of (at most) two involutions (say ¢’ and ¢”) and one reflection (let us say ¢):
= ¢oy oy’ Let I'' and I' be the trees of fixed points of the involutions ¢’ and ¢”.
Theorems 9 and 10 assures there are reflections ¢4, ..., ¢f and ¢7, ..., #¥ (eventually less then
5 are needed) such that

Fix (&1 0..0 g@)) =T" and Fix (~’1' 0..0 (Eg) =1

~ ~\2 ~ N2 ~ ~ ~ ~
and (gb’l o... oqbg) = (qb'l’ ... oq5'5’> = Id. It follows that ¢} o...0 ¢f and @] o ... o ¢F
are involutions that have the same fixed points as ¢’ and ¢’ respectively. But Lemma 3 in
[7] assures that involutions in a homogeneous tree are conjugated if and only if there is an

automorphism that maps the set of fixed points of one to the set of fixed points of the other.
It follows that

o =0 (S0 odh) (@) = (o8 (o)) oo (o8 (o))
SOH — " <~/1/ 0. 0 "'g/) (U”)_l _ (O_//a/1 (U”)_l) 0. o (0//$g (J//)—1>
and since the conjugate of a reflection is still a reflection, by defining
0y =0'd (o))" ¢ =0" (")
fori=1,2,....,5 we get that

b =doy oy
=¢godio..opsod] 0.0l

We can restate the previous Theorem in terms of covering number:

Theorem 13 Let I' be a k-homogeneous tree and Cr the conjugacy class of reflections in
I'. Then, the covering number satisfies cn (Aut+ (1) ,CR) < 11, that is, R" = Aut™ (T).
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