On the regularization of mixed complementarity problems

R. Andreani^∗ J. M. Martínez^† B. F. Svaiter^‡

November 8, 1999

Abstract

A variational inequality problem (VIP) satisfying a constraint qualification can be reduced to a mixed complementarity problem (MCP). Monotonicity of the VIP implies that the MCP is also monotone. Introducing regularizing perturbations, a sequence of strictly monotone mixed complementarity problems are generated. It is shown that, if the original problem is solvable, the sequence of computable inexact solutions of the strictly monotone MCP’s is bounded and every accumulation point is a solution. Under an additional condition on the precision used for solving each subproblem, the sequence converges to the minimum norm solution of the MCP.

Keywords. Variational inequalities, complementarity, perturbations, inexact solutions, minimization algorithms, reformulation.

AMS: 90C33, 90C30

1 Introduction

The variational inequality problem was introduced as a tool in the study of partial differential equations [21]. Modern applications of the VIP include

∗Department of Computer Science and Statistics, University of the State of S. Paulo (UNESP), C.P. 136, CEP 15054-000, São José do Rio Preto-SP, Brazil. This author was supported by FAPESP (Grant 99/08381-4) and CNPq (Grant 301115/96-6). E-mail: andreani@nimitz.dcce.ibilce.unesp.br

†Department of Applied Mathematics, IMECC-UNICAMP, University of Campinas, CP 6065, 13081-970 Campinas SP, Brazil. This author was supported by PRONEX, FAPESP (Grant 90-3724-6), CNPq and FAEP-UNICAMP. E-Mail: martinez@ime.unicamp.br

‡IMPA, Brazil. This author was partially supported by CNPq Grant 301200/93-9(RN) and by PRONEX-Optimization. E-mail: benar@impa.br

competitive equilibrium problems arising in economics, operations research and control theory, traffic equilibrium problems, equilibrium points for nperson games, spatial economic equilibrium problems and many others. See [15, 20]. Moreover, the VIP generalizes the optimality conditions of convex minimization and, so, its study enlighten the development of optimization algorithms. Many authors introduced practical algorithms for solving the VIP. See, for example, [1, 14, 17, 21, 24, 25] and references therein.

In this paper we define the variational inequality problem as the problem of finding x ∈ Ω such that

⟨F (x), z − x⟩ ≥ 0 for all z ∈ Ω, (1)

where Ω = {x ∈ IR^n | g(x) ≤ 0, Ax = b, ℓ ≤ x ≤ u}, (2) F : IR^n → IR^n, g : IR^n → IR^p, A ∈ IR^{s×n}, ℓ ∈ (IR∪{−∞})^n, u ∈ (IR∪{∞})^n. As usually, in (2) the inequality −∞ ≤ x_i (resp. u_i ≤ ∞) must be read −∞ < x_i (resp. u_i < ∞). We assume that F and g have continuous first partial derivatives and g_i is convex for all i = 1, . . ., p. The problem (1) is said to be monotone if F is a monotone operator, i.e. ⟨F (y) − F (x), y − x⟩ ≥ 0 for all x, y ∈ IR^n. (3) Condition (3) is equivalent to say that F^′(x) is positive semidefinite for all x ∈ IR^n [23].

We say that Ω satisfies a constraint qualification if g is an affine function or if there exists x ∈ Ω such that g(x) < 0. If a constraint qualification is satisfied, the point x ∈ Ω is a solution of the VIP if, and only if, there exist y ∈ IR^p, z ∈ IR^s such that

[F (x) + g^′(x)^T y + A^T z]_i = 0 if ℓ_i < x_i < u_i, (4)

[F (x) + g^′(x)^T y + A^T z]_i ≥ 0 if x_i = ℓ_i, (5)

[F (x) + g^′(x)^T y + A^T z]_i ≤ 0 if x_i = u_i, (6) y ≥ 0, ⟨g(x), y⟩ = 0. (7) See [16]. Obviously, since x ∈ Ω we also have that g(x) ≤ 0, Ax = b, ℓ ≤ x ≤ u. (8) Based on (4–8) the VIP can be reduced to a mixed complementarity problem which is, essentially, a VIP where the domain is a generalized n− dimensional box. See [7, 10]. It is easy to prove that, if the VIP is monotone, the MCP is monotone too.

Important particular cases of the MCP are the classical nonlinear complementarity problem, where the domain is the positive orthant, and the problem of solving a nonlinear system of equations, where the domain is IR^n. An attractive strategy for solving the MCP is to define reformulations by means of which the MCP is transformed onto a global optimization problem. See [4, 5, 8]. This amounts to define a suitable nonnegative merit function that vanishes at solutions of the MCP. In practice, optimization algorithms with clever global strategies are able to find global minimizers (solutions of the MCP) in many cases. Moreover, monotonicity-like conditions usually ensure that stationary points of the optimization problem are global minimizers. In this case, if it is possible to guarantee that the generated sequence is bounded, standard minimization algorithms necessarily find solutions of the reformulated MCP . Different solutions for the boundedness problem can be found in [4, 5, 18] and [26, 27].

The solution for the boundedness problem suggested in [4, 5] involves the introduction of artificial bounds. For each variable that is unbounded above in the original problem, an artificial slack variable must be introduced. Also, slack variables must be introduced for each unbounded below variable. So, in the worst possible case, the number of variables could be triplicated. In this paper, the boundedness problem associated to reformulations is solved in a different way. We consider regularized problems, in which the operator is modified by a diagonal perturbation. By means of such a perturbation, a monotone MCP becomes strongly monotone. We will consider inexact solutions of the perturbed MCP, which will be defined in terms of an error measure strongly connected with the merit function used in the reformulations [2, 3, 5, 9, 12, 13, 14]. See, also, the survey [22]. We will prove that, if the perturbation of a solvable monotone MCP tends to zero, the resulting sequence is bounded and all its limit points are solutions of the original MCP. Moreover, if the subproblems are solved up to a precision that tends to zero faster than the perturbation, the sequence converges to the minimum norm solution of the MCP.

This work is organized as follows. In Section 2 we show how to transform the VIP into the MCP and we prove that monotone VIP’s generate monotone MCP’s. In Section 3 we define the perturbation of the MCP and we prove the convergence results. Some conclusions are given in Section 4.

2 Reduction of VIP to MCP

Consider the VIP defined by (1) and (2). Let us define G : IR^{n+p+s} → IR^{n+p+s} by G(x, y, z) = (F (x) + g^′(x)^T y + A^T z, −g(x), b − Ax). (9)

Moreover, consider the generalized box in IR^{n+p+s} given by Ω_{aux} = {(x, y, z) ∈ IR^{n+p+s} | ℓ ≤ x ≤ u, y ≥ 0}. (10) Theorem 1. If the VIP defined by (1–2) satisfies a constraint qualification, then x ∈ IR^n is one of its solutions if, and only if, there exist y ∈ IR^p, z ∈ IR^s such that (x, y, z) is a solution of the MCP defined by (9–10).

Proof. Conditions (4–8) can be written [G(x, y, z)]_i = 0 if ℓ_i < x_i < u_i, i = 1, . . ., n; (11) [G(x, y, z)]_i ≥ 0 if ℓ_i = x_i, i = 1, . . ., n; (12) [G(x, y, z)]_i ≤ 0 if x_i = u_i, i = 1, . . ., n; (13) [G(x, y, z)]_{n+i} = 0 if y_i > 0, i = 1, . . ., p; (14) [G(x, y, z)]_{n+i} ≥ 0 if y_i = 0, i = 1, . . ., p; (15) [G(x, y, z)]_{n+p+i} = 0 , i = 1, . . ., s. (16) Clearly, (11–16) are the conditions that characterize a solution of the MCP defined by (9) on the set (10). 2

Theorem 2. If F is monotone, then G is monotone on the set {(x, y, z) ∈ IR^{n+p+s} | y ≥ 0}. Proof. Take (x, y, z), (x̃, ỹ, z̃) ∈ IR^{n+p+s} with y, ỹ ≥ 0. Direct calculation yields ⟨G(x, y, z) − G(x̃, ỹ, z̃), (x, y, z) − (x̃, ỹ, z̃)⟩ = ⟨F (x) − F (x̃), x − x̃⟩ + ⟨g^′(x)^T y − g^′(x̃)^T ỹ, x − x̃⟩ + +⟨g(x̃) − g(x), y − ỹ⟩ Since F is monotone, we conclude that ⟨G(x, y, z) − G(x̃, ỹ, z̃), (x, y, z) − (x̃, ỹ, z̃)⟩ ≥ ⟨g^′(x)^T y − g^′(x̃)^T ỹ, x − x̃⟩ + ⟨g(x̃) − g(x), y − ỹ⟩ Simple manipulation on the right-hand side of the above inequality gives ⟨g^′(x)^T y − g^′(x̃)^T ỹ, x − x̃⟩ + ⟨g(x̃) − g(x), y − ỹ⟩ = ⟨y, g^′(x)(x − x̃) + g(x̃) − g(x)⟩ + ⟨ỹ, g^′(x̃)(x̃ − x) + g(x) − g(x̃)⟩ = p∑ i=1 ( g_i(x̃)−(g(x)+∇g_i(x)(x̃−x)) ) [y]_i+ p∑ i=1 ( g_i(x)−(g(x̃)+∇g_i(x̃)(x−x̃)) ) [ỹ]_i

Since the components of g are convex and y, ỹ ≥ 0, the desired result follows. 2

3 Convergence under positive perturbations

By Theorems 1 and 2, monotone variational inequalities (with constraint qualification) can be reduced to monotone mixed complementarity problems. As we mentioned in the introduction, the MCP is the variational inequality problem on a generalized box. In this section, the generalized box will be given by Ω_{box} = {x ∈ IR^n | ℓ ≤ x ≤ u}, (17) where −∞ ≤ ℓ_i < u_i ≤ ∞ for all i = 1, . . ., n and −∞ ≤ x_i (resp. x_i ≤ ∞) means −∞ < x_i (resp. x_i < ∞).

If F = (f_1, . . ., f_n), the variational inequality problem defined by F on Ω_{box} reduces to finding x ∈ Ω_{box} such that

f_i(x) = 0 if ℓ_i < x_i < u_i, (18)

f_i(x) ≥ 0 if ℓ_i = x_i, (19)

f_i(x) ≤ 0 if x_i = u_i. (20)

We will consider the case in which F is monotone on Ω_{box}, that is: ⟨F (y) − F (x), y − x⟩ ≥ 0 for all x, y ∈ Ω_{box}. (21) We say, as usually, that F is strongly monotone on Ω_{box} if there exists μ > 0 such that ⟨F (y) − F (x), y − x⟩ ≥ μ‖y − x‖^2 for all x, y ∈ Ω_{box}. (22) Given ε > 0, we define F_ε : IR^n → IR^n by

F_ε(x) = F (x) + εx for all x ∈ Ω_{box}. (23)

The mapping F_ε is strongly monotone, since ⟨F_ε(x) − F_ε(y), x − y⟩ ≥ ⟨F (x) − F (y), x − y⟩ + ε‖x − y‖^2 ≥ ε‖x − y‖^2. The MCP defined by F_ε on Ω_{box}, has unique solution [16] and can be solved using reliable algorithms [1, 5, 6, 11, 8, 19]. On the other hand, the MCP problem (18-20) with monotone (but not strongly monotone) F can have infinitely many solutions or no solution at all. We will see that, if (18-20) is solvable, a solution can be obtained as a limit of inexact solutions of perturbed MCP problems defined by F_ε and Ω_{box}.

Let ε_k, k = 0, 1, 2, . . . be such that ε_k > 0 for all k and lim_{k→∞} ε_k = 0. We define, for all k = 0, 1, 2, . . .,

F_k(x) = F_{εk} (x) = F (x) + ε_kx for all x ∈ Ω_{box}. (24)

Let us call MCP(k) the MCP defined by F_k on Ω_{box}. We denote, from now on, ‖ · ‖ = ‖ · ‖_2. We define I_1 = {i ∈ {1, . . ., n} | ℓ_i > −∞} and I_2 = {i ∈ {1, . . ., n} | u_i < ∞} By (18-20), x ∈ IR^n is (the unique) solution of MCP(k) if and only if, there exist v, w ∈ IR^n such that

‖F_k(x) − v + w‖^2 + [ ∑ i∈I1 (x_i − ℓ_i)v_i]^2 + [ ∑ i∈I2 (x_i − u_i)w_i]^2 = 0, (25)

with

ℓ ≤ x ≤ u, v, w ≥ 0, v_i = 0 if ℓ_i = −∞, w_i = 0 if u_i = ∞ (26) for i = 1, . . ., n. Clearly, if (26) holds, (25) is equivalent to

‖F_k(x) − v + w‖^2 + 2ε_k ∑ i∈I1 (x_i − ℓ_i)v_i + ∑ i∈I2 (u_i − x_i)w_i = 0. (27)

Let K be a strictly positive scalar. Expressions (25–26) motivate us to define an inexact solution of MCP(k) as a point x_k ∈ IR^n that satisfies, for some v_k, w_k ∈ IR^n, √ ‖F_k(x_k) − v_k + w_k‖^2 + [ ∑ i∈I1 ([x_k]_i − ℓ_i)[v_k]_i]^2 + [ ∑ i∈I2 ([x_k]_i − u_i)[w_k]_i]^2 ≤ Kε_k, (28) and ℓ ≤ x_k ≤ u, v_k, w_k ≥ 0, [v_k]_i = 0 if ℓ_i = −∞, [w_k]_i = 0 if u_i = ∞ (29) for i = 1, . . ., n. Let us define δ_k ∈ IR^n, α_k ∈ IR, β_k ∈ IR by

F_k(x_k) − v_k + w_k = δ_k (30) ∑ i∈I1 ([x_k]_i − ℓ_i)[v_k]_i = α_k (31)

and ∑ i∈I2 (u_i − [x_k]_i)[w_k]_i = β_k. (32)

By (28), (30), (31) and (32), √ δ^2_k + α^2_k + β^2_k ≤ Kε_k.

Hence, ‖δ_k‖ ≤ Kε_k, α_k ≤ Kε_k, β_k ≤ Kε_k. (33) Define θ_k = √ δ^2_k + 2ε_k(α_k + β_k).

By (33), we have that θ_k ≤ ε_k √ K^2 + 4K. (34) Reciprocally, it is easy to see that, if θ_k ≤ K^′ε_k, (35) then the inequalities (33) and (28) hold for different values of K. This means that inexact solutions, which have been defined here in terms of (28), can be defined, equivalently, as points that satisfy (35) or (33).

Now, we are ready to prove that the sequence of inexact solutions of the MCP is bounded and that limit points are solutions of the original MCP.

Theorem 3. Assume that F is monotone and continuous and a solution x̂ of the MCP (18-20) exists. Then, the sequence {(x_k, v_k, w_k)} is bounded and any limit point of this sequence defines a solution of the MCP.

Moreover, if lim_{k→∞} θ_k/ε_k = 0 then x_k converges to the minimum norm solution of the MCP.

Proof. Since F_k is strongly monotone we have that ε_k‖x_k − x̂‖^2 ≤ ⟨F (x_k) + ε_kx_k − F (x̂) − ε_kx̂, x_k − x̂⟩. (36) So, by (30), ε_k‖x_k − x̂‖^2 ≤ ⟨δ_k + v_k − w_k − ε_kx̂, x_k − x̂⟩ − ⟨F (x̂), x_k − x̂⟩. (37) Since x̂ is a solution of (21) and ℓ ≤ x̂ ≤ u, (37) implies that ε_k‖x_k − x̂‖^2 ≤ ⟨δ_k, x_k − x̂⟩ + ⟨v_k, x_k − x̂⟩ − ⟨w_k, x_k − x̂⟩ − ε_k⟨x̂, x_k − x̂⟩. (38) Now, by (26) and (29), ⟨v_k, x_k − x̂⟩ = ∑ i∈I1 [v_k]_i[x_k − ℓ]_i + ∑ i∈I1 [v_k]_i[ℓ − x̂]_i and ∑ i∈I1 [v_k]_i[ℓ − x̂]_i ≤ 0.

Therefore, by (31), ⟨v_k, x_k − x̂⟩ ≤ α_k. (39) Analogously, we can prove that −⟨w_k, x_k − x̂⟩ ≤ β_k. (40) By (38), (39) and (40), we obtain: ε_k‖x_k − x̂‖^2 ≤ ⟨δ_k, x_k − x̂⟩ − ε_k⟨x̂, x_k − x̂⟩ + α_k + β_k. Multiplying by 2/ε_k and rearranging this inequality, we obtain: 2‖x_k − x̂‖^2 − (2/ε_k)⟨δ_k, x_k − x̂⟩ + 2⟨x̂, x_k − x̂⟩ ≤ (2/ε_k)(α_k + β_k). (41) Elementary algebraic manipulations on the left-hand side of (41) give 2‖x_k − x̂‖^2 − (2/ε_k)⟨δ_k, x_k − x̂⟩ + 2⟨x̂, x_k − x̂⟩ = ‖x_k − x̂‖^2 − (2/ε_k)⟨δ_k, x_k − x̂⟩ + ‖x_k − x̂‖^2 + 2⟨x̂, x_k − x̂⟩ = ‖x_k − x̂ − (1/ε_k)δ_k‖^2 − ‖(1/ε_k)δ_k‖^2 + ‖x_k‖^2 − ‖x̂‖^2.

Therefore, by (41),

‖x_k‖^2 + ‖x_k − x̂ − (1/ε_k)δ_k‖^2 ≤ ‖x̂‖^2 + (1/ε^2_k)(‖δ_k‖^2 + 2ε_k(α_k + β_k)). So, by (34), ‖x_k‖^2 ≤ ‖x̂‖^2 + (θ_k/ε_k)^2 ≤ ‖x̂‖^2 + K^2 + 4K. (42) Thus, {x_k} is bounded. By (28) and the continuity of F , this implies that {−v_k +w_k} is also bounded. Therefore, if [v_k]_i is unbounded for some i, [w_k]_i must be unbounded too. By (28) this implies that, for some subsequence, [x_k]_i tends to ℓ_i and [x_k]_i tends to u_i simultaneously. This is impossible, since ℓ_i < u_i. Therefore, the sequence {(x_k, v_k, w_k)} is bounded. To prove that the limits points of this sequence are solutions of the MCP (18-20), take the limit (for a convergent subsequence) on both sides of (28).

To prove the second part of the theorem, remember that the solution set of the MCP (18-20) is close and convex. Since, by hypothesis, this set is nonempty, there exists a minimum norm element, say x_∗. Inequality (42) holds for any x̂ solution of the MCP. In particular, ‖x_k‖^2 ≤ ‖x_∗‖^2 + (θ_k/ε_k)^2.

Let x̄ be a limit point of {x_k}. Taking the limit for a subsequence that converges to x̄, we get ‖x̄‖^2 ≤ ‖x_∗‖^2. So, x̄ is a minimum norm solution of the problem. By the uniqueness of projections on convex sets, x̄ = x_∗. Since {x_k} is bounded, this implies that {x_k} converges to x_∗. 2

4 Final remarks

In real-life ill-conditioned problems in which the data are subject to errors, the exact solution is meaningless and useful approximations are those obtained by regularization of the operator. See [28]. This amounts to choose a reasonable regularizing parameter ε > 0 and to solve the corresponding perturbed MCP. Many strategies for choosing a good regularization parameter for different problems can be found in the literature. See, for example, [29] and references therein. In this paper we showed that the regularizing strategy has a good theoretical support when one deals with monotone mixed complementarity problems.

Moreover, a common practice in the resolution of nonlinear systems of equations is to merge the original problem into a family of better conditioned perturbed problems, in such a way that the solution of each of them helps to define a good initial point for solving the following. In this way, good initial approximations compensate the harmful effect of ill-conditioning and increasing nonlinearity. This is the spirit of the so called “regularizing homotopy”, which has been largely and successfully used in the resolution of nonlinear systems coming from Physics and Engineering. See [30]. Further research is necessary in order to define suitable algorithms for tracing the homotopy path in the MCP case.

References

[1] R. Andreani, A. Friedlander and J. M. Martínez [1997], On the solution of finite-dimensional variational inequalities using smooth optimization with simple bounds, Journal on Optimization Theory and Applications 94, pp. 635-657.

[2] R. Andreani and J. M. Martínez [1998], Solving complementarity problems by means of a new smooth constrained nonlinear solver, in Reformulation: Nonsmooth, Piecewise Smooth, Semismooth and Smoothing Methods, edited by M. Fukushima and L. Qi, Kluwer, pp. 1– 24.

[3] R. Andreani and J. M. Martínez [1998], On the solution of the extended linear complementarity problem, Linear Algebra and its Applications 281, pp. 247-257.

[4] R. Andreani and J. M. Martínez [1998], On the reformulation of nonlinear complementarity problems using the Fischer-Burmeister function, to appear in Applied Mathematics Letters.

[5] R. Andreani and J. M. Martínez [1999], On the solution of bounded and unbounded mixed complementarity problems, Relatório de Pesquisa RP 01/99, Institute of Mathematics, University of Campinas, Campinas SP, Brazil.

[6] S. C. Billups and M. C. Ferris [1997], QPCOMP: A quadratic programming based solver for mixed complementarity problem, Mathematical Programming 76, pp. 533-562.

[7] S. P. Dirkse and M. C. Ferris [1995], A collection of nonlinear mixed complementarity problems, Optimization Methods and Software 5, pp. 319-345.

[8] F. Facchinei, A. Fischer and C. Kanzow [1997], A semismooth Newton method for variational inequalities: the case of box constraints, in Complementarity and variational problems: state of the art, edited by M. C. Ferris and J.-S. Pang, SIAM, Philadelphia, pp. 76-90.

[9] L. Fernandes, A. Friedlander, M. Guedes and J. J. Júdice [1999], Solution of General Linear Complementarity Problem using smooth optimization and its application to bilinear programming and LCP, Technical Report XX/99, IMECC-UNICAMP.

[10] M. C. Ferris and C. Kanzow [1998], Complementarity and related problems: a survey, Technical Report, Computer Sciences Department, University of Wisconsin, Madison, Wisconsin.

[11] M. C. Ferris, C. Kanzow and T. S. Munson [1998], Feasible descent algorithms for mixed complementarity problems, Mathematical Programming Technical Report 98-04, Computer Sciences Department, University of Wisconsin, Madison, Wisconsin.

[12] A. Friedlander, J. M. Martínez and S. A. Santos [1994], On the resolution of large scale linearly constrained convex minimization problems, SIAM Journal on Optimization 4, pp. 331-339.

[13] A. Friedlander, J. M. Martínez and S. A. Santos [1995], Solution of linear complementarity problems using minimization with simple bounds, Journal of Global Optimization 6, pp. 253 - 267.

[14] A. Friedlander, J. M. Martínez and S. A. Santos [1995], A new strategy for solving variational inequalities on bounded polytopes, Numerical Functional Analysis and Optimization 16, pp. 653-668.

[15] P. T. Harker [1984], A variational inequality approach to the determination of oligopolistic market equilibrium, Mathematical Programming 30, pp. 105-111.

[16] P. T. Harker and J. S. Pang [1990], Finite-dimensional variational inequality and nonlinear complementarity problem: a survey of theory, algorithms and applications, Mathematical Programming 48, pp. 161- 220.

[17] A. N. Iusem [1995], A new method for the solution of variational inequalities”, to appear in Computational and Applied Mathematics.

[18] C. Kanzow [1997], A new approach to continuation methods for complementarity problems with uniform P-functions, Operations Research Letters 20, pp. 85–92.

[19] C. Kanzow and M. Fukushima [1998], Theoretical and numerical investigation of the D-gap function for box constrained variational inequalities, Mathematical Programming 83, pp. 55-87.

[20] S. Karamardian [1969], The nonlinear complementarity problem with applications. Part I and Part II”, Journal of Optimization Theory and Applications 4 pp. 87-98 and pp. 167-181.

[21] D. Kinderlehrer and G. Stampacchia [1980], An introduction to variational inequalities and their applications, Academic Press, New York.

[22] J. J. Júdice [1994], Algorithms for linear complementarity problems, Algorithms for Continuous Optimization, edited by E. Spedicato, Kluwer, pp. 435-474,.

[23] J. M. Ortega and W. C. Rheinboldt [1970], Iterative solution of nonlinear equations in several variables, Academic Press, New York.

[24] J-S Pang [1991], A B-differentiable equation-based, globally and locally quadratically convergent algorithm for nonlinear programs, complementarity and variational inequality problems, Mathematical Programming 51, pp. 101-131.

[25] J-S Pang and D. Chan [1982], Iterative methods for variational and complementarity problems, Mathematical Programming 24, pp. 284- 313.

[26] M. V. Solodov and B. F. Svaiter [1998], A globally convergent inexact Newton method for systems of monotone equations, in Reformulation: Nonsmooth, Piecewise Smooth, Semismooth and Smoothing Methods, edited by M. Fukushima and L. Qi, Kluwer, pp.355- 369.

[27] M. V. Solodov and B. F. Svaiter [1998], A truly globally convergent Newton-type method for the monotone nonlinear complementarity problem, to appear in SIAM Journal on Optimization.

[28] A. Tikhonov and V. Arsenin [1977], Solutions of ill-posed problems, John Wiley and Sons, New York, Toronto, London.

[29] C. R. Vogel [1990], A constrained least-squares regularization method for nonlinear ill-posed problems, SIAM Journal on Control and Optimization 28, pp. 34-49.

[30] L. T. Watson, S. C. Billups and A. P. Morgan [1987], Algorithm 652:

HOMPACK: A suite of codes for globally convergent homotopy algorithms, ACM Transactions on Mathematical Software 13, pp. 281-310.