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Abstract

We study the zero-temperature limit of the Gibbs measures of a
class of long-range potentials on a full shift of two symbols {0,1}.
These potentials were introduced by Walters as a natural space for the
transfer operator. In our case, they are constant on a countable infinity
of cylinders, and Lipschitz continuous or, more generally, of summable
variation. We assume there exists exactly two ground states: the fixed
points 0°° and 1*°. We fully characterize, in terms of the Peierls barrier
between the two ground states, the zero-temperature phase diagram
of such potentials, that is, the regions of convergence or divergence of
the Gibbs measures as the temperature goes to zero.

1 Introduction and main results

We consider the problem of convergence or divergence of Gibbs measures as
the absolute temperature goes to zero. By a Gibbs measure, we mean an
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invariant probability pg describing the equilibrium at temperature Bt of
one-sided configurations (zg,z1,...) € ¥ := {0, 1} interacting according to
a potential H : ¥ — R as described in the thermodynamic formalism (see
[3, 15, 19, 20]). The invariance of the measure is defined with respect to the
left shift o : ¥ — 3, o(z0, z1,...) = (x1,22,...). We assume in the following
that H is nonnegative, Lipschitz continuous, or more generally of summable
variation. When 8 — +o00, the Gibbs measures tend to concentrate on the
minima of H. Besides, the limit measure needs to be invariant. We assume
that the only invariant ergodic probability measures included in the zero-
level set {H = 0} are exactly the two Dirac measures dgo and d1. As
the temperature goes to zero (8 — +00), two cases may happen, either the
selection case where pg converges to a convex combination codpe + 101,
or the nonselection case where, for some subsequence S, {ug,} has two
accumulation points: pg, — do and pg,, ., — d1<. We consider in this
work the smallest class of potentials where the two cases coexist.

For potentials that depend on a finite number of coordinates, namely,
that are constant on a finite number of cylinder sets, the selection case al-
ways holds, over both finite alphabets [6, 17, 7, 13] and countably infinite
alphabets [16, 11]. For potentials that are constant on a countable infinity
of cylinders, the selection case has been proved in particular examples: see
Baraviera, Leplaideur, Lopes in [4], Leplaideur in [18], Baraviera, Lopes,
Mengue in [5]. The nonselection case has been addressed more recently in
[10], [8] and [9]. In a seminal paper [10], van Enter and Ruszel have produced
an example where chaotic temperature dependence was observed, however
their alphabet is the unit circle and the construction is only based on prop-
erties of the potential and not on the dynamics. Chazottes and Hochman
gave in [8] examples of nonselection in any dimension D # 2 (with respect
to an underlying Z”-action). In one dimension, their potential is equal to
the distance to some invariant compact set that has a complex combinato-
rial construction. In dimension D > 3, their nonselection examples come
from potentials that do depend on a finite number of coordinates. Recently
in [2], Aubrun and Sablik extended [14], which is the main ingredient in the
proof of the multidimensional part of [8]. In principle, an analogous proof
of the nonselection for D = 2 should also work. In [9], Coronel and Rivera-
Letelier adapted for finite alphabets van Enter and Ruszel ideas and they
ensure the existence of nonselection examples by a perturbative approach
combined with entropy arguments as in [8]. Moreover, they were able to
verify the nonselection case also for D = 2, without using the result of [2],
but with Lipschitz continuous potentials. Thus, for potentials that depend
on a finite number of coordinates in dimension D = 2, it is an open question
whether there exist examples of nonselection.

Our approach is different. We highlight the simplest class of potentials
whose zero-temperature phase diagram is completely understood: it contains
both the nonselection and the selection cases, with an explicit description of
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the limit measures in the convergent situation. We show that the criterion
of nonselection or selection is given by the fact that the Peierls barriers
between the two configurations 0°° and 1°° are both equal to zero or not.

We now detail such a class of potentials. A cylinder of length n > 1
is a set Cy, := [igi1...in—1] of configurations z € ¥ such that the first n
states xg, x1,...,T,—1 coincide with g, 41,...,%,—1. We say that two points
z,y € 3 are n-close, and we write = y, if  and y belong to the same
cylinder of length n. Let H : ¥ — R be a C” nonnegative potential. We say
that H has summable variation if

Zvar(H,n) < +oo, with var(H,n) :=sup {|H(z) — H(y)| : = = y}.
n>1
(1.1)
We restrict the potential H to a subclass of functions that are constant on a
countable infinity of cylinders as described in the following assumptions. Our

subclass is a particular class of Walters potentials with summable variation
(see [21]).

Definition 1.1. We say that H is a double-well type potential if H is non-
negative, has summable variation and is constant on the cylinders [00™1],
[01™0], [11™0] and [10™1]. More precisely, there are nonnegative sequences
{a®}, {al} and strictly positive sequences {b0}, {bL} such that

1. Hz)=a2 >0, ifze[00"]], H(z)=al >0, ifze[11"0];
2. H(z) =t >0, ifr €[01"0], H(x)=>b)>0, ifxec[l0"1];
3. Zn21 nal < +oo, Zn21 nal < +oo;

4- ZkZI SuPp>0 162 - b2+n’ < +00, Zkzl SuPp >0 ’bilg - b11q+n‘ < +o0.

Denote

n—1
0 R 0 § : 1 0 .__ . 0 2 : 1
Hmin T égfi {bn + ! ak}a Hoo . ngr—ir-loo bn + — Qp,
= n>

n—1
Y, :—igfl{b}ff—;az}, HY = lim b+ .

n—-+4o0o
n>1

As example of a double-well type potential, consider H : ¥ — [0, 4+00)
given by H(0*°) = 0 = H(1*°) and H(x) = pgo(x)pfl(x) if x is not a fixed
point, where pg,p1 € (0,1) and 6y,0; > 1 are functions such that their
restrictions 0ol(1), 01/[0], Ooljon1), O1lpino) are identically constant and satisfy
infnzl{g()‘[om—l 11— 00’[0n1],01 |[1n+10] — 61|[1n0]} > 0. For this particular exam-
ple, Gibbs measures do converge when the system is frozen as follows from
our main result.
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Our main theorem describes the zero-temperature phase diagram of
double-well type potentials (see figure 1). The different regions of the dia-
gram are described by a unique parameter, obtained by taking the minimum
of three exponents:

. 1
= mln{§(H§O+H20), Hfmn—l—Holo, H}mn+H20}. (1.2)

Notice that v = 0 if, and only if, H), = Hl = 0 if, and only if, the three
exponents coincide. By symmetry we may assume HO < H' . We state the
theorem in this case. If v > 0, one exponent is irrelevant and we have:

1

since £ (HL +HY) < HY, +HZ . We introduce in that case the coincidence
number x which counts how many times the minimum is attained, that is,

for H):= 8], + Y7~ al,
1
K= card{nz 1: §(H;O+Hgo) :H711+H20}, (1.3)

and a coefficient ¢, the largest solution of the equation X? = kX + 1,

2+4
c:= % (1.4)

Our main theorem is thus stated as follows.

Theorem 1.2. Let H : ¥ — R be a double-well type potential. Let pg be
the Gibbs measure of H at temperature 31, Assume that HY, < HL .

1. IfS(HL +HY) > HL .

+ HY, then ﬁETmuﬁ = 100

2. If HY, + HY > L(HY + HY) >0, then
2
li = ——0p + —5 1. 1.5
potoo! P T 14 2% +1+021 (1.5)
8. If HY, = H. =0, then there exists a particular choice of b%,bL (nec-

0,
essarily ad = al = 0) such that H is Lipschitz and ug does not
converge. More precisely, there exists a sequence B — —+oo such

a Ic—l)—i—oo HBax 0cc amn Ic—l)—l—oo HBak 11 1

(Items 1 and 2 correspond to v > 0; item 3 corresponds to v = 0.)
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Figure 1: Zero-temperature phase diagram. The nonselection case can occur only
at the origin. The formulas in the boxes are the limit measures at zero temperature. The
two gray planes correspond to the cases of the coincidence of two exponents. Outside
these planes the limit measures are barycenters with rational coefficients. If HX, > HZ.,
then c is the coefficient given by (1.4). If HS, > HL , then d is the analogous coefficient.

In section 2, we give general results for potentials of summable variation.
In section 3, for a double-well type potential H, we compute the measure of
every cylinder using two series that capture all the complexity of the limit.
In section 4, we prove the convergence of Gibbs measures when v > 0.
Finally, in section 5, we provide examples of divergence with v = 0. Note
0 =qal and b) = bl gives in both cases v > 0 or
~ = 0 the convergence to %6000 + %5100.

that the symmetric case a

We also show in this particular class of potentials that the dichotomy
selection /nonselection in theorem 1.2 can be expressed in terms of the Peierls
barrier between the two configurations 0°° and 1°°. The Peierls barrier is
defined for any potential with summable variation by

h(z,y):= lim lim SP(z,y), where

p——+00 n—+00
k-1 ‘
Sh(z,y) := inf{z [Hoaz(z) — I:I] ck>n, zeX, 2 2 x, o"(2) 2 y}’
i=0

n—+o00

~ 1n—1
H:= lim inf {f Hoo"(z) : ez}.
im in ”kz_o oo"(x) : x
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The Peierls barrier indicates the minimal algebraic cost from z to y using
a normalized potential H — H. In the particular case of double-well type
potentials, we have the following result.

Corollary 1.3. Let H be a double-well type potential. Then
1. $(HY + HL) = $(h(0%°,1%°) 4 h(1°°,0%));

2. HY. + HL =liminf, o~ h(z,0%);
8. HL . + HY =liminf, 1= h(x,1%°);
4. the nonselection happens if, and only if, h(0°°,1°°) = h(1°°,0°°) = 0.

Note that v may be seen as the minimum of three energy barriers:
%(H 0+ Hgo), the mean energy barrier of a cycle of second order between
the two ground states 0°° and 1°°; HO . + H! | the energy barrier of a cycle

min
of first order at 0°°; and H} . + HY., a similar energy barrier at 1°°.

2 Basic facts for potentials of summable variation

We gather in this section some of the main elements of ergodic optimization
theory for potentials of summable variation. Ergodic optimization may be
seen as a counterpart at zero temperature of thermodynamic formalism.
A useful viewpoint on ergodic optimization is provided by Aubry-Mather
theory. For more information, we refer the reader, for instance, to [12, 13]
and the references therein.

Definition 2.1. For H € C°(¥), a minimizing measure fi,;, is a o-invariant
probability such that

/ H dpiymin = min { / Hdv : v is a o-invariant probability measure}.
We call Mather set of H the invariant compact set
Mather(H) := U {supp(p) : p is minimizing}.
We call minimizing ergodic value of H the constant
H .= / H dppmin.

We recall or extend basic results about the Peierls barrier for functions
with summable variation.

Proposition 2.2. If H has summable variation, then

Mather(H) C {z € ¥ : h(z,z) = 0}. (2.1)
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The previous proposition follows from Atkinson’s theorem [1] and from
the existence of a continuous calibrated sub-action.

Definition 2.3. We call Lax-Oleinik operator the nonlinear operator acting
on continuous functions V € C%(X) defined by

TV|(y) =min{V(z)+ H(z) : x €%, o(z) =y}, VyeX.

We call calibrated sub-action any continuous function V solution of the
equation T[V] =V + H.

Clearly, Voo —V < H — H when V is a calibrated sub-action, which
in particular ensures that h(x,z) > 0 for all z € ¥. Atkinson’s theorem
provides the opposite inequality if x € Mather(H). These are the main
ingredients of the proof of proposition 2.2. To obtain a calibrated sub-
action, we will introduce a stronger notion of regularity on C°(X). Consider
thus

K:= {V e C'(%) : Vn>1, var(V,n) < Z var(H, k)}
k>n+1

We also recall that the transfer operator is defined on the space C°(X) by
Lg[®)(x) = e PHODD(0z) + e PHIB(12),  VaeX.

The next theorem contains a version of Ruelle-Perron-Frobenius theorem
and provides a calibrated sub-action in the context of potentials with sum-
mable variation, making explicit well-known connections between thermo-
dynamic formalism and ergodic theory.

Theorem 2.4. Let H : X — R be a potential with summable variation.

1. The transfer operator admits a unique positive and continuous eigen-
function ®g satisfying max ®g = 1, which is associated with a positive
eigenvalue \g.

2. If Vg = —%ln‘i'ﬁ, then Vg € K and min Vg = 0.

3. The dual operator LZ, admits a unique eigenprobability vg. The corre-
sponding eigenvalue is equal to \g, LE[%] = A\grg.

4. Define ug := ®gvg/[®zdvs. Then ug is a o-invariant probability
measure, and any weak™ accumulation point of pg as  — 400 is a
MINIMIZING measure.

5. There exists a sequence B, — +00o such that (in the sup-norm topology)
{Vs,} converges to a function Voo € K with min Voo = 0. Moreover,
any accumulation function Ve of {V3} as f — 400 is a calibrated
sub-action for H.



8 RODRIGO BissacoT, EDUARDO GARIBALDI, AND PHILIPPE THIEULLEN

Proof. The proof of these results are standard (see [20, 19, 13]), and hence
we focus on the part leading to the existence of calibrated sub-actions. We
define a nonlinear operator Tz by

1
Tglu) := 3 In (£ glexp(—pu)]).
Fix o € ¥ and define Ko := {U € K : U(zg) = 0}. The set Ky is closed
in the C°(X) topology and bounded. By the unifom continuity of K and
Arzela-Ascoli theorem, the set Kg is compact. Besides, K is convex.
If z = y, then

Tglu|(x) — Tglu)(y) < var(H,n + 1) + var(u,n + 1).

In particular var(Tg[u|,n) < var(H,n + 1) + var(u,n + 1) and the map

Tslu] = Ts[u] = Ts[u](x0)

preserves Ko. By Schauder theorem, 7, 3 admits a fixed point, or in an equiv-
alent way, T3 admits an additive eigenfunction T3[Ug] = Ug + Hg, which
yields

L5l®5) = Ag®y, with By := e PUs—minUs)  \ . — o~BHs,

Let & be another positive and continuous eigenfunction associated with some
positive eigenvalue A. We choose s,t > 0 such that s®3 < & < t®s. By
iterating L, we obtain S)\E(I)g < AP < t)\gq)g. Then A = Ag. Let s be

such that min(® — s®g) = 0. Then the identity
L[ — s@5] = A3(P — 5®p)

implies that the set arg min,(® — s®3)(x) is invariant by ¢! and therefore
o= s®g. The uniqueness of the eigenfunction is proved.

Note that the family {Vz = —% In ®g} g~ belongs to the compact subset
{V € K : minV = 0}. Passing to the limit with respect to a suitable
sequence B — 400, we see that T'[Va] = Voo +c for ¢ = lim Hg, . From min-
plus algebra, it is well know that the only additive eigenvalue is ¢ = H. [

The following proposition shows how calibrated sub-actions are related
with the Peierls barrier.

Proposition 2.5. If H has summable variation, then the following items
hold.

1. For every x € Mather(H), as a function of its second variable, h(x,-)
belongs to K and is a calibrated sub-action.
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2. If V€ C%X) is a calibrated sub-action, then V € K and V admits a
representation formula1

V(y) =min{V(z) + h(z,y) : © € Mather(H)}, VyeX. (2.2)

Proof. For the Lipschitz class, these results may be found in the literature
(see, for instance, [12, 13] and the references therein). All proofs may be
easily extended just adapting the arguments to the regularity here consid-
ered. For the convenience of the reader, we outline the proofs of items 1
and 2.

Item 2. Suppose y = z. Denoting yo = v, since V is a calibrated sub-
action, there exists a sequence {yx} C ¥ such that

N

~1
Viyo) =V(yw) + Y [Hoo'(yx) — H], o(yr) =ys—1, YE>1. (2.3)
=1

s
I

For zp = z, we thus consider a sequence {zj}, with o(z) = z;_1, such that
Zk nh yi. for all k. Note that

k—1
V(o) SV(zk)+ > [Hoo'(z) — H], Vk>1 (2.4)
=1

From (2.3) and (2.4), we have var(V,n) <>, ., var(H, k), that is, V € K.

From the inequality Voo —V < H — H, given any y € X, we have that
V(y) < min{V(z) + h(z,y) : = € Mather(H)}. For yo = y, we consider
again (2.3). Since V(yx) = V(yk+p)+2§’;ll [Hoo'(yg1p)—H], for all k, p > 0,
one may deduce that a limit # € ¥ of subsequence {yy, } satisfies h(Z,z) = 0.
By passing to the limit in V(yo) = V' (y,) + Zf;II[H oo’ (yr;) — H], we see
that V(y) = V(z) + h(Z,y). For all x in the same irreducible class as T (see
definition 18 in [12]), we may extend the equality V(y) = V(x) + h(z,y).
As in proposition 19 in [12], also for the summable variation case, each
irreducible class is compact and invariant, so that it contains the support of
at least one minimizing measure.

Item 1. It suffices to explain how to show that h(z,-), z € Mather(H), is
a calibrated sub-action. The argument is standard. For z € Mather(H), one
may use Atkinson’s theorem [1] to obtain that, as a function of the second
variable, h(zx,-) is finite everywhere on 3. Then the calibration property
follows from the very definition of the Peierls barrier. For details, see [12, 13]
and the references therein. O

IThis representation is usually stated using the Aubry set instead of the Mather set.
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3 Explicit formulas for double-well type potentials
From now on, we assume that H is a double-well type potential (see Defini-
tion 1.1). We show in lemma 3.2 that we can reduce the complexity of the
notation by taking a suitable coboundary, which is constant on a countable
infinity of cylinders. As the issue of selection or nonselection is independent
of the cohomological class of the potential, this lemma will enable us to

simplify the proof by using the following reduced assumptions.

Definition 3.1. Let H be a double-well type potential. We say that H is
reduced if H =0 on [00] U [11]. More precisely, for every n > 0,

1. H(z) =0, ifz € [00]U[11];

2. H(z)=HY >0, ifze€[01"0], H(z)=H}>0, ifze[10"1];

8. P ope1 8Pz [HE — HY | < +00, 3oy sup,so [Hy — Hiy,| < +oo.
Denote

H® := lim HY  H!:= lim H.,

n—-+oo n—-+o0o
0 et 0 1 e 1
HY. :=inf H,  H}, :=inf H'.
n>1 n>1

Lemma 3.2. If H is double-well type potential, then there exists a function
Vi ¥ = R, which is constant on a countable infinity of cylinders, such that
H:=H— (Voo—V) is reduced.

Proof. Let
“+o0
V(z) = Z ay + Za,lﬁ, if x € [0"1] and n > 1,
k=n k>1
+oo
V(z):= Z a, + Zag, if x € [1"0] and n > 1.
k=n k>1
Then
Dk O = Dgsnrl Gp = a5, on [00"1],
Voo—V = Zanai—ZkZRHa}C:a}“ on [11™0],
(Zkzn a% + Zkzl allg) - (Zkzl allc + Zkzl a%), on [10"1],
(Cron @k + 21 0Q) — (g1 @ + g1 ap),  on [0170]
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And the new double-well type potential H := H — (V o o — V) becomes

H(x) =0, if x € [00] U [11],
n—1

H(z)=HY =0+ aj, if z € [0170],
k=1

H(z)=H):=b,+ > ap, if € [10™1]. O
k=1

From now on, H is supposed to be a reduced double-well type potential.
We follow the same methods as in [4] and [18]. Our main goal is to find the
characteristic equation of the eigenvalue A\g and the measures pg([0]) and
pa([1]). We also want to identify the criterion of divergence in terms of the
Peierls barrier.

Since H is nonnegative and H(0*°) = H(1°°) = 0, H has null ergodic
minimizing value: H = 0. Since {0°°,1°°} is the only invariant set included
in {H =0} C [00]U[11]U{01°°,10°}, the Mather set is reduced to the two
fixed points, namely, Mather(H) = {0°°,1°°}.

The next proposition gives a complete description of the Peierls barrier.

Proposition 3.3. If H is a reduced double-well type potential, then

1. h(0®,2) =0, Yz € 0], (in particular h(0%°,0°°) =0);
2. h(0%,z) = infy>, HY, Va € [1"0], (in particular h(0°,1°) = HY, );
3. liminf, g h(x,0°) = HO, + HL;
4. h(1%®°,2) =0, Vz € [1], (in particular h(1%°,1%°) =0);
5. h(1%°,2) = infy>, HE, Vo €[0"1], (in particular h(1%°,0°) = HL );
6. liminf, 1o h(x,1°) = HL .+ HY..

Proof.

Item 1. Clearly h(0®°,z) =0, Vz € [0], since H > 0 and H = 0 on [00].

Item 2. Let x € [1"0] and p > 1. Every z € X satisfying z = 0
and o%(z) £ 2 belongs to [0™11™ ... 0™ 1" (], with m; > p, n, > n and
k =mi+n1+--- 4+ n, —n. The corresponding sum Zf:_ol [H o0o'(z) — H]
is H) + H}, +---+ HY , which gives (for every m > p)

SP(0°°,z) = ggflg, h(0°,z) = gg[{,ﬁ.

By continuity of z — h(0°, ) (see proposition 2.5), we have h(0°°,1%°) =
HY.

Item 3. On the one hand, if x € [0], x # 0°° and p > 1, then every z
satisfying z £ z and ¢%(z) £ 0% has the form z = 01171 ... (™17 (P . ..
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with m; > 1, n; > 1 and k = m1 +n1 + -+ + n,. The corresponding sum
Zf:_ol [H o 0'(z) — H] is bounded from below by HY; + inf,>, Hy and we
obtain h(x,0%°) > H?. + HL. On the other hand, for every m,n > 1 and

k>p>m+mn, SP(0m1"0°,0°) = HY + HL . These facts together imply

liminf h(z,0) = HY

man
r—0%°

+HL.
The other expressions are similarly obtained by permuting 0 and 1. [J

We recall the notion of a Jacobian J of a probability measure v which is
not necessarily invariant by the shift o. It is a nonnegative Borel function
J : ¥ — RT such that, for every bounded Borel test function f: ¥ — R,

/[0] f 0 0(x)J(x) dv(x) = /m f 0 0(x)J(x) dv(z) = /Z f(z) du(z).

Note that, if such a Jacobian exists, it is unique.
From now on, whenever a function f : ¥ — R is constant on a cylinder
[i071 - - . in—1], we denote f(igi1...4n—1) the constant value f|;oi,. i,_]-

Proposition 3.4. Let H be a reduced double-well type potential. Let ®g,
vg and Ag be the solutions of the Perron-Frobenius equation as defined in
theorem 2.4. Then ®g is constant on every cylinder [0"1] or [1"0], n > 1,
and vg has constant Jacobian Jg on the cylinders [0?], [12], [010] and [10™1],
n > 1. More precisely,

_ Hl o Hl
Ly = Y S W, 00), wy0%) = 2B g, 00),
k>n B B
_ HO . HO
2 w500) = 3 ST w00, ,0%) = S2EH= w00,
k>n B

8. if H = HY =0, then max ®5 = max{®3(0°°), ®5(1°°)} = 1;

1
4. vg[1"0] = X —v5[10], or Jg(z) = Ag, Vo € [1%;

5
1
5. vg[0"1] = )\n_lug[Ol], or Jg(z) = Ag, Va € [0?];
B
ny _ XP(=BH}) As
170] = 1 = 170};
6. vg[01"0] X vg[10], or Jg(x) oxp(—AHD)’ YV e [0170];
_ 1 A
7. vg[1071] = exp( BHy) (01, or Ja(a) = b wae[10m].

NG exp(—BH})
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Proof.
Part 1. The equation L3[®3] = A\g®p implies

1 1
B5(0°1) = 3007 410) + 3 exp(—H) (10

8
—Ai, n+2 ;& - 1 ;L o 1
=307 + [Aﬂ exp(=AHy) + 37 exl BHY.)]@5(10)
1 1
== [/\— exp(—BH.) + 2 exp(—BHy 1) + - -}@5(10).
g B

A similar computation is done for ®5(1"0).
Part 2. For every bounded Borel function f : ¥ — R, we have

/]1[0]f006}q)()\_ﬁﬁmd1/ﬁZ/ig[]l[o]foa(m()\_%] dVﬁZ/deﬁ.

A similar computation is done for 1j;;. We thus obtain

Ag
exp(—fH(x))’

In particular, Jg(z) = Ag for z € [0*] U [12], Js(z) = Ag/exp(—BHY) for
z € [0170], and Js(x) = A\g/exp(—BH}) for x € [10™1].

Part 3. With respect to the eigenmeasure, we discuss items 4 and 6; the
others are similarly proved. Hence, by applying the Jacobian, just note that

Js(z) = VzekX.

v[10] = Agrp[1%0] = Aj[1°0] = -+ = Af~ tug[170]
I 010 O
= exp(—amg) PO

For every reduced double-well type potential, we define the following
analytic functions that will play a fundamental role in the dichotomy:

%w:zﬁmwwm,.WMzzﬁmwwm (3.1)
k>1 k>1

B =Y seen(-8H), i)=Y en(-oH)).  (32)

E>1 E>1
We will also keep in mind the following equalities
1 1 k NA=1)+ A
VN >0 —_ = — = —"——. (3.3
- Z 2k )\N()\—l)’ Z 2k )\N()\_l)z (3:3)
k>N+1 k>N+1
Corollary 3.5. Let H be a reduced double-well type potential. Then

1. FE(AB)Fé()\g) =1 (the characteristic equation);



14 RODRIGO BIssACOT, EDUARDO GARIBALDI, AND PHILIPPE THIEULLEN

2. ®5(01) = F5(Ag)®p(10),  p(10) = FJ(A3)Pp(01);
3. vg[01] = FR(Ag)vp[10],  w[10] = F(Ag)wp[01].
Proof. Ttem 1 of proposition 3.4 implies, by taking n =1,
D5(01) = F(Ag)®s(10) and  ®5(10) = F§(Az)Pp(01).
By multiplying term to term, we obtain Fg()\ﬁ)Fﬁl(Ag) = 1. We also have

vsl01] = 3 wpl0170] = 3 Alg exp(—BHO)vs(10] = F9(Ag)vs[10). O
n>1 n>1

Corollary 3.6. Let H be a reduced double-well type potential. Then
1. pgl[01] = pp[10];

palon1) 1 pslo]  Fi(g)
%ot~ L2 e el B, e =y

ngl1m0] 1 psll]  E§(ns)
i POt L Ay s v

psl0170]  exp(=BH)F5(Ng)  pg[1071]  exp(—BH,)Fg(Ag)

w0 N wbl x
o malol _ F§(Ag) F3(As)

uall] ~ F3Ohs) S Org)

We know that A\g — 1 as § — +00. In order to understand the behavior
of ug, it is fundamental to have a better Puiseux series expansion of Ag, as it
is done for potentials that depend on finite number of coordinates (see [13]).
The log-scale limit, the limit of —% In(Ag—1), is usually easy to obtain using
a min-plus technique. This may be sufficient to show the convergence of g
when there is no coincidence of exponents, as it happens in [5]. Usually
the limit is then a periodic measure. In general, the log-scale limit is not
sufficient and an expansion of the form Ag = 1 + ce P + o(e™P7) needs to
be founded as in [4, 18]. A barycenter of periodic measures with irrational
coefficients may be the limit in this case. Let us recall from equation (1.2)
the definition of the key parameter v, which we call from now on the Puiseux
exponent:

1
= min{i(H;O +HY), HY, 4+ HL H.+ Hgo}.

The coincidence of exponents is understood in the sense that the minimum
v may be attained several times. The following proposition gives the log-
scale limit of the main quantities that appear in the dichotomy. We will give
better estimates in the next section.
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Proposition 3.7. Let H be a reduced double-well type potential. Then

1. i ——l Ag—1
ﬂjglo ﬁ n( g )

0,1 — i 0,1 0,1 .
2. ,323“00_51“17 (As) = min {H,"!, Hyy' =7}

_ 2t 0L 01 7701 _
3. ﬁEToo ﬂlnF (Ag) = 1%1>1111 {H', H)' — 27}

Proof.

Part 1. We claim that any limit point of —% In(Ag — 1) is finite. Recall
that H is nonnegative and max ®g = 1. Hence, given z3"™* € argmax ®g,
we see that Ag = Lg[Pg|(z5™) < 2. Since A\gPs(0%°) = Lg[Ps](0°) yields
Mg =1+exp(—BHL )@5(1000)/‘135(000) > 1, we have the a priori estimate
1 < Ag < 2. Furthermore, from

exp(—Bmaxy, HY) 1 < Ag—1

< F§(\g) =
Ag—1 < F5(%) F3(Ag) ~ exp(—Bmaxy HyY)’

we conclude that exp (— B(max Hy + max H})/2) < Az —1 < 1.
Part 2. For some subsequence S — +00, assume —% In(Ag—1) = 7. We

claim that —% In Fg()\ﬂ) — ming,>1 (HS, HY, —7) for the same subsequence.

Indeed, let € > 0. We choose N > 1 such that |H) — H)| < € for all n > N.
We split the series (3.1) in two terms. For the first term, for 8 large enough

N o

exp(—=B( min Hyp +¢)) < 2 Agexp(ﬁHz?) < exp(—p( min Hy — ).

For the second term, using the estimates (3.3), for 8 large enough

exp(—B(7+€) <A (Mg — 1) < exp(—B(7 — ))

exp(—B(HY, + ¢)) 1 exp(—B(Hg, — €))
O - 1) < g}v/\k exp(—BH}) < -1

exp(—B(HY, — 7 + 2€)) < Z )\%exp(—ﬂHg) < exp(—B(HY, — 7 — 2¢)).
k>N

The claim is proved by adding the two terms, changing the scale and passing
to the limits as § — 400 and € — 0.

Part 3. We show there is a unique limit point 4 by showing that it is
the unique solution of a min-plus equation. Indeed, from the characteristic
equation 1 = Fg(Ag)Fé(AB), we obtain

0 =min{HY, H), —~} + min{H,, H, —7}.
n>1 n>1



16 RODRIGO BissacoT, EDUARDO GARIBALDI, AND PHILIPPE THIEULLEN

This equation is equivalent to

min HY + HY, —5=0 or minH} + HY, —5=0 or HY + HL —2y=0.
n>1 n>1

We have shown that 7 is the Puiseux exponent ~.
Part 4. We prove item 3 similarly as in part 2. We choose ¢ > 0 and
N > 1 as before. The first part of the series (3.2) satisfies

N

. 1 k 0 . 0
ﬁgliloo—ﬂlnkz_l)\gexp(—ﬁﬂk): min H.

Using again the estimate (3.3), for § large enough, the remaining part gives

A5 (A —1)?
N()\ﬁ - 1) + )\5

exp(—B(2y +¢€)) < < exp(—pB(2y —€)),

k

exp(—B(HY, — 27 +2¢)) < ) N exp(—BHY) < exp(—B(HY, — 27y — 2¢)).
k>N 78

O

Corollary 3.8. Let H be a reduced double-well type potential and V' be a
calibrated sub-action. Then V is constant on every cylinders of the form
[0"1] and [1™0] where n > 1. More precisely,

1. V(z) = min {V(0%), V(1) + inf Hi}, Ve o],
2. V(z) = min {V(1%),V(0>) + inf HY}, VY € [1m0].

In particular, min V' = min{V (0°),V (1°°)}. With respect to &5 = e Vs
the eigenfunction used in theorem 2.4 to ensure the existence of calibrated
sub-actions, we have the following complementary information.

8. If v > 0 and HY, > HY, then {V3} converges uniformly to the cali-
brated sub-action Vi characterized by

Voo (z) = min{ HL — 'y,ggf Hl}, Yxelo"l], Vn>1,
Veo(z) =0, Vaell]
4. If v = 0, then {V3} converges uniformly to 0, which is the unique
calibrated sub-action satisfying minV = 0.

Proof.
Part 1. Ttems 1 to 2 are consequences of the representation formula (2.2).
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Part 2. 1f HL, > HY, then HL + HY — 2y >0 > H) —~. Ttem 1 of
proposition 3.4, item 2 of corollary 3.5 and items 1 and 2 of proposition 3.7
imply

lim [V3(0%°) —V5(01)] = HY + Ho, — 27 > 0.

From item 2 of proposition 3.4 and item 1 of proposition 3.7, we have

li 1) — ] =H2 —~<0.
ﬂ;glw[Vﬁ( ) — V3(01)] = HY, =y <0

Therefore, we obtain

li V5(0°) — V3(1°°)] = HL. —~ > 0.
B_&loo[ﬁ( ) — V3(1%)] oY=

Let Vo be any accumulation function of {V3}. Then V is a calibrated sub-
action and, in particular, satisfies items 1 and 2 already proved. Thus, since
min Vo, = 0, necessarily Voo (1°) = 0 and V. (0°) = HL — 7, so that the
characterization given in item 3 is proved. Being the limit function uniquely
defined, we have actually showed that Vg — Vo, uniformly.

Part 8. If v = 0, then H), = H! = 0. Let V, be any accumulation
function of {Vz}. Then V. is a calibrated sub-action. By passing to the
limit as n — +o00 in items 1 and 2, we obtain Vo (0%°) = V5 (1°°). Since
min Vo = 0, V, is necessarily the null function. By uniqueness of the
accumulation function, we have proved that Vg — Vo uniformly. O

4 The selection case

We assume that H is reduced and that v > 0, which is equivalent to
max{HY,, HL.} > 0. We also suppose that H) < Hl (the opposite case
is similar). In particular, HL > 0. We know that the only accumulation
points of g are barycenters codgeo +c1100. Our goal is to find an equivalent
of 1gl0]/ps[1] as B — 400 and therefore to prove the convergence of jus.

Proof of item 1 of Theorem 1.2. Assume %(H&o—i-Hgo) > H!

L intHY. Then
y=H}.  +H) >0since H.. =0 & HL =0. We will see that it is

enough to estimate the quotient of the measures at the log-scale. Proposi-
tion 3.7 implies

in?Hgo_V}:Hgo_fY:

. 1 .
BETOO 3 In Fg(/\ﬁ) = min{H?,

in?Hgo - 2’7} = Hgo — 27,

1. -
BEI-IF]OO 3 In Fg()\g) = min{H?,

1 ~
lim 3 In F/Bl()\[g) = min{H},

B—+o0 Héo B 27}'

in>’



18 RODRIGO BissacoT, EDUARDO GARIBALDI, AND PHILIPPE THIEULLEN

The estimate for F é is obtained from the characteristic equation. Thus

' s 1. (FJ(s) Fj(Xp)
phm — g (Mﬁm) = lim g <F§1()‘B) Fo(&a))’

B
= HY +min{H} ..  HL -2y} >0.

We have proved that p5[0]/pg[1] — 0 or pg — 1. O

For the proof of item 2 of theorem 1.2, the previous log-scale estimate
is not enough. We need to develop an analytical technique which gives
equivalents of the quantities Fg’l()\ﬁ), Fg’l()\g), and \g — 1.

We first need the following lemma on sequences.

Lemma 4.1. Let {H,},>0 be a converging sequence satisfying

Z sup |Hy, — Hpyk| < +00.
n>0 k>0

Then limy, o0 (Hy — Hoo) In(n) = 0, where Hoo = limy, 400 Hy,.

Proof. Denote K,, := supy~q |Hn — Hpyi| for all n > 0. Note then that
|Hy, — Hoo| < K, and {Kn}_nZD is a nonincreasing sequence converging to 0
such that > ., K, < +o0o. Assume by contradiction that there exist e > 0
and a subsequence N; — +oo such that Ky, In(N;) > e. Thanks to the
nonincreasing property, we have

Mglz S K<t

In(N; €
= (i) i>1 Ny<n<Ni,

We thus observe that

1 — N;/Nitq
50 =
In(Ni+1)/Nit1 Nit1

which implies, for every ¢ sufficiently large,

Nig1 — N; N; (Nz‘+1 _ 1) > Nij1

— N

Nit1
= —1>1 .
1H(N¢+1) 1H(NZ'+1) = ( )

) )

But then ;- [In(Ni4+1) — In(V;)] < +o0 contradicts N; — +oo. O

From now on, we write f(8) ~ g(B) to indicate that the positive func-
tions f and g are equivalent as 8 — +oo. Besides, as usual f(5) < g(3)
means that f is negligible with respect to g as 8 — +oc.
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Proof of item 2 of theorem 1.2. Assume 0 < 3 (H1 + H? ) <H!. +HY.
Then v = 1(HY 4+ HL ). We recall that the commdence number x has been
defined in (1.3) and the coefficient ¢ in (1.4). We will prove the following

results:

Ag =1+ cexp(—pB7) + o(exp(—B7)),

P = SRR (5T )

F0ng) ~ W ~ S ep(BHL), (4.1)
F(rs) ~ cexp (— 5 H Hgo),

By ~ ZEAR) L ey

Using item 5 of corollary 3.6, we will obtain us[0]/us[l] — 1/c® and the
convergence of the Gibbs measure as in (1.5).

Part 1. We determine an equivalent of F g (Ag). If HY is constant and
equal to HY,, we are done:

exp(—BHY,)

exp(—BHY,)
Ag— 1 '

F509) = (Ag —1)?

and Fg(Aﬁ) =

We may now assume that H,g is not constant. Let € > 0. For 3 large enough,
there exists a smallest positive integer Ng such that

BIHY, — HY| > €, and BIHY — HY|<e Vk>Ng+1.

Lemma 4.1 implies that |H) — HY, | In(n) — 0. Since \H]({,ﬂ — HY| > ¢€/B, we
obtain (even in the case Ng is bounded with respect to 3)

,Bgrfoo 3 In Ng = 0. (4.2)

Hence, we may show that
Ns(Ag — 1) exp(—BHY;,) < exp(—BHY) and A" —» 1.  (4.3)

For the first estimate, by taking —l In on both terms and using item 1 of
proposition 3.7, one has 'y + H,Onm > HY (according to the two cases: if

HY > HY then v > HY, if HY, = H), then H?. > 0). For the above
limit, note that

)\5 -1 1 1
op(—BHL ) = Fl T0s) F3(%) < Ag—1

min

)\B <1+ eXp(_/BHmin/2)7 )‘53 < exp (N,B eXp(_BHmin/z))'
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As H, >0, using (4.2) one gets Ns < exp(8H] ;. /2) and )\Zﬂvﬁ — 1.
We are now able to compute an equivalent of F g()‘ﬁ)- We split the series

F g()‘ﬁ) in two parts and use (4.3) to obtain, for 8 sufficiently large,

exp(—BHY, — ) exp(—BHY, + ¢)

< F§(Ag) < Npexp(—BHp,) +

N N ’
As" (Mg —1) As" (Mg —1)
_ 0 _ _ 0
exp(—pHY, — 2e¢) < Fg()\ﬁ) < exp(—BHS, +26).
Ag—1 Ag—1
By taking € — 0, we have just proved
exp(—BHY)
FJ ~ 4.4
so) ~ =35 (4.4)

Part 2. We determine an equivalent of Fg()\g). We use the same defini-
tion of Ng as before and prove similarly the estimates

Ng(As —1) <1, Nj(hs — 1)?exp(=BHp,) < exp(=SHY).  (4.5)
We split the series F g(/\ﬁ) and use the computation (3.3) to obtain

(Ns(Ag — 1) 4+ Ag) exp(=BHY, — €)

< F§(Ag)
N = Fg\Ag

(Ns(Ag — 1) + Ag) exp(=BHY, + ¢)
A5 (Ag — 1)2

F§(As) < N exp(—BHy,,) +

Using the estimates (4.5), one gets for 3 sufficiently large

exp(—BHY, + 2¢)
(Ag —1)

exp(—BHY, — 2)
(Ag —1)2

< FY(Xg) <

Letting ¢ — 0, we have just proved

_exp(—BHY)

s — 1) (4.6)

Part 3. We determine an equivalent of F é()\g). As before we discuss two
cases. If H} is constant and equal to HL, the coincidence number (1.3) is
x = 0 and the coefficient (1.4) is ¢ = 1. We immediately obtain

Fé()\ﬁ) — w and Fﬁl()\/j) = W

Ag—1
We may assume H ,i is not constant. For 8 large enough, we redefine Ng as
the smallest positive integer such that

BlHY, — Hy| > ¢, and BIH —Hy|<e Vk> Ng+1.
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As before £ ln Ng < 1. Recall now that H
Kk >0, H1

man

> (gL — HY). In the case

mm = 2
< H! and we introduce another exponent

mwn min:®

1
o= .= min{H,% . k s.t. H,§+H20 # §(H;O+H20)} > Hy,;

In the case k = 0, by convention, H'* = H! . . We show the first estimate
Ns(Ag — 1) exp(—BH,p;,) < exp(—BH,). (4.7)

Indeed, by taking —% In, it is enough to argue that ~v + H}n*m > H' . In the
case k >0, HY, + HY = L(HL + HY) =~ and

min
1 1 1
Hrr;kzn > Y + Hmzn - Hoo

In the case k =0, H} +Hgo > 2(HL + HY)) =~ and

man

1= 1
H’ITLZTL Hm’LTL

> HL.

The limit )\gﬁ — 1 is similarly proved. We are now able to compute an
equivalent of F’ ﬁl()\/g). We split as before the series in two parts: in the finite
sum, we keep the indices corresponding to the incidences and the exponents
H! . the rest of the indices have an larger exponent H%;‘m (unless k = 0

min’

where we only use one exponent H! . ). For 3 large enough, we thus have

exp(—BHL —¢)
A7 (Mg — 1)

(€7 K) exp(—BHpin) + < F3(As)

exp(— ﬂHl + e)
AP (Mg — 1)

Taking into account the estimate (4.7), for 5 sufficiently large

F3(Ag) < kexp(—BH,,) + Ngexp(—BH,%5,) +

exp(—BHL,)
Ag— 1

Fﬁl()\ﬂ) < [KGXP( B mm)

pexp(—BHy,) + Je < FiOw)

exp(—BHL)] »
)\5 -1 ’
Letting € — 0, we have proved (in both cases, K > 0 or kK = 0)

eXP(—BHéo)‘

1 (4.8)

F3(Ag) ~ rexp(—BH,p,) +

Part 4. We show an equivalent of Ag — 1. The characteristic equation
(item 1 of corollary 3.5), the equivalents (4.4) and (4.8) give

(As = 1)? exp(B(Ho, + HE,)) ~ 1 (Ag — 1) exp(B(Hy, + HY,)/2) +1
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(In the case k > 0, we use the equality H\, + HO = 3(HL + HY.).) Let
Xg= (Mg —1)exp(B(HL + H2)/2). Then Xg ~ kXg + 1. Necessarily Xp
is bounded with respect to 3, nonnegative, and any accumulation point ¢
satisfies ¢ = ke + 1. We have just proved that

Ag—lwcexp(—ﬁ%(H&o—i—H&)). (4.9)

Using the previous equivalents (4.4) and (4.6) as well as the characteristic
equation, one obtains the equivalents of Fg()\g), Fg()\g) and Fﬁl(Aﬁ). For

the equivalent of Fﬁl(Ag), since 2y + H}. = H! + H.. + HY > HL, one
first notices that
Ni(As = 1)% exp(—BH,y;,) < exp(—FHL)- (4.10)

The series F 3(Ag) is then split in a more crude way

(Ns(Ag — 1) + \g) exp(—BH,, — )

N,
A3 (Ag — 1)2

< Fi(\g)

(N3(Ag = 1) + Ag) exp(=BH5, + ¢)

Fi(\g) < Njexp(—BHL,) +

N )
and therefore
= exp(—fHL,) 1 0
Fi(\g) ~ — 200 o o HY). 4.11
6( ﬁ) ()‘B I 1)2 2 eXp(B oo) ( )
The proof of all the equivalents (4.1) is now complete. O

5 The nonselection case

We construct an example of Lipschitz double-well type potential satisfying
HY = Hl =0 that produces a nonconvergent family of Gibbs measure as
the temperature goes to zero. Notice that any symmetric example, H? =
H} ¥Vn > 1, provides a family of symmetric Gibbs measures {ug} that
converges to %5000 + %5100. We show that the subclass of double-well type
potentials is rich enough to break the symmetry in an alternated way. Notice
also that H is necessarily reduced in order to obtain the nonselection case.

The two fixed points 0°°, 1°° are connected by two heteroclinic orbits,
{0"1*°},,>1 and {1"0°},>1. The oscillation between the two minimizing
measures dpeo and 1 are obtained by choosing a symmetric potential H,
where both {H%},>1 and {H}},>1 are nonincreasing and converge to zero.
The level sets of H alternate as in figure 2 and are chosen according to the
following rules that are similar to the rules in [10].
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2k71)

H, _Ek—lzexp(_(k_l)

Inverse of the temperature

E 2k+1
N [ c=exp(—k77) o [0n] B,=SkIn(k)exp (k™)
| =op(—(k+1)™")

T [01"0] :
€rio| RN
k-1 odd k even k+1 odd
(k_l)zk—z (k_l)zk—l k2k k2k+l (k+1)2k+2 (k+1)2k+3 l
9i-1 Pi Dy qx 9k Pin P2

Figure 2: The nonselection case for a Lipschitz example. The level sets satisfy

H = e = exp(—k?***) on [0170] for every pr_1 < n < px and on [10™1] for every

ar—1 < n < g If kis even, pr = k* and qp = K**"'. If k is odd, pr = k***" and
2k

[P k=",

— Rule 1. We choose two increasing sequences {p } x>0 and {qx, } x>0 which
alternate according to the parity of the index k:

I1<p<gp<a<p<p<@p<g<p3<..,
P2t < qa < q21+1 < P2i4+1 < P22 < Q42 < ...

— Rule 2. We choose a decreasing sequence {e},>0o of positive numbers
which goes to zero. We choose H so that a level set of H corresponds to
a union of cylinders [01™0] (respectively [10"1]) over n € {px—1 + 1,...,px}
(respectively over n € {qx—1 + 1,...,qr}). By convention p_; = q_1 = 0,
and

HY := €, Vpr—1 < n < py, H) = ex, Vg1 <n < qp.

The contribution of the potential H) (respectively H!) exhibits a large drop
at the level py (respectively gy):

Vn <pk, HY > e, Vn>pp+1, HY < ey,
Vn<aqr Hy>e, Vn>qo+1, H < epyr

— Rule 3. We choose a decreasing sequence of temperatures 3, L0
which forces the Gibbs measure to give larger mass to either [0] for an even
index or [1] for an odd index. The only constraints on {px}, {qx}, {ex} and
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{Br} we use are:

lim p% exp(—prer) = 0, lim q,% exp(—prer) = 0,
k—+4o0 k—+o00

q2k i DP2k+1

im =/

lim Brexs1 =0, lim — = +o0,
k——+o0

g —1—007
k—+o00 Do k—+o00 q2K+1

> (b — pro1) exp(—er) < +00, > (gr — qr—1) exp(—ex) < +o0.
E>1 k>1

The last two conditions ensure the summability of the variation.

The three previous rules enable us to say that, at the temperature 3, L
for k£ even or odd, the system is mainly governed by a system having a
potential H equal to zero on [00] U [01P+*1) U [11] U [10%+1] (thanks to
€x+1 < €r), and positive elsewhere.

Proof of item 3 of theorem 1.2. Let k be even. The other case is similar. To
simplify the notations, we write p = pi, ¢ = qi, and A = Ag,. Remember
the a priori estimate A < 2.

Part 1. We rewrite Fg()\) as if the energy HY where negligible for n > p.
Then

FR(\) = (a0 + X (A = 1)bp), (5.1)

1
(A —1)

where

1 ~ 1
g = AP\ —1) Z ) exp(—fBrHY), and 6y := Z Fexp(—Bng)‘
n>p+l n=l

As Hg < €xqq forn >p+1 and Hg > ¢, for n < p, we obtain

exp(—frent1) < ap <1, by < pexp(—Prer).

Rule 3 implies g — 1 and 89 — 0 as kK — +o00. Similarly

Fz(\) = a1+ A1(A = 1)6,), (5.2)

#(
MO 1)
with
o =X -1) Y exp(~BiHY), and 6 = Zq: 3 XP( )
. n>q+1 A” n’’ . — )\n n/-

As H% < €py1 for n > g+ 1 and H}l > ¢ for n < g, the third rule also
implies oy — 1 and ¢; — 0 as k — +o0. As Fg()\)F/&()\) =1, we have

NN =1)% = [ag + AP(A = 1)fp] [ar + A(A = 1), ] := &%
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Part 2. We show that 6 — 1 as k — +o0o. Let N := Z?. We first
observe that, for k large enough, AN > e. If not,

A=1>de ! > e taga. (5.3)

On the one side A — 1 — 0, on the other side aga; — 1; we get a contradic-
tion. We next observe that A —1 > % Indeed

) )
)\7]\[7 ln()‘) S )\7]\[7

and from the equation AV(A — 1) = §, we finally obtain A — 1 > %. We
rewrite the two terms AP(A — 1) and A\9(\ — 1) as

1< Nln()\) < No < Ns,  (5.4)

A=1+ L

AP(N=1) = ()\N)p/N()\ —1) = [)\N()\ _ 1)]p/N()\ _ 1)1—p/N
= 5p/N()\ _ 1)(q—p)/(q+p) < 6p/N7

X =1 = (NP - 1) = Y- ] e
— 5Q/N<)\ _ 1)*(Q*P)/(Q+p) S (5q/N(A o 1)71 S q(;q/N

Therefore, we have
52 < [Oé(] + (5p/N90] [041 + q5Q/N«91}
= apor + b0 + a10067N + 0016
Using 6PN <14 62 and 69N < 1+ §2, we have

e S (52 S [a7i10%51 + (a0q91 + a190)
1-— (Oz()qel + a6 + Hoqel)

Since g1 < ¢? exp(—Brer) — 0 and g — 0 as k — +0o, we obtain § — 1.

Part 3. We first prove that g(A — 1) — +o00. Since N < ¢, it is enough
to show N(A — 1) — +oo. Indeed, for every C' > 1, for k sufficiently large,
AN > exp(C) as in (5.3). Using the same estimates as in (5.4), we have

CAMV<N§ and N(A-1)>C.

Therefore, from the estimates of part 2, we see that

D) — 1)2 P\ _ p/N 2
AP(X—1) SA(,\ 1)35 S1+<5 Lo
p(A—=1)+ A p P P

() — 1)2 q(y — q/N 2
A(A—1) SA(/\ 1)§ 5 - 1+6 L
gA—=1)+ A q gA—=1) 7 g(A—=1)

Part 4. We decompose Fg()\) as before

A=D1 FA WA
T oA (A —1)2 ( O (A1) + A 0)’
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where

N(A— 1)2 n .
eXp(_Bk‘Hn) < 17
PO-D+A 2 X

exp(—PBreps1) < ao =

P
~ n
and 6 := Z I exp(—BrHY) < p? exp(—Prer)-

n=1

Then a9 — 1 and Ay — 0. Similar estimates are obtained for Fﬁl()\)
Part 5. We may now conclude the proof. Since M(\ —1)/p — 0,
A (A—1)/q— 0, pfy — 0 and g6 — 0, equations (5.1) and (5.2) imply

1

FR(A) ~ N )

1
—— and FIO)~
oo od B

As (A = 1)2/(p(A = 1) +X) = 0 and XA — 1)2/(gq(A — 1) + A) — 0,

equation (5.5) and a similar expression for F 51()\) provide

N A—1)+A . A—1)+ A
Fg(A)NW and Fé()\)ww.

Item 5 of Corollary 3.6 thus gives

é(/\) gA—=1)+ X q qgA-1)
g()\) pA—1)+ A 2p" 2\

Zmin{ }—>+oo.

As a matter of fact, rule 3 asks lim; o 1% = 4o00. Hence, pg, — dpo. O
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