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Abstract

We consider a generalization of the Frenkel-Kontorova model in higher
dimension leading to a new theory of configurations with minimal energy, as in
Aubry’s theory or in Mather’s twist approach in the periodic case. We consider
a one dimensional chain of particles and their minimizing configurations and
we allow the state of each particle to possess many degrees of freedom. We
assume that the Hamiltonian of the system satisfies some twist condition.
The usual “total ordering” of minimizing configurations does not exist any
more and new tools need to be developed. The main mathematical tool is
to cast the study the minimizing configurations into the framework of discrete
Lagrangian theory. We introduce forward and backward Lax-Oleinik problems
and interpret their solutions as discrete viscosity solutions as in Hamilton-
Jacobi methods. We give a fairly complete description of a particular class
of minimizing configurations: the calibrated class. These configurations may
be thought of as “ground states” obtained in the thermodynamic limit at
temperature zero. We obtain, in particular, Mather’s graph property or the
non-crossing property of two calibrated configurations and the existence of a
rotation number for most of the calibrated configurations.

1 Introduction

The original Frenkel-Kontorova model, see [29], describes a one dimensional chain
of (classical) particles coupled to their nearest neighbors and subjected to a periodic
environment generated by a one dimensional cristal. The chain is supposed to be
located on a line; the local interaction energy £ : R?> — R takes into account an
elastic potential between two successive particles in the chain, as well as an external
periodic potential modeling the influence of a periodic structure:

1

K
L(@h whr1) = 5 (@pa1 — 2% — A+ (27)2(1 — cos 2mxy,),

where A is the unperturbed mean interatomic distance and K is the strength of the
external periodic environment. The state space in this model is represented by
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a sequence of positions of each particle constrained to stay on a line. A central
problem in this theory is to describe the set of minimizing configurations, that is,
configurations which minimize the total energy of any finite sub-chains with fixed
boundary states. Among the main results, one may cite the existence of a well
defined “rotation number” for any minimizing configuration, the “total ordering
property” of the set of minimizing configurations with a fixed rotation number, and
the existence of a unique “hull function” up to a phase shift which parametrizes all
minimizing configurations with a fixed rotation number. These main results have
been obtained by several authors, first by Aubry and Le Daeron [3], Aubry, Axel
and Vallet [4], Griffiths, Schellnhuber and Urbschat [37], independently by Mather
[48, 51], more rencently by Gomes and Oberman, Rorro and Falcone [34, 33, 53,
20], Baesens and MacKay [6], and in a similar context of ergodic optimization by
Bousch, Brémont, Jenkinson and Morris, Bressaud and Quas, Leplaideur [9, 10,
12, 39, 40, 13, 42]. The minimizing configurations previously described correspond
to equilibrium fixed points of the steady-state Frenkel-Kontorova equation. Recent
progress has been made in the space-time Frenkel-Kontorova model. In this model,
each particle evolves in time according to a Newtonian second order differential
equation. Without being exhaustive, we just quote recent articles by Forcadel,
Imbert and Monneau [27, 28] which use viscosity technics related to our methods
and by Baesens and MacKay [5].

Several general monographies may help the reading of the present article: for
instance, the notes of G. Forni and J. N. Mather [26] for a global description of
Aubry-Mather theory, and two textbooks written by G. Contreras and R. Iturriaga
[17] and by A. Fathi [23] for the Lagrangian point of view. The weak-KAM approach
developed by Fathi for Lagrangian flows is an especially important concept we are
going to apply in a discrete setting. For more details on the Frenkel-Kontorova
model, we refer the reader to [11, 25].

It is crucial to point out that all previously mentioned results (except those in
[34, 33]) depend strongly on the fact that the state x; of the k' particle of the
chain is one dimensional. In other words, the order of the real line plays a crucial
role; the fact that two configurations can be compared globally is fundamental. Our
focus here is on an extension of Frenkel-Kontorova theory to the multidimensional
case: the state of each particle will belong to R?. The case where the state space
is finite 8 = {1,2,...,d} and the interaction energy map £(i,7) is a function on
8 x 8 is a relevant situation worked out in ergodic optimization theory and in
Gibbs fields theory. Although we do not consider specific examples nor numerical
experiments in this article, the following interaction energy satisfies the hypotheses
of all subsequent theorems:

d d
L(xp, Tpyq) = 3 E 7h 1 — 7 — NP + n)? (1 — cos(27 E v :E};,)),
i=1 i

where (v1,...,v%) are integers and (x,le, ... ,xﬁ) are the components of z;, in R
A large part of the theory of minimizing configurations can be done under very
weak assumptions on the local interaction energy L(x,y). We first assume that
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L(z,y) : R x R? = R is continuous and is doubly periodic
L(z,y) =L(z+s,y+s), Vsezd
We next assume that £(z,y) is coercive

lim inf L(z,y) = +o0.
R—rtoo ||lz—yl|=R

The formal total energy of a chain of particles {z}}rez in R? is given by

Liot({zrtrez) = Y L(@k, Thta),
kez

which may a priori diverge. A minimizing configuration is a configuration that can
only increase its total energy whenever a finite number of particles is moved, that
is, a configuration {z3}rez in RY satisfying

n—1

L(xm,$m+1, o 7«7371) = Z L(xkaxk+1) S 'C(ymaym-‘rlv o 7y7l)7

k=m

for every m < n and every configuration {yj }rez in R? with y,, = z,,, and y,, = z,,.
If £ is in addition C!, a minimizing configuration {z}} is critical (or at equilibrium)
in the sense that:

oL oL
Fy(xk_hxk) + %(xk,xk_,_l) =0, VEkeZ.

The main objective of this paper is to extend partially the theory of Frenkel-
Kontorova model to the case where the state x; of each particle belongs to a d-
dimensional vector space R?. The natural tool we are going to apply in the mul-
tidimensional setting comes from either the notion of effective potential of Chou
and Griffiths [15] or the notion of wviscosity solution of Fathi’s weak KAM theory
[23]. This approach allows only the study of a special class of minimizing configu-
rations, called ground states by Chou and Griffiths or calibrated by Fathi. Notice
that Aubry-Le Daeron [3] used the expression “ground state” to denote a recurrent
minimizing configuration. It happens that, in the one dimensional case, recur-
rent minimizing configurations and calibrated configurations are strongly related
through the notion of rotation number; we do not know whether that fact persists
in the multidimensional setting. Ground states are physical quantities as shown by
N. Anantharaman in [1]: she proved that Gibbs measures at positive temperatures
converge when the system is frozen (in a weak sense along any converging sub-
sequences) to measures whose support contains only ground states. We will show
that calibrated configurations exist assuming £(x,%) to be only C° and coercive.
We will also show that most of the calibrated configurations admit a rotation vector
assuming in addition £(z,y) to be superlinear:

Lz, y)

lim inf = 400.
R—+o0 |y—z|>R ||z — y|
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Uniqueness of a calibrated configuration passing through a given point uses an
even stronger assumption called twist condition or ferromagnetic condition (defini-
tion 2.4), which is implied, for instance, when £(z,y) is C? and uniformly strictly
convex (definition 2.7). The definition of calibrated configurations will be explained
soon.

Generalizations of Frenkel-Kontorova model have been investigated in several
different directions. The state space is still one dimensional as in Aubry Mather
theory.

One can consider, for example, a multidimensional setting where the particles
are indexed by the sites of a multidimensional lattice Z%¢. The topology of inter-
actions plays a fundamental role. The interaction can be either local with each
particle interacting only with its nearest neighbors, or global as in mean field the-
ory. The state xj € R of the particles is nevertheless one dimensional as in Aubry
theory, but indexed by Z for instance. Notions of minimizing configurations and
rotation vectors can be defined similarly. In the context of the multidimensional
Frenkel-Kontorova model, one still obtains minimizing configurations having a pre-
scribed rotation vector. For precise definitions and statements, we refer the reader
to the work of R. de la Llave and E. Valdinoci [43]. One should also consult the
paper of H. Koch, R. de la Llave and C. Radin [41] for situations where the variables
range over a more complicated lattice.

In another direction, the potential could be assumed quasiperiodic instead of
periodic, as it is done in the work of J. M. Gambaudo, P. Guiraud and S. Petite
[30]. Once again, the state space is one dimensional, all minimizing configurations
admit a rotation number and all rotation number is obtained by a minimizing
configuration.

Mather [51] has developed a theory in any dimension, closely related to the
present article, of minimizing measures for a Tonelli’s Lagrangian, that is, 1-periodic
superlinear strictly convex Lagrangian L : TM x T! — R. In dimension 1, Moser
[52] has proved the equivalence between two approaches, monotone twist map versus
Tonelli’s Lagrangian, showing that such a monotone twist map can always be seen
as the time one map of some 1-periodic smooth Hamiltonian H : T*M xT! — R. As
noticed by Herman [38], there are interesting connections between configurations
with minimal energy and Lagrangian tori invariant under symplectic diffeormor-
phisms of the cotangent bundle of the d-dimensional torus. Massart has generalized
several results of the Aubry-Mather theory in [45, 46, 47].

We now return to the main results of the present article. We first define the
ground energy per particle or the minimizing holonomic value £. The word holo-
nomic is used as in Gomes [34] or Mané [44] to point out that no dynamical system
can be introduced in a natural way. More explanations on this subject will be
given in section 3. The minimizing holonomic value may be seen as the lowest
mean energy per particle, formally it is defined as

- 1
L = inf { liminf —L(xo, 21,...,2n) : {Tk}rez is a conﬁguration}.
n——+oo N

We will describe a special subset of minimizing configurations called calibrated,
which is closely related to Aubry’s notion of recurrent minimizing configuration or
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to Chou and Griffiths’ concept of ground state. We first define the Aubry set A(L),
a similar notion introduced by Fathi [23]. Informally, A(L) is the set of configu-
rations {zj}rez such that all couple (xg,zk11) is the initial segment of a periodic
configurations with minimal energy. More precisely, {xj ez € A(L) if, and only
if, for every k € Z and € > 0, there exist a periodic configuration (zf, z{, ... ,x;(g))
and integers ¢(€) > 1 and p(e) such that TG = T + p(e),

£, a5, 2 ) — a(OF] < e and  (wp,aps1) = (a5, 29).

It is not difficult but not immediate to show that configurations in the Aubry set are
minimizing in a stronger sense. More precisely, they are minimizing with respect to
L*(x,y) :=inf ;cza L(x+s,y+1t). Notice that the two minimizing holonomic values
are identical: £ = £*. Let &(L) be the set of energy minimizing configurations in
the strong sense. Configurations in €(L) are strongly related to a special class of
configurations called calibrated.

We first introduce an important notion called effectif potential by Chou and
Griffiths, weak KAM solution by Fathi or wviscosity solution in the context of Ha-
milton-Jacobi equation. We prefer to use the term calibrated sub-action. We call
sub-action any continuous Z%periodic function u : R? — R such that

u(y) —u(z) < L(z,y) — L, Vx,yecR%

We call backward or forward calibrated sub-action a sub-action u satisfying in addi-
tion

the forward case:  wu(x) —é = max,cpd [u(y) — L(z,y)], VazeR?
the backward case: u(y) + £ = mingepa [u(z) + L(z,y)], Yy e RY

Calibrated sub-actions u are solutions of the backward or forward Laz-Oleinik op-
erator. These operators may be seen as a min-plus (or tropical) version of the
Ruelle operator used in the thermodynamical formalism. The two sub-actions may
be seen as left and right eigenvectors of a min-plus eigenvalue problem. We not
only guarantee that calibrated sub-actions do exist in the C? coercive case, but we
also discuss how the regularity of the local interaction energy affects the regularity
of a calibrated sub-action. We show (see proposition 4.7) that, if £ is locally Lip-
schitz or C?, then any forward (resp. backward) calibrated sub-action is Lipschitz
or semiconvex (resp. semiconcave). See also Gomes [34] for similar results.

We call calibrated configuration (or more precisely u-calibrated if needed) a
configuration {z}rez such that, for some sub-action u,

w(zpy1) —u(zy) = L(xp, vp01) — L, YV keEZ

Let N(£L,u) be the set of u-calibrated configurations. It is then obvious that a
calibrated configuration is minimizing in the strong sense. It is also easy to see
that configurations in the Aubry set are calibrated for any sub-action and therefore
minimizing in the strong sense:

A(L) CN(L,u) C E(L), V u calibrated.
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We show in section 5 that calibrated configurations do exist and have bounded
jumps supy, ||zg+1 — x| < +o00. We also show in section 10 that the Aubry set can
be characterized using the property of calibrated sub-actions, more precisely

A(L) ={z = {zk}rez € (RHZ : g is calibrated for any sub-action }.

The proof requires a particular class of sub-actions, called separating sub-action.
The fact that the class of separating sub-actions is generic in the C° topology may
be seen as a discrete counterpart of Fathi and Siconolfi’s critical subsolutions in the
framework of Hamilton-Jacobi equation (see [24]).

In the C! ferromagnetic and coercive case, we can say more on the Aubry set.
For any zo € R?, there exists at most one calibrated configuration passing through
xo. The two nearest neighbors are given by the equation

Du(zg) = E;;(a:_l,xo) = —gﬁ(:co,xl),

where u is any sub-action and Du is continuous on the projected Aubry set. This
property is called the Aubry-Mather graph property. The graph is compact and
invariant with respect to the corresponding twist or discrete Euler-Lagange map.

Sections 6 and 7 are devoted to more precise properties of the Aubry set in the
general C? coercive case. We show that the Aubry set is not empty by showing that
it contains the Mather set M (L) which is not empty. The Mather set is built using
minimizing holonomic measures, a notion introduced by Mather (see [49] and [51])
but in the context of twist maps where the invariance property is used instead of
the holonomic property. In the context of configurations space, we call minimizing
holonomic measure a transshipment m(dzx,dy) (definition 3.3), that is, a sigma-
finite measure 7(dz, dy) invariant by the integer translations z € R? s 2 +k € R?,
k € Z%, finite with mass one on any fundamental domain, say T x R, with identical
marginals on the two factors R, prl(r) = pr2(n), which in addition minimizes

T = argmin // L(z,y) m(dz,dy).
TdxRd

We show that the minimum is attained by such transshipments with bounded off-
diagonal support. We call Mather set M(£) the set of configurations {z }xez such
that, for all k € Z, there exists a minimizing holonomic measure © whose support
contains (g, ri11). We then show that

M(L) Cc A(L) and £ = // L(x,y) m(dz,dy), ¥V m minimizing,.
TdxR4

The Aubry set may contain “heteroclinic” configurations joining two minimizing
periodic orbits and may therefore be stricly larger than the Mather set. Aubry [3]
uses the term advanced or delayed discommensuration for these minimizing config-
urations. The Aubry set admits a description in terms of a potential barrier. We
call Mané potential the map

S(a:,y):inf{L(a:o,...,a:n)—n,Z:nzl, To =1, Tn=y+p, x; € RY, pGZd}.
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Chou and Griffiths call excitation energy of a configuration {zy }recz, relative to the
ground state level, the nonnegative limit
lim [L(mk,xkﬂ,...,xl)—(l—k)ﬁ] —S(mk,xl).
k——o00, l—+00
A calibrated configuration has obviously zero excitation energy. We show that the

Aubry set can be characterized by the Mané potential and coincides with the set
of pure ground states introduced by Chou and Griffiths, namely,

AL) = {{zktrez + Llzp, 2e1) — L = S(ak, 2p11) = —=S(Thr1,7), V k€ Z}
= {{xk}kez : L($k, ce ,xl) — (l - k:)fa = S(mk,xl) = *S(l‘l,u’ﬂk), Vk< l}

Assuming only £ to be C° and coercive, we prove in section 8 that S(z,y) is
continuous, doubly periodic and satisfies u(y) — u(z) < S(z,y), for all 2,y € R?
and any sub-action u. Let A%(L) be the projected Aubry set,

A%(L) = {0 € R : {wp}ren € A(L)}

We show that (see theorem 8.10), for any x € A%(L), S(z, -) is backward calibrated,
—S(-,x) is forward calibrated and a characterization in terms of Mané potential:

A (L) = {xo e R?: S(zo, zo) = O}.

We finally show (see theorem 9.1) that calibrated sub-actions are completely known
as soon as they are known on the projected Aubry set:

the forward case:  u(z) = max,cqo(g) [u(y) — S(z,y)], VazeR?
the backward case: u(y) = ming,c40(c) [u(z) + S(z,y)], Yy e RY

This result should be compared to the one obtained by G. Contreras [16] for weak
KAM solutions.

When a system depends on several parameters, it is important to introduce an
order parameter which labels the different phases in a bifurcation diagram called
phase diagram. In the one dimensional case, the order parameter is the rotation
number of ground states. It is generally believed that, in the (A, K) phase diagram
in the standard Frenkel-Kontorova, apart a set of zero Lebesgue measure, the Aubry
set is reduced to a unique periodic orbit: the system is locked at rational rotation
number. We introduce in section 11 the basis of a theory of rotation vectors in the
multidimensional case.

We call rotation vector w of a minimizing configuration {zy}xecz the following
limit when it exists . .

. n m
wliorbpen] = Jim, =

As in Mather theory, we relate this notion to the notion of rotation vector of a

minimizing measure
sl = [, w-o)ndndy.
Tdx R4

The main important observation is that a configuration is minimizing for the in-
teraction energy L(z,y) if, and only if, it is minimizing for the interaction energy
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L(z,y) — (\ (y — )) for any parameter A € R?. In the one dimensional case, a
recurrent minimizing configuration admits a rotation number w and is calibrated
for some £ — A. The two numbers w and X are related by Legendre transform. If
w is irrational, A is unique. In the multidimensional case, we follow Gomes [34] to
show that, whenever the minimizing holonomic value of £ — A, denoted L()), is
differentiable at A, any calibrated configuration for £ — A admits a rotation vector
given by -

0L
—o5
In particular, there exists minimizing configuration with rotation vector of arbi-
trarily large norm.

We have chosen to translate the Frenkel-Kontorova model into the framework
of discrete Lagrangian Aubry-Mather theory mainly to have a simple notion of
minimizing holonomic measures instead of transshipments. The main object we
are interested in is thus a C° coercive Lagrangian L(z,v) defined on T x R%. A
family of local interaction energies can be naturally defined by

w =

Lo(z,y) = TL(.T (mod Z%), H) V 2,y € RY,
T
where 7 > ( is a parameter that we keep in order to understand later the homog-
enization theory of Frenkel-Kontorova model as in [27] and [28]. Notice that £, is
invariant under the diagonal action of Z¢,

Lo(x+ky+k)=L(z,y), VkeZ

The two approches are complementary. While the Lagrangian formulation will be
more adapted in the description of the support of minimizing measures, the Frenkel-
Kontorova setting will be used in the construction of calibrated sub-actions, as well
as in the definition of two major notions of action potential: the Mané potential
and the Peierls barrier. We intend later to better understand the limit when the
step 7 tends to zero and the thermodynamic ground state limit of the system when
the temperature goes to zero.

2 A discrete Lagrangian dynamics

We fix from now on a C° coercive Lagrangian L(z,v) : R x RY — R, Z%periodic
in x, and its associated local interaction energy map

L‘r(x’y) = TL<CC’ v x)
-

defined on R% x R? and invariant by the diagonal action of Z¢. We begin by recalling
some well known notions of divergence type at infinity. Coerciveness is our basic
assumption, superlinerarity will be used when homology will play a role.

Definition 2.1. Let L(x,v) : T? x R? — R be a C°-Lagrangian.

i. L(z,v) is said to be coercive if lim inf inf L(z,v) = +oo.
R—+00 ||v||>R zeT4
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L(z,v
it. L(x,v) is said to be superlinear if lim  inf inf (z, ) = +o00.
R—+00 |[u]|>RzeTd ||V

We call configuration any sequence {zj}rez of points in R%. Let ¥ = (R%)Z
be the set of configurations. We also consider the set of configurations modulo
the diagonal action of Z¢, that is, the quotient of ¥ by the equivalence relation:
{x1}rez ~ {yrtrez if, and only if, there exists s € Z¢ such that y;, = x, + s for all
k€ Z. So

Y=RH% and /.= (RHZ/..

Let us notice that, for any fundamental domain D of the action of Z? on R?, the
set (RHZZ x D x (RYZ+ is a fundamental domain for the diagonal action of Z¢
on X. Let 0 : ¥ — ¥ be the left shift given by o({zx}) = {yr} where v = xg4+1.
Notice that ¢ commutes with the diagonal action.

Definition 2.2. We call minimizing configuration any sequence {x}rez which
minimizes the local interaction energy, namely,

n+m

LT(:Ena Tn41y--- 7$n+m) = Z LT(':Uk? $k+1) < LT(yna Yn41,--- 7yn+m)a
k=n
n-+m

for any finite configuration {yx}; " with identical boundary conditions x, = yy,
and Typtm = Yntm-

Although one of our aim is to extend as much as we can the discrete Aubry-
Mather theory to just C? coercive Lagrangian and to describe precisely the set of
minimizing configurations in this general setting, we show in this section that, under
a stronger hypothesis on the Lagrangian (C2-smoothness and twist condition), we
can recover the original theory, where the set of minimizing configurations can be
understood through the help of a dynamical system similar to the usual standard
map. Let us first recall the notion of critical configuration.

Definition 2.3. Let L(x,v) : T x R? — R be a C'-Lagrangian. We call critical
triple a configuration (x_1,xo,x1) of three points in R? satisfying

L,
Jy

oc,

ox

(-1, 20) + (wo,21) = 0.

We call critical configuration any configuration {xy}rez of points in R consisting
of critical triples (Tx—1,Tp, Tpt1):

0L,
0y

oc,

ox

(T—1, 1) + (g, Tp41) =0, VEkeZ

LetT'+(L) C X be the set of critical configurations. We notice thatI'z(L) is invariant
by both the diagonal action of Z¢ and the shift o. Let I';(L)/~ be the quotient of
I, (L) by the diagonal action of Z.2.
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The equations defining I';(L) may be seen as a discrete version of the Euler-
Lagrange equation. These equations show that, under some stronger hypothesis of
twist condition, the knowledge of (z¢, 1) implies the existence of a unique critical
configuration with such initial conditions. More precisely, prefering the use of the
ferromagnetic terminology instead of the twist condition as it is done in statistical
mechanics, we introduce the following notion.

Definition 2.4. A C'-Lagrangian L(x,v) is said to be ferromagnetic if, for any
sufficiently small 7 > 0, the two maps in (1) or equivalently in (II), where

R — RE R — R
oL, oL
(I) T = 5 (x,y) and (II) v 87((74—7'1),1)) ,
oL, o oy~ P
y o E(%y) v T@x T, v EN T,V

are homeomorphisms for all (z,y).
Similarly a discrete version of the Euler-Lagrange flow may be introduced.

Definition 2.5. Let L(z,v) be a C! ferromagnetic Lagrangian. For sufficiently
small 7 > 0, we call discrete Euler-Lagrange map (or standard map), the map

{ T x R — T9x R?
o, =
(z,v) =  (y,w)

where y = x+7v and w is the unique solution of one of the two equivalent equations

0L, 0L, oL 0L oL

Ty(m,y)—i-%(y,y—i-ﬂv):o or %(x,v)—&—T%(y,w)—%(y,w):O.

Notice that ®; is a homeomorphism on T x R%. In most part of the article, the
dynamical sytem (T¢ x R? &) will not be used, except, for instance, in section 6,
where we prove that minimizing measures are supported on a graph. The main
advantage of the standard map approach is that the space of critical configurations
modulo the diagonal action is conjugate to a 2d degrees of freedom dynamical
system.

Remark 2.6. Let II; : R x R? — T? x R¢ be the projection given by
I (0, 1) = (20 mod Z%, (21 — 20)/7).

We extend I to ¥ by writing 1L ({zk }kez) = Il (zo,x1) and notice that the pro-
jection T, : ¥/ — T% x R is also well defined. If L(x,v) is ferromagnetic, then
(T'7(L)/~,0) is conjugated to (T*xR%, &), that is, the following diagram commutes

T, (L)) —= T¢x R

| |-

I.(L)/. —= TdxRd
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A critical configuration is thus completely determined by the 2d data (x,v) and
a general configuration plays the role of a virtual deformation as in Mechanics. In
order to check that a Lagrangian satisfies the ferromagnetic condition, an easier
but stronger assumption may be used instead.

Definition 2.7. Let L(z,v) : T x R — R be a C?-Lagrangian. We say that L
is uniformly strictly convex (with respect to v) if ?;T% is uniformly positive definite,
that is, if there exists o > 0 such that

82

<82(:cv) w,w) > afw|? VazeT! VoweRL

The following proposition shows that a strictly convex Lagrangian with bounded
second derivative is ferromagnetic. The proof is left to the reader.

Proposition 2.8. Let L(z,v) : T x R — R be a C? strictly convex Lagrangian.
Then L(x,v) is superlinear. If L(x,v) satisfies in addition the uniform condition
Hg;é}“TdXW < B8 for some 3 > 0, then L(x,v) is ferromagnetic. Moreover, for any

z,y € T, for any sufficiently small 7 > 0, the two maps

oL oL
d et et
veER = 7—(x,v) ”

or equivalently the two maps

oL
(z,v) € R and veR?— %(yfﬂ),v) € R%,

c,
(z,y) € RY,

Lr
(z,y) eR? and zeR?— a9y

Rd
Yy < — B

are C'-diffeomorphisms. In particular, the discrete Euler-Lagrange map ®, is a
C'-diffeomorphism.

Notice that the ferromagnetic condition can be obtained under weaker hypothe-
ses. For instance, assume d = 1. Let f : R — R be an increasing homemorphism
with f(0) = 0 and g : T' — R be a C'-function. Then L(x v) = g(x)+ [y f(
is superlinear, ferromagnetic and C''. We also notice that L is a coboundary under
the dynamics (T¢ x R, @.):

oL oL oL
) = Sy w) — 5L 0y, w)

3 Minimizing holonomic measures

In this section, we would like to make clear the usefulness of the notions of holonomic
measure (definition 3.1) and minimizing holonomic measure (definition 3.5). We
begin by briefly recalling Mather’s approach for the theory of minimizing orbits:
L(z,v) is usually assumed to be C2, periodic in z (namely, = € T9), strictly convex
in v € R? and, for the purposes of this article, time independent.

In Mather’s approach, we are interested in finding minimizing absolutely con-
tinuous trajectories, that is, trajectories t € R +— z(t) such that, for any to < t;
and any other trajectory ¢ € [to,t1] — y(t) satisfying the boundary conditions
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x(to) = y(to) and z(t1) = y(t1), the local action of x(t) on [ty,¢1] is bounded from
above by the local action of y(t),

t1 t1
| pe.amar < [ L.
to to

These mimimizing trajectories may be looked for among the trajectories with a
prescribed rotation vector w € RY,

¢ 1
lim ﬂ: lim / z(t)dt = w.
0

t—+oo t t—+oo t

Notice that a minimizing trajectory must satisfy the Euler-Lagrange equation

4 (Gp1e9) - e

and is therefore governed by the Euler-Lagrange flow ®,(xg, Zo9) = (x¢, &¢). Suppose
in addition that (x,4;) is recurrent or more precisely is regular in the sense of
Birkhoff’s ergodic theorem for some & -invariant ergodic probability measure p on
T¢ x R?, then

//deRd L(z,v)du(x,v) < //’Jl‘ded Lz, v)dv(z,v)

for any other invariant probability measure v on T x R,

It is therefore natural to look for minimizing trajectories as regular orbits of
the Euler-Lagrange flow located in the support of minimizing measures. Mather’s
approach can thus be translated into a linear optimization problem

[ = argmin // L(z,v)dp(z,v)
Tdx R4

wis a @ -invariant probability measure

// vdu(z,v) = w.
Td xR

Following R. Mané [44] and D. A. Gomes [34], one can weaken this optimization
problem by asking p to be only holonomic, that is, satisfying

/Td ¢ oD (z,v)du(z,v) = /Td () du(z,v)

for any bounded Borel (periodic) function ¢ : T — R. (Notice that the previous
condition does not tell that u is invariant by @, since the the test function f depends
only on z and not on (z,v), see definition 3.1).

We come back to our discrete Aubry-Mather theory and, as in the weak Mather’s
approach, we try to look for minimizing configurations located in the support of
minimizing invariant measures or more precisely in the support of minimizing holo-
nomic measures since the discrete Euler-Lagrange map may not exist. We denote
by P(T? x R?) the convex set of probability measures over the Borel sets of T x R
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Definition 3.1. We call holonomic measure a probability measure u € P(T¢ x RY)

satisfying
//de]Rd o(z + To)du(z,v) = //deRd o(z)dp(z,v)

for any bounded Borel function ¢ : T¢ — R. The set of holonomic measures is
denoted by P, (T x RY).

Notice that, in the ferromagnetic case, ®,-invariant probability measures are
holonomic. Nevertheless, the holonomic class is larger. For example, any finite

configuration (zg,1,...,%,—1) gives a holonomic probability u = %Z?:_Ol O (101
where v; = Z#17% and z,, = xo. Notice also that the set of holonomic measures is

closed under the narrow topology.

We want to show that, although the notion of holonomic measures seems to
be unrelated to a dynamical system, the set of these measures is nevertheless in
one-to-one correspondence with the set of normalized invariant Markov chain of
(%,0).

Definition 3.2. We call normalized invariant Markov chain on (X,0) a sigma-
finite Markov chain (v(dx), p(z,dy)), with initial distribution v(dz) (a sigma-finite
measure defined on the Borel sets of R?) and transition kernel p(x,dy) (a measur-
able family of probability measures defined on the Borel sets of R?), satisfying the
following properties:

i. v(dx) is invariant under the action of Z¢ and has mass one on any funda-
mental domain,

i. p(x,dy) is invariant under the action of Z¢ in the following sense

/¢y+s (z,dy) = /1,!) p(z + s,dy),

for any bounded Borel function 1, for any s € Z¢,

i1i. v(dz) is Markov-stationary in the following sense

Vs 00tetitan) = [ vtaitay

for any bounded Borel function .

The sigma-finite Markov chain i on X is given as usual as

/ ¢ d:u /]Rd R 1/}(.%'0,.%'1,...,$n)V(diU0)p(ZL'0,d.CE1)"‘p(xn_ldxn),

for any bounded Borel function ¥ (x) = ¢ (xg, z1,...,xy,), for any n > 0. Then [i is
both invariant with respect to the Z¢ and the shift o action.

The correspondence between the notions of normalized invariant Markov chains
and of holonomic measures may be explained through another notion called nor-
malized invariant transshipment measure as in Evans and Gomes [19)].
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Definition 3.3. We call normalized invariant transshipment measure ™ a sigma-
finite measure defined on the Borel sets of R x R verifying the following properties:

i. 7 s invariant under the diagonal action of Z% and has mass one on any
fundamental domain,

. if pri : R4 x RT — R4 and pr? : R? x R — R? denote the two canonical
projections, then pri(m) = pr?(n).

The following proposition shows the equivalence between the three notions: holo-
nomic measures, normalized invariant transshipment measures and normalized in-
variant Markov chains. The proof is left to the reader and uses mainly the notion
of disintegration of measures.

Proposition 3.4. The three sets of measures, holonomic measures p, normal-
ized invari(mt transshipment measures ™ and normalized invariant Markov chains
(v(dx),p(x,dy)) are in one-to-one correspondence. The correspondence is given by:

//Rdx]Rd x,y)m(dz, dy) : //Rded x,x + Tv)u(dz, dv),
/ ¢(z) (/ ¥(z, y)p(z, dy) > (dx) //Rdxwgﬁ )¢ (x, y)m(dz, dy),
//Rded z,v)p(dz, dv) = //Rded < , > o, dy)o(de).

where p(dx, dv) has been extended to R x R? by invariance under the action of Z¢
on the first factor.

As in the weak Mather’s approach, we are interested in finding particular min-
imizing configurations which are located in the support of minimizing holonomic
measures. We thus introduce a similar concept equivalent to Mané’s definition of
critical value.

Definition 3.5. Let L(z,v) : T? x R? — R be a continuous coercive Lagrangian.
We call minimizing holonomic value of L the quantity

= inf // L(z,v) p(dzx, dv),
#J JTdxRd

where the infimum is taken over the set of holonomic measures. A measure
attaining the infimum is called a minimizing holonomic measure.

Remark 3.6. The three equivalent definitions given in proposition 3.4 show that
any holonomic measure i seen on T% x R¢ can be lifted to a shift-invariant prob-
ability measure i1 on ¥/~ obtained from the normalized invariant Markov chain
(v(dx),p(x,dy)). Conversely, the projection p = (IL;).(@t) of any shift-invariant
probability measure i on 3/~ is holonomic:

[, o+ romtd.do) = [ oot -
TdxRd 2/
= . &(xo)i(dz) //de]Rd wu(dz, dv).
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From proposition 3.4, the minimizing holonomic value of L may be computed using
two different ways

L(r) :inf// 1w, 220 (dr, dy) =h1f/ L (o, =) jlda),
T JJRaxwrd;, T i Js)n T

where the infimums are taken, respectively, over the set of mormalized invariant
transshipment measures w and over the set of shift-invariant probability measures
on¥/..

Since T¢ x R? is not compact, the existence of a minimizing holonomic measure
is not guarantee at first sight. Nevertheless, periodicity in x and coerciveness in
y — x implies the existence of such minimizing measures.

Proposition 3.7. Let L(z,v) : T x R — R be a continuous coercive Lagrangian.
Then there exists a minimizing holonomic measure having a compact support.

Before going into the proof of this result, we will make use of a special piecewise
continuous map F; : T¢ x R — T¢ x R? which enables us to replace R¢ by a
compact ball. Let ||v||oo = max; |v;| be the maximum norm.

Definition 3.8. Suppose L(x,v) is a coercive Lagrangian, then there exists a real
number R, > 1/7 such that
inf inf L(z,v) > sup  sup L(z,v).
[lv[lo>Rr zeTd [v]|co<1/7 z€Td
Let |v] € Z? denotes the vector whose coordinates are the greatest integers less
or equal than the respective coordinates of v € R%.

Lemma 3.9. Let L(z,v) be a C° coercive Lagrangian and F, : T¢ x R? — T9 x RY
defined by
(z,v =2 m0])  if vl > Ry

(z,v) if [vlloo < Rr

Fr(z,v) = {
Then F satisfies
i. the image Fy(T? x R?) is a bounded set;
i. L(z,v) > Lo F(x,v) V (x,v) € T%xR%
iii. g € Pr(T4x RY) = (F,)wp € Pr(T4 x RY).
Proof. The first item is obviously satisfied. The second one is just a consequence of

the choice of R,. Finally, since ¢)(z +7v — |7v]) = (x4 7v) for every ¢ € CO(T?),
the third item follows without difficulty. O

We can now prove the existence of minimizing holonomic measures for C% co-
ercive Lagrangians.

Proof of proposition 3.7. Consider a sequence {p,} C P (T? x R%) of holonomic
measures satisfying lim,, [ L(z,v) duy(z,v) = L(7). Items # and iii of lemma 3.9
assure that the sequence {v,, = (F} )., } verifies the same properties. Furthermore,
by item ¢ of the same lemma, all probability measures v, are supported on a
common compact set. Therefore, any accumulation point v € P (T4 x R?) of {v,}
for the narrow topology satisfies [ L(z,v) dv(z,v) = L(7). O
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4 Lax-Oleinik operators

The Lax-Oleinik semigroup is well known in partial differential equations and in
calculus of variations. It was used by A. Fathi (see [21]) for obtaining the so-called
weak KAM theorem in the framework of continuous-time, autonomous, strictly
convex and superlinear C3-Lagrangians on a compact manifold.

Several results in this section are comparable to those in D. Gomes [34]. There
are some differences: in the computation of the “effective” L(7), we do not use the
abstract Fenchel-Rockafellar duality theorem to prove the sup-inf principle (proposi-
tion 4.5 in this section or theorem 2.3 in[34]); we do not use a penalized Lax-Oleinik
version as in [34] which corresponds to a more numerical approach (theorem 4.3
in this section or theorem 3.3 in [34]). More important, we are carefull about the
degree of minimum regularity we need in each step; we give in particular two es-
timates of regularity which are very comparable to those in D. Gomes but with
different hypothesis (proposition 4.7 and lemma 6.8 in this paper or propositions
5.1 and 5.2 in [34]).

In our context, we are interested in studying operators with similar properties
to the Lax-Oleinik semigroup. We recall that £, (z,y) = 7L(z, £=7).

Definition 4.1. Given a C° coercive Lagrangian L = L(z,v) : T¢ x R — R and
a constant T > 0, we call forward and backward Laz-Oleinik operators, respectively,
the maps T'y and T_ defined by

Tyu(e) = sup [u(e + 70) — L(z,v)] = sup [u(y) - £+ (z,y)],

veRY yeRd
T u(y) = inf [u(y — Tv) + 7L(y — 7v,v)] = inf [u(y) + L. (z,y)],
veERA z€R4

for every Z%-periodic function u € CO(R?) that we identify with u € C°(T?).

Because of the choice of R, in definition 3.8 and the fact that the minimization
of L can be made on the ball ||v]| < R; as explained in lemma 3.9, T are well
defined and have the following more restricted definition

Tiu(z) = | ﬁnaXR [u(x + Tv) — 7L(z,v)] = | _ max [u(y) — L (x,y)],
V]|eo <Rr Y=zl <TRs
Lu(y) = i [u(y —7v) + 7L(y — Tv,0)] = . Lo [u(y) + Lr(z,y)].

Such identities are immediate consequences of the explicit construction of the ap-
plication F, : T¢ x R* — T4 x R? whose properties are described in lemma 3.9.
Indeed, writing

¢4 (z,v) = u(x + 70) — 7L(z,v) and ¢_(x,v) =u(x —Tv) + 7L(T — TV, V),
we get ¢ o Fr > ¢4 and ¢_ o Fr < ¢_. So we have

max x,v) = max oF (x,v) = max x,v
vERd¢+( ’ ) UERd¢+ T( ’ ) HU||ooSRT¢+( ’ ),

and similar equalities for ¢_ as well.
Let osc(f, D) denote the oscillation of a function f on a subset D of its domain.
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Lemma 4.2. Let L(x,v) be a C° coercive Lagrangian. Then the Laz-Oleinik oper-
ators verify the following properties.

i. For allu € CY(T%), for all z,y € T¢,

Tu(z) — Tyu(y)| < max 7|L(z,v*) — L(y,w*)’ and
v* w*

|T_u(z) — T-u(y)| < max T}L(x —Tv*,v") — L(y — Tw*,w*)’,
v w*
where the maxima are taken over

e = ylloe

[V lloos lw™lloo < 27 and  Jo" = w™floo <

ii. The two operators Ty and T map C°(T9) into itself.
ii5. The two sets T (CO(T%)) and T_(C°(T9)) are equicontinuous.

In particular, osc(Tyu, T?) and osc(T_u,T¢) are bounded by the oscillation of TL
on T% x Byr_, where Bagp. denotes the closed ball of center 0 and radius 2R .

Proof. On the one hand, for any point z in R%, there exists z* € R? such that
|z — 2%l < TRy and Thu(x) = u(z*) — L,(x,2*). On the other hand, for any
y € R4 Tou(y) > u(z*) — L,(y, 2*). Combining these two estimates, we obtain

Teuly) — Tou(s) > L,(z,2") — Lr(y, =) = 7[L(2,0%) — Liy,w")]

where w* = v* + =¥ and z* = z + 7v*. A similar estimate holds by permuting x
and y which proves the first property for 7y. An analogous argument can be used
to demonstrate the inequality concerning the backward Lax-Oleinik operator T_.
Since L(x,v) is uniformly continuous on T? x Bsg., the two sets Ty (C?(T?)) are
equicontinuous and the lemma is proved. O

We recall that the minimizing holonomic value L(7) has been introduced in
definition 3.5. So the main theorem of this section can be stated as follows.

Theorem 4.3. If L(x,v) is a C° coercive Lagrangian, then there exist continuous
periodic solutions of the Laz-Oleinik equation, uy,u_ € C°(T?), satisfying

Tiuy =uy —7L(T) and T-u_ =u_ +7L(7).
Moreover ux satisfies the a priori estimate: ||uy|lo, ||u_||o < osc(rL,T¢ x Bag,).

Proof. If we equip C°(T?) with the topology of the uniform convergence, it is easy
to show that Ty : CO(T4) — C°(T?) is 1-Lipschitz. So the Lipschitz regularity is
also respected by the application T}y : CO(T?) — C%(T?) defined by

Tyu = Tru — max(Tyu).

Obviously T u < 0 everywhere on CO(T4). Conversely, it follows from lemma 4.2
that R
Tiu > —osc(rLTd X Bag.), VYuc CO(']I‘d).
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Let B C C°(T?) denote the closed convex hull of the closure of T (C°(T%)). Since
the image T, (C°(T%)) is bounded, B is a compact convex set. As Ty (B) C B, by
the Schauder-Tychonoff fixed point theorem, there exists a function u, € C°(T%)
such that

Tiuy = ug + max(Tyug).

Obviously, [[utlo = |7y (ui)|lo < osc(rL, T x Bag.). It remains to show that
max(Tyus) = —7L(7). On the one hand

TL(z,v) + us(z) — up(z + 7v) > —max(Thuy)

everywhere on T? x R%. For any holonomic probability measure p € P, (T?¢ x R%),
by integrating the previous inequality, we obtain

T/L(;r, v) dp = / [TL(z,v) + uq(x) — up(z + 7v)] dp > — max(Tuy)

and therefore max(T uy) > —7L(T).
On the other hand, given zy € T¢, there exists a vector vy € R? such that

lvolloo < Ry and TL(x0,v0) + u4(x0) — uy(zo + 709) = —max(Tyuy). For every
E>1,if x = xp_1 + 7v_1 € T? we consider inductively v, € R? such that
vkl < Ry and TL(xg, vk) + ug(zg) — ug (@) + 7o) = —max(Tyuy ). Let {u,} be

the probability measure defined by

n—1

1
fn ==Y S(mpun):
k=0

3

Since their supports are contained in the compact set T¢ x Bg_, such a sequence is
relatively compact for the narrow topology. Let u € P (T%xR?) be some convergent
subsequence limit. Note that the equality

/ [TL(z,v) + uy(x) — us(z + 70)] dpp(x,v) = —maxTrug,

goes through the limit p. Hence, we obtain max T, uy < —7L(7) if we prove that
1 is a holonomic probability measure. Indeed, for any function ¢ € C°(T%),
n—

1
n

\ [+ 7~ 0@ dante v

1
[Y(x + Tok) — ()]
0

k=

1 2
= Ly - vt < 2l

Letting n go to infinity, we immediately obtain that u € P, (T¢x R?). The existence
of a function u_ € C°(T?) is obtained in an analogous way. O

The following result is an immediate consequence of the previous proof.

Corollary 4.4. Let L(z,v) be a C° coercive Lagrangian. If u € CO(']I‘{) satisfies
either Tyu =u —c or T_u = u+ c for some constant ¢ € R, then ¢ = 7L(T).
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The previous theorem 4.3 may be seen as an important theorical tool: it gives
a way to renormalize the initial Lagrangian by a coboundary

Lyorm(7,v) = L(z,v) — L(1) — %[u(m +7v) —u(z)] >0, V(z,v)€ T? x R%.

The existence of a solution of the Lax-Oleinik operator also gives other character-
izations of the minimizing holonomic value, either as a max-min optimal value or
as an ergodic average asymptotic value.

Proposition 4.5. Let L(z,v) be a C° coercive Lagrangian. Then we have

TL(T) = weivl(l)%-d) (x,u)ier’lll‘fded [TL(x, v) + () — P + T’U)]
or

{zr}e(RZH o0

n—1
1

TL(T) = inf lim inf EZLT(mk’mkH)‘
k=0

Proof. Let pu € P-(T% x R?) be any minimizing holonomic measure. Then

/
[ L)+ via) = vl + 70)] dute.v)

- (ﬂf’v)ier%rfded [TL(x,v) + ¢ (x) — ¥(x + Tv)]

TL(T) = TL(x,v) du(x,v)

for every i € C’O(Tii). By taking the supremum over all ¢y € C°(T%), one obtains
a lower bound of 7L(7). Conversely, theorem 4.3 establishes there is u, € C°(T4)
such that
L(t) = inf L(x,v) + — + .
rI(r)= | nf (L) (@) - o)
The first identity is proved. Consider now an arbitrary sequence {zy} € (Rd)Z+.
Then for any n > 0

n—1 n—1
nL(r) <> Lo (g, Tp1) + us (20) — ug (@) <O Lr(@p, Tpr) + 2ty [o-
k=0 k=0

Dividing by n and letting n go to infinity, we obtain the above upper bound for
7L(7). Conversely, choose any optimal sequence {z} }r>0 in R? such that

rL(7) = Lo (2, 20 y) + ug () — wa(afyy)s Y k>0,

Dividing again by n and letting n go to infinity, we then obtain the above lower
bound for 7L(7) and the second identity is proved. O

Thanks to theorem 4.3, we know that the solutions u, of the Lax-Oleinik op-
erator are continuous. If in addition L is locally a-Hdélder continuous, the same
estimate of part ¢ in lemma 4.2 shows that u4 is also a-Holder continuous. In fact,
these solutions possess a stronger regularity if L is supposed to be semiconcave.
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Definition 4.6. A function F : T% x R — R is called semiconcave if, for every
R > 0, there exists a nondecreasing upper semicontinuous function g : Ry — R4
satisfying lim,_,o+ Or(p) = 0 and

tEE) + (1 = t)F@n) — FEE+ (1 = t)n) < (1 = D€ = nllor(lE — nll)

for all € = (z,v),n = (y,w) in RY x R? with ||[v]|, |w|| < R and for any t € [0,1].
We call {0r}r>0 a family of local modulus of semiconcavity for F. A function
G : T x RY = R is called semiconvez if —G is semiconcave.

Notice that in the case the function F'(x) depends only in z € T¢, semicon-
cavity is defined using a unique modulus € instead of a family {#r}r>0. Any
C?-Lagrangian L(z,v) is an example of a semiconcave function with modulus of
semiconcavity 0r(p) = Crp and Cg := 1 max,cqa max||y|<g || Hess(L) (2, v)][oo-
The proof is standard.

For more details on semiconcave functions, we refer the reader to the book of P.
Cannarsa and C. Sinestrari (see [14]). Let us examine how the forward Lax-Oleinik
operator Ty deals with semiconcavity.

Proposition 4.7. Let L(z,v) be a semiconcave C° coercive Lagrangian. Then any
solution u € C°(TY) of the forward Laz-Oleinik equation, Tiu = u — TL(T), is
semiconves.

Proof. Given z,y € R? and t € [0,1], set z = tz + (1 — t)y. Then there exists an
optimal z* € R¢ such that

uw(z) = u(z*) — L,(2,2%) + 7L(7)
with ||z — 2*||sc < TR,. Moreover
u(z) <u(z*) — Lo(x,2%) +7L(r) and  u(y) < u(z®) — L (y,2%) + 7L(7).
Combining these two inequalities and the previous identity, we obtain
fu() + (1 — Duly) — u(z) > —[toa(0, 2) + (1 = )Lr(y, 27) — £r(2,27)].
Let v* and w* be defined by z* = z 4+ 7v* and z* = y + Tw*. Hence
=zt + (1 —tw*) and  [[0*]se, |w*]ee < Ry + Hx%yuoo < 2R,.
Then
tu(z) + (1 = Hu(y) —u(z) =
> —T[tL(x,v*) + (1 —t)L(y,w*) — L(z,tv* 4+ (1 — t)w*)] >
2 2
> —7t(1 = )=l = yllocbor, (*llo — ylc)

using the fact that |[v* —w*||so = ||z —yllso. We have shown that Lu is semiconvex

with a modulus of convexity 6(p) = —26a5, (%p) O

Similarly, any solution u of the backward Lax-Oleinik equation T_u = u+7L(7)
is semiconcave as soon as L(x,v) is a semiconcave C° coercive Lagrangian.
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5 Calibrated and minimizing configurations

For conciseness, for any given configuration {zy }recz of points in R, for any m < n,
we call normalized interaction energy of a finite configuration the quantity
n—1

Lor( Ty Ty - - vy Tpy) 2= Z [LT(mk, Tpt1) — TL(T)] )

=m

ol

Let us recall from the introduction the fundamental definition of mimimizing
configurations.

Definition 5.1. Consider a bounded below C°-Lagrangian L(z,v). We say that a
configuration {xy}rez of points of R is a minimizing configuration if, for every
pair m < n,

LT(:L'ma Tm41y--- ,xn) < Lf(yma Ym+1,- - - 7yn)

whenever {ytrez satisfies Yy = Ty and yp, = x,. A configuration {xy}trez is
called strongly minimizing configuration if, for any two pairs m < n, m’ <n' and
any configuration {yyrez Satisfying Ymy = Tm and Y = T, (mod Z%), we have

LT(xm7 .I’erl, R 7$n) g ET(ym’? ym’+17 R 7y'nl)‘

For a coercive Lagrangian, notice that definition 3.8 implies consecutive jumps
Zg+1 — xp are uniformly bounded for strongly minimizing configurations {zx }kez,
namely,
sup || zg+1 — Tklloo < TR~
k€EZ
In order to introduce an important class of minimizing configurations, we will
need to consider the following notions.

Definition 5.2. Let L(x,v) be a C° coercive Lagrangian. A function u : R? — R
is a called sub-action (or T-sub-action if necessary) with respect to L if u(x) is
Z%-periodic, continuous and satisfies

TL(T) < 7L(x,v) + u(z) —u(z + m0), V (z,v) € T¢ x RY

More restrictively, u is called forward calibrated if it is a sub-action and

u(z) + 7L(1) = sup [u(z + Tv) — TL(z,v)], V€ T,
veRd

and similarly u s called backward calibrated if it is a sub-action and

u(z) + 7L(T) = inf [u(z — Tv) + TL(z — Tv,0)], Vaz€ T,
vER
Notice that the C? periodic functions u, u_ are forward or backward calibrated
sub-actions if, and only if, they are solutions of the forward or backward Lax-Oleinik
equations given in theorem 4.3. The existence of sub-actions has been proved under
the sole hypothesis of coerciveness.
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Proposition 5.3. Let L(x,v) be a C° coercive Lagrangian. If L is locally a-Hélder
continuous, then any forward or backward calibrated sub-action v € C°(T9) is a-
Holder continuous too. Besides, if L is semiconcave, then all forward calibrated
sub-actions are semiconvezr and all backward calibrated sub-actions are semiconcave.

Proof. The Holder case is an immediate consequence of part ¢ of lemma 4.2. The
semiconvex property is just a reinterpretation of proposition 4.7 as well as its ana-
logue for backward calibrated sub-actions mentioned after its demonstration. [

Observe that, in terms of the associated local interaction energy L.(z,y), a
sub-action u satisfies £, (z,y) > u(y) — u(z) + 7L(7) everywhere on R? x R%.

Definition 5.4. Consider a C°(T?) sub-action u for a C° coercive Lagrangian
L(z,v). A configuration {x}}rcz in RY is called u-calibrated if, for every k € Z, we
have L (z, Tpi1) = w(Tpy1) — u(xg) + 7L(T).

It is easy to see that calibrated configurations are minimizing and even strongly
minimizing. We show in the following lemma that the coerciveness assumption
implies the existence of calibrated configurations and therefore the existence of
minimizing configurations.

Lemma 5.5. Suppose L(x,v) is a C° coercive Lagrangian. If u € C°(T?) is ei-
ther a forward or a backward calibrated sub-action, then there exists a u-calibrated
configuration {xy, }rez in RY passing through some point xo € [0,1)¢ and satisfying
|@kt1 — Zllw < TR, where Ry > 1 has been defined in 3.8.

Lemma 5.6. Let L(z,v) be a C° coercive Lagrangian. If u € C°(T9) is an ar-
bitrary sub-action, then any u-calibrated configuration {x}rez in R? is a strongly
minimizing configuration satisfying |11 — Tkl < TRy for every k € Z.

Proof of lemma 5.5. Let u € C°(T?) be a forward calibrated sub-action. Thanks
to coerciveness, u verifies 7L(7) = miny, | <p, [TL(z,v) + u(z) — u(z + 7v)] or

lloo

TL(r)=  min_ [L(z,y) +u@) —u(y)], VeeR’
v lly—zlloc<7Rr

Hence, for every positive integer n, consider a configuration {z} }x>_n in R? such
that |2} — 27, llc < 7R, and 7L(1) = Ly (2}, 2},,) + u(z}) — u(z}, ) for all
k > —n. Since L.(z + s,y + ) = L,(z,y) for s € Z? we may assume that
zp € [0,1)? for every n > 0. In particular, we get that ||z < 7R-|k| + 1 for all
k > —n. By a diagonal procedure, we extract a configuration {xy}rez satisfying
TL(1) = L7 (2g, Tpp1) + w(xr) — u(zpy1) for any integer k. A similar proof can be
developed for C°(T%) backward calibrated sub-actions. O

Proof of lemma 5.6. Let {xy}rez be a u-calibrated configuration. Thanks to defi-
nition 3.8, if |Tx41 — Tk|leo > TR,, then

w(wpy1) —w(ag) + 7L(T) = Lo (Tk, Trg1) > )

> Lo(xp, X1 — [Thr1 — Tx]) = w(@pyr — |2rr1 — zk]) — w(zg) + 7L(7).
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The periodicity of u implies that the strict inequality cannot happen. Therefore,
|xk+1 — k|l < TR, for all k € Z. Moreover, for any m < n, for any configuration
{yr}rez in R? satisfying s = x,, and y,, = x,, (mod Z%), since

LT(l'ma Tm+1y--- ,.In) = U(xn) _u($m) = U(yn’) _u(ym’) < Z:"r(ym’7 Ym/+15 -+ yn’)a
we obtain that {zj}rez is a strongly minimizing configuration. O

Notice that the existence of a u-calibrated configuration of a sub-action gives
an equivalent definition of the holomic minimizing value L(7) as defined in 3.5

n—1

Z LT(xk7 xk+l)'

k=m

rL(r)= inf lim inf !
{zr}e(Rd)? n—m=o0 N — 1M

Furthermore, w-calibrated configurations are examples of critical configurations
without assuming any ferromagnetic condition.

Lemma 5.7. Let L(x,v) be a C' coercive Lagrangian. Any u-calibrated configura-
tion of some C° periodic sub-action u is critical.

Proof. Let {zk}rez be a u-calibrated configuration. Lemma 5.6 implies {xy }rez is
minimizing and in particular satisfies

Lo(Thot1, T, Th1) < Lr(Tho1, 2, 2441), Vo € RL

Therefore aaﬁyf (mk,l,xk)—i—%(xk,:rkﬂ) =0forall k € Z and {zg}rez € I'7(L). O

We have seen in remark 3.6 that any holonomic measure can be lifted to a
shift-invariant probability measure in ¥/, and that

T7L(T) = min /2/ Lo (xo,x1) dip(z).

[ o—invariant

We show in the following proposition how to lift some minimizing holonomic prob-
ability measures to (I'+(L), o) or equivalently to (T¢ x R &.).

Proposition 5.8. Let L(x,v) be a C! ferromagnetic coercive Lagrangian, then the
minimizing holonomic value of L is given by

L(7) = min { /L(x,v) du(z,v) : p € Po(T¢x RY), p Q)T—invariant}.

Proof. We already remarked that any ®,-invariant probability is holonomic, then

L(7) < min { /L(:E,U) dp(z,v) - p € Po(TEx RY), p @T-invariant}.

If {2} }rez is a u-calibrated configuration for some C° periodic sub-action u, then
{zk}rez € T'7(L) by lemma 5.7. Therefore, thanks to the conjugation between
(T (L),0) and (T? x R, &,), if vy := 4% then (z,vx) = ®F(x0,v0) for all

T )
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k € Z and vy, is uniformly bounded by lemma 5.6. Let u € P-(T? x R?) be a weak
limit of some convergent subsequence

n;—1
1 1

Hony = =~ Z 6@5(%1710)‘
™o

Then p is &, -invariant and we have

/L(m,v) dp(z,v) = lim 1 Z L o (0, v0)

We will see in the next section that, for ferromagnetic Lagrangians, all mini-
mizing holonomic measures are actually ® -invariant.

6 Graph property and Mather set

In the setting of continuous-time periodic, strictly convex, superlinear and complete
C?-Lagrangians on a compact and connected C* manifold, J. N. Mather showed
(see [51]) that measures invariant under the Euler-Lagrange flow which are action
minimizing can be seen as Lipschitz sections of the tangent bundle. Our main goal
in this section (see theorem 6.10) is to obtain a similar graph property.

Definition 6.1. Let L(z,v) be a CY coercive Lagrangian. We call Mather set the
set

M, (L) = closure(U {supp(p) : pe P(T% x RY) and p is mz’m’mizmg}),

where supp(p) denotes the support of the probability p.

Proposition 3.7 implies that minimizing holonomic measures do exist, which
shows that the Mather set is nonempty.

Definition 6.2. Let L(z,v) be a C° coercive Lagrangian and u be a C° periodic
sub-action for L. We call nil locus of u the set

N-(L,u) = {(z,v) € T x R? : 7L(z,v) = u(z + 70) — u(z) + TL(7)}.

We observe that coerciveness guarantees all nil loci are nonempty. The following
proposition shows that N (L, u) actually contains the support of any minimizing
holonomic measure.

Proposition 6.3. Let L(x,v) be a C° coercive Lagrangian. Then, for any sub-
action u € C°(T4) with respect to L, we have M (L) C N, (L, u).
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Proof. Consider a minimizing holonomic measure p € P,(T? x R?). Since one has
both 7L(z,v) + u(z) — u(z + 7v) — 7L(7) > 0 and

/ [TL(z,v) + u(z) — u(z + Tv) — 7L(7)] dp(z,v) =0,

7L(z,v) = u(z + 7v) — u(x) + 7L(7) holds everywhere on the support of . O

As in the proof of lemma 5.6, the coerciveness assumption of L implies that any
nil locus is compact. More precisely, we have

Corollary 6.4. Let L(x,v) be a C° coercive Lagrangian and u € C°(T?) be a sub-
action with respect to L. If (x,v) € N-(L,u), then ||[v||ec < R-. In particular, the
support of any minimizing holonomic measure is compact.

Proof. If ||v||c > R-, then L(z,v) > L(z,v — L|rv]). Assume (z,v) € N;(L,u),
then

- 1
u(z + 17v) — u(x) = 7L(z,v) — 7L(1) > 7L(2,v — =|7v]) — TL(7)
T
1
>u(z+7(v— ;LTUJ)) —u(z) = u(x + 7v) — u(x).
We obtain a contradiction, therefore ||v]|o < R;. O

We assume from now on in this section that L is C' and coercive. We prove
that any sub-action is continuously differentiable on the projected Mather set
pri(M(L)), where prt : T¢ x R? — T? denotes the first canonical projection.
When L is in addition ferromagnetic, we prove that M,(L) is a graph over its
projection into T?. Recall that II, has been introduced in definition 2.6.

Lemma 6.5. Let y be a holonomic measure with compact support, then for any
x € pri(supp(p)), there exists a configuration z := {xy}rez in R? such that xg = =
and I o o*(2) = (g, 2="2) € supp(p) for all k € Z.

Proof. From proposition 3.4, we naturally associate to p a normalized invariant
transshipment 7 in R? x R%. Let pr? : R4 x R — R be the two canonical
projections. Since p has compact support, the support of 7 has compact horizontal
and vertical slices. Then S12 := pr2(supp(7)) are closed sets. We always have
5§12 C supp(pri?(n)). Since S'2 are closed, necessarily S%2 = supp(pri?(w)).
Since 7 is a transshipment, prl(m) = pr2(7) and S' = S2. Let xo € S, then
there exists x1 such that (xg, 1) € supp(w). Since 71 € S? = S, there exists xo
such that (x1,z2) € supp(n), and so on. We thus obtain a forward and backward
orbit {xg}rez of points (zg,zx+1) in the support of 7w or equivalently an orbit
{(z, vk = (Tk+1 — xk)/7T) }rez of points in the support of . O

In order to prove the differentiability of any sub-action on the projected Mather
set, we introduce two intermediate notions of calibration.
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Definition 6.6. Let u € CO(R?) be a Z%-periodic sub-action for L. A couple
(w0, 71) € RY x R? is called u-calibrated if Lr(zg,21) = u(z1) — u(z0) + 7L(7).
A triple (z_1,z0,21) s called u-calibrated if both (x_1,x0) and (zg,z1) are u-
calibrated.

Lemma 6.7. Let L(x,v) be a C' coercive Lagrangian and u € C°(T9) be a sub-
action. Then, for any u-calibrated couple (xg,x1) € R? x R, we have

0L,
i <
lim sup By (xo,xl),hﬂ <0 and

1
IR flco—0 [[lloo

[u(xl +h) —u(z1) — (

o,
ox

[u(xo +h) = ulwo) — ( (z0,71), h>] > 0.

lim inf
[A]|oc—0

1
| [172/loc

Proof. Indeed, since u is a sub-action, we have on the one hand

u(z1 +h) < u(zo) + L7 (0, 21 + h) — 7L(7) and
u(r1) < u(wo 4+ h) + Lo(wo + h,x1) —7L(T), VYV heR

On the other hand, u(z1) = u(wg) + £, (z0,71) — 7L(7), which implies

u(zy + h) —u(zy) < [LT(.%'(), x1+h)— LT(mo,ml)] and
u(xg + h) —u(xg) > [LT(:L'O, x1) — Lo (2o + h, :Bl)]
The lemma follows from the differentiability of L. O

Although we could use the theory of subdifferentiability to derive the next
lemma, for the sake of completeness, we prefer to give a direct proof.

Lemma 6.8. Let L(z,v) be a C' coercive Lagrangian and u € C°(T?) be a sub-
action. Let X.(L,u) denote the set of mid-points xo of all u-calibrated triples
(xfl,-fo,l‘l)-

i. If (x_1, 0, 1) is u-calibrated, then u is differentiable at x¢ and

0L, 2L,
Du(zo) = oy (z-1,m0) = — Ep (zo,71)

oL ro — L1 oL 1 — X oL Tr1 — X0

= %(mq, s )= %(950’ ) - T@(% )

ii. The map Du : K. (L,u) — R is uniformly continuous independently of u.

wi. If L is in addition ferromagnetic, then there exists at most one u-calibrated
configuration passing through any xo € RY.

Proof. Item i. On the one hand, a u-calibrated triple is critical as in definition 2.3.
Let V be the common derivative

oL, oL,
V= ay (33_1,.%'0) = — o (330,1'1).
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On the other hand, lemma 6.7 implies that

h) —ulzo) = {V, h h) — u(xo) — (V,h
limsup ") —wlw0) = (Voh) e W@+ R) — ulo) — (V. R)
Illoc—0 12l [lloe—0 1h]loo

which shows that Du(xg) = V.

Item ii. We begin by showing that there exists a positive function C;(h) defined
for all h € R?, depending only on 7 and L, such that C;(h) — 0 when h — 0 and

u(zo + h) — u(xo) — (Du(xo), h)| < Cr(h)[|A]loo,

for all h € RY, all 29 € X, (L,u) and all sub-action u. Let (x_1,z0,21) be a
u-calibrated triple. On the one hand,

u(zy) — u(xg) — Lr(xo,21) = —7L(7) > u(w1) — u(xg + h) — Lo (xo + h, x1),
and by eliminating u(x;) one obtains

u(zo+h) —u(xo) — (Du(zg),h) > — |Lr(xog+h,x1) — Lr(x0,21) — <%($0,$1).h>].

On the other hand,

u(wo) —u(w—1) — Lr(x-1,20) = —7L(T) = w(zo + h) — u(@-1) — Lr(T-1,20 + D),
and by eliminating u(x_;) one obtains

0L,

u(zo+h) —u(zg) — (Du(zo), h) < Lr(x_1,20+h) = Lr(x_1,20) — 3y

(x_1,20), h).

Notice that ||zg — 2_1]|c0, |21 — Z0]lcc < TR(7) whenever (x_1,x0,21) € K- (L,u)
and that £, (z,y) is invariant by the diagonal Z%translation. Define

oL oL
Cl h) .= U~ T h) 0L 7
T( ) Hl'l—wf)ﬂi);TR(T) slél[gﬁ] H oz (xo § xl) o ('TO xl)Hoo
oL oL
C"(h) = ma; ma ——(x_1,20+ sh) — —(x_1,x '
7'( ) on,x_1||;(§73(7)8€[0§} H dy ( 1,0 ) 2y ( 1 O)HOO

Then Cr(h) = max(CL(h),C”(h)) is the desired function.
We now show that Du(zg) is uniformly continuous on X, (L, u). Notice that

lu(xo) — u(xg — h) — (Du(xo), h)| < Cr(—=h)||h|cs, ¥ heRY
Let o and zf, be two distinct mid-points of K (L, u). Then, for any h,

u(zo + h) — u(xo) — (Du(xo), h)| < Cr(h)||h]loo,
u(z) — u(zo + h) = (Du(p), 2 — xo — h)| < Cr(wo + h = 2p) [0 + h = ] oo,
|u(z0) — u(xp) — (Du(x), w0 — 20)| < Cr(wo — 2)l|z0 — 20| o0-
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By adding the three inequalities and by taking any ||kl = ||z0 — 2{||c0, We obtain
|{(Du(ap) — Du(wo), )| < Cr (2o, 20) 12| oo

where C7 (20, %) = SUP|4| . —|lzo—a} |0 (O (h) + 207 (20 + h — xg) + Cr(z0 — 20)]-
Therefore ||Du(zg) — Du(z()|lco < Cr(x0,2f) and Du(zp) is uniformly continuous.

Item . If {xy }rez is a u-calibrated configuration, then Du(xy) exists for all k£ and

the two equations Du(zy) = %Lyf (xk—1, ) and Du(xg) = —%ﬁ; (g, Tk41) shows

that x;_1 and zp41 are known as soon as zy is known and L is ferromagnetic. O

The following proposition is now a direct consequence of proposition 6.3 and
lemmas 6.5 and 6.8.

Proposition 6.9. Let L(z,v) be a C' coercive Lagrangian. Then any sub-action
u € CO(T) with respect to L is continuously differentiable on the projected Mather
set pr'(M, (L)), where pr' : T¢ x R — T? denotes the first canonical projection.
If L is in addition C*', then Du : pr'(M, (L)) — R is Lipschitz uniformly in u.

Proof. Recall from lemma 6.8 that X (L,u) denotes the set of mid-points of u-
calibrated triples. From lemmas 6.5 and proposition 6.3, we deduce that

prt (M, (L)) € K (L,u).
From 6.8, we obtain that Du : T — R? is continuous. O

Mather graph property is then an easy consequence of the previous study in the
case of ferromagnetic Lagrangians.

Theorem 6.10. Let L(x,v) be a C' ferromagnetic coercive Lagrangian. Then there
exists a continuous map

Vo oprt (Mo (L)) = RY, Vel < Ry,
such that M(L) is a graph over its projection, that is,
M (L) = graph(V;) = {(z, V;(2)) |2 € pr' (M (L)}.

Moreover, M, (L) is compact and ®,-invariant, any minimizing holonomic proba-
bility measure p is ®-invariant and, for any sub-action v € C°(T?), one has

OL oL

Du(z) = -~ (z, Vo (2)) = 72— (2, Vo (), ¥z €pr!(M(L)).

Ov ox
Proof. Let u € C°(T?) be any sub-action. From lemma 6.8, we know that Du(x)
exists and is continuous for all z € K, (L,u). Since L is ferromagnetic, we define
uniquely V() by the following implicit equation

oL oL

Du(z) = %(SL', Vi(z)) — Ta(m, Vi(z)), YazeX (L u).

Then V, becomes continuous on K, (L, u).
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Assume now that x € pr'(M,(L)). Consider a point x_; € T? with (z_1,2)
u-calibrated. Take v € R? such that (z,v) € M,(L) and define x1 = 2 + 7v. Then
(x_1,x,x1) is u-calibrated and, thanks to lemma 6.8, we have

oL oL
D’U/(x) = %([E,’l}) — T&(.T, U).
Necessarily v = Vi (z), ||Vr(2)|loo < R; and V,(x) is independent of the choice of
u. From lemma 6.5, we know there exist u-calibrated triples passing through =
consisting of points of pr'(M,(L)). From the ferromagnetic property, we deduce
that this triple is unique. Thus 21 € pr!(M, (L)) € X,(L,u) and
oL 0L OL

Du(zy) = %(Jc, Vi(z)) = %(xl, V(1)) — T%(xl,VT(m)).

From the definition of ®, (see definition 2.5), we obtain
O (z,v) = (z+ 710, Vo(z+70)), V (2,v)€ M (L).
In particular, @, preserves the Mather set (the reverse inclusion is proved similarly)
&, (M, (L)) = M, (L),

Let p € P,(T? x R?) be a minimizing holonomic probability measure. For any
bounded Borel function ¢ : T¢ x R? — R, from the previous identity, we have

/(p o @ (z,v) du(z,v) = /M " o (z+ 710, V(2 + 10)) dp(z,v)
= | @ Vile) dutav) = [ ¢ (@0) dutao),
M, (L)

which means the ®,-invariance of the measure pu. O

The last statement of theorem 6.10 is similar to a known result in the case of
Lagrangian theory. For a continuous-time periodic, strictly convex, superlinear and
complete C*°-Lagrangian on a closed Riemannian manifold, R. Mané showed (see
proposition 1.3 of [44]) that any minimizing holonomic measure is invariant under
the Euler-Lagrange equations.

7 The Aubry set

In Aubry-Mather theory for continuous-time Lagrangian dynamics, there are gen-
erally two strategies for introducing the Aubry set: A. Fathi’s formulation (see
[23]) using the notion of conjugate weak KAM solutions and G. Contreras and R.
Iturriaga construction (see [17]) using the notion of static curves. Both approaches
request intrinsically a differentiable Lagrangian.

We have chosen a different approach which is closer to a more usual definition
in ergodic optimization theory and which has the main advantage of requiring only
C° smoothness. The Aubry set will be introduced using the following concept.
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Definition 7.1. We call periodic configuration of type (q,p) a finite configuration
(zo, 21, ,1q) of points of R such that xqy = xo+p, ¢ > 1 and p € Z%. Such a fi-
nite configuration determines uniquely a bi-infinite configuration {xy}rez satisfying
gk = T +p for all k € Z.

The notion of Aubry point below is similar to the one of non-wandering point
with respect a potential used in ergodic optimization (see, for instance, [18, 31, 32]).
A similar projected Aubry set in [35] has also been used in the discrete Aubry-
Mather problem. Recall that £, (zo, 1, - ,24) = 30—t [Lr(zh, Thr1) — TL(T))].

Definition 7.2. Let L(z,v) : T x R — R be a C° coercive Lagrangian. A point
(z,v) € TTxR? is said to be an Aubry point if, for any € > 0, there exists a periodic
configuration of type (¢,p), (xo, 1, ,2q), such that

<e.

|z — 20llo <€ |[z4+T0—21]|0o <€ and |Lr(z0, 71, ,24)
The Aubry set A-(L) is by definiton the set of all Aubry points.

Notice that the Aubry set depends on L modulo any coboundary, that is, for
all function » € C°(T?) and any constant ¢ € R, A, (L) = A (L — A — ¢),
where A;9)(z,v) := ¥(z + 7v) — ¥(z). Notice also that L, (zg,z1, -+ ,z4) > 0 for
any periodic configuration of type (g, p), since L, (zg,z1,- -+ ,2,) is unchanged if,
instead of L, we use L — %ATu — L(7) > 0 for some sub-action u.

It is easy to see that the Aubry set is a closed subset of T¢ x R?. The fact that
it is a non empty set is proved in the following proposition.

Proposition 7.3. Let L(z,v) be a C° coercive Lagrangian and u € C°(T%) be a
sub-action with respect to L. Then M, (L) C A;(L) C N (L, u).

Proof. We begin by proving the second inclusion. Define the associated normalized
Lagrangian E(z,v) := L(z,v) — L[u(z 4+ 7v) — u(z)] — L(7) and the corresponding
interaction energy &, (z,y). Then E(z,v) > 0 for all (x,v) € T¢xR% and E(r) = 0.
For any € > 0, there exists a periodic configuration (zg,z1,--- ,x4) such that

0 < & (20, 21) < Er(x0, 71, xq) = Lr(xo, 21, ,2q) < €

Letting € go to 0, we obtain &, (x,z + 7v) = 0 or (z,v) € N-(L,u).

We now prove the first inclusion. The proof of this part is non trivial and
requires the use of Atkinson’s theorem which we recall in 7.4. Let y be a minimiz-
ing holonomic probability measure and (z,v) € supp(u). By proposition 3.4, the
measure 4 can be lifted to a normalized shift-invariant Markov chain & on X/..
Remark 3.6 tells us that [ is a minimizing shift-invariant probability in following
sense
TL(T) :/ Lr(xo,z1)dpp(z) =  inf / L, (zo, 1) dv(z).

2/ v o-invariant 2/
Take € > 0. Let B denote an open ball of radius n(e) € (0,¢) around the point
(z,v) such that the oscilation of £, (xo, 1) on B. := II-1(B,) is less than e. Then
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fi(Be) = p(B.) > 0 and, by the ergodic decomposition theorem (see, for instance,
chapter 7 of [36]), there exists an ergodic minimizing shift-invariant probability
which satisfies

§(B)>0 and rL(r) = /Z | el n)dia).

Atkinson’s theorem implies that there exist a point z = {xp}trez € B, and in-
finitely many positive integers ¢ such that o%(z) € B, and |L, (g, 1, - ,x4)| < €.
By definition of B., we may assume zg and 21 close to z and x 4+ 7v within 7(e).
Moreover, x is close to xg +p within 7(e) for some p € Z¢. We have obtained a pe-
riodic configuration (z4, —p,x1,- - ,z4) beginning close to (x,x +7v) and satisfying
L7 (zg — p, 71, ,24)| < 26. We have shown that (z,v) € A, (L). O

Atkinson’s theorem is well known. We recall the statement for completeness.

Theorem 7.4. (Atkinson’s theorem [2]) Let (Z,&, \) be a probability space,
T :Z — Z an ergodic measure preserving map, f : Z — R an integrable function,
f €LY\, and D € € a measurable set of positive measure, \(D) > 0. Denote

E(f,D)::{zeD . Ve>0, 3n>1 with
n—1
T"(z) € D and }ZfoTk(z)—n/fd)\|<e}.
k=0 Z

Then X\ (E(f, D)) = A(D).

We want now to prove that any sub-action is continuously differentiable on
the Aubry set. We first show that a finite configuration with bounded interaction
energy has bounded jumps independently of the length of the configuration.

Lemma 7.5. Let L(x,v) be a C° coercive Lagrangian. Then for any E > 0 there
exists Rg > 0 such that, for any n > 1 and any finite configuration (xg, 1, ,Tn)
of length n with interaction energy bounded from above by F,

Lo(xo, 21, ,2,) <E = |ar —2h_1l|oc < Rp, YVk=1,---,n.

Proof. Let u be a fixed CO(Td)isub—action. By coerciveness of L, for every F > 0
there exists Rp > 0 such that |L,(z,y)| < E+4[jullo = ||y — || < Rp. Then

0 < Lr(wpo1, k) + u(wp—1) — u(zy) <
< LT(m0>$17 T ,ZL‘n) + U(l‘o) - U(ZL‘n) <E+ 2||U||0,
L (@p—1,2%)| < B+ 4lullo and ||z, — zx-1[| < R O
We can now extend the conclusion of proposition 6.9.

Proposition 7.6. Let u € C°(T?) be a sub-action with respect to a C coercive
Lagrangian L(z,v). Then u is continuously differentiable on the projected Aubry
set pri(A,(L)). If L is in addition CY' then Du : pr'(A,(L)) — R is Lipschitz
uniformly in u.



32 EDUARDO GARIBALDI AND PHILIPPE THIEULLEN

Proof. As in the proof of proposition 6.9, we just need to prove that
pri (A, (L) C K, (L, u).
We normalize again by defining
Er(moy v n) = Lo(x0, -y Tn) + ulz0) — ulzy) > 0.

Let (z,v) € A-(L), x0 =  and 21 = x+7v. Then there exist a sequence of periodic

configurations (:L'f), a:ll, e ,:L"f] (l)) and a sequence of integers p' € Z% such that

l l l l [ c | l
Ty = To, T —T1, Tygy =g +p and E(xp,ay, @) = 0.

From lemma 7.5 we obtain that {xé(l) - xé(l)—l}l is uniformly bounded. One can

extract a converging subsequence of {xfl (-1~ pl}l to some z_; € R%. Since

O S é’r(xfl(l)_l - pl7 xf](l) - pl) S éT(xéa xlh T 7:62([))7

Er(z_1,20) =0 and (z_1, 0, 21) is a u-calibrated triple: x € K, (L,u). O

We can now improve theorem 6.10 in the ferromagnetic case. As in definition 2.5,
we recall that (T? x R? &,) denotes the discrete Euler Lagrange map.

Theorem 7.7. Let L(x,v) be a C' ferromagnetic coercive Lagrangian. Then
Ar(L) is compact, ®r-invariant and equal to the graph of some continuous map

V, i pri(A- (L)) — RZ

Proof. The proof is similar to the proof of theorem 6.10 thanks to the fact that
pri(A,(L)) € K, (L,u) for any continuous and periodic sub-action u and to the
fact that any = € prl(A,(L)) is the projection of a configuration x = {z}}rez
satisfying IL, (o%(z)) € A, (L) for all k € Z. This is similar to lemma 6.5. The proof
of this fact is given in the following lemma 7.8. 0

Lemma 7.8. Let L(x,v) be a C° coercive Lagrangian. For any (z,v) € A, (L) there
exists a configuration x = {x }rez of points of R? such that T1.(zg, z1) = (z,v) and
0, (c*(z)) € A-(L) for all k € Z.

Proof. We begin by normalizing L by assuming L(x,v) > 0 and L = 0. Let
(x,v) € Ar(L), o = = and x1 = x¢ + Tv. Then there exists a sequence of periodic
configurations z! = (x%), o ,xfl(l)), xé(l) = xé + pt for some p' € Z% such that

l l r Ll l
zg = xo, @1 — a1 and 0< Lr(zg, 21, ,2) — 0.

From lemma 7.5 we know there exists R > 0 such that all jumps are bounded
uniformly, ||:U§C - :UQH lloo < R for all k € Z. By a diagonal procedure of extraction,
there exists a subsequence of {z'};, that we call again {z'};, such that, for all
k > 0, when [ — 0o one has xﬁc — x and a:f](l)_k —pt — x_y, for some configuration
{zk}rez. By definition of the Aubry set, each I (zy, xg4+1) belongs to A-(L). A
special care should be given in the previous argument when the length [ remains
bounded. O
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8 Mané potential and Peierls barrier

We introduce in this section two new definitions: the Mané potential and the Peierls
barrier. We prove that these notions give an equivalent characterization of the
Aubry set and that they give a different way to construct calibrated sub-actions.
They will play a fundamental role in the next section to classify all calibrated
sub-actions.

Definition 8.1. Let L(z,v) : T¢ x R — R be a C° coercive Lagrangian. We call
Ma7ié potential the function Sy : R x R* — R defined by

S-(x = inf inf inf L-(xg,...,z,)=inf inf inf L.(xg,...,2,).
7'( 7y) n>1 pezd To=1 7'( 05 y n) n>1 pezd wo=z+p T( 05 5 n)
Tn=Y+p Tn=Yy

Notice that S-(x,y) is periodic in both variables z and y.
We first give obvious properties of the Mané potential.
Remark 8.2. For any z,vy, z in R%, we have
i. Sr(x,y) < inf,,czq [LT(x,y +p) — TE(T)] < Lo(x,y) —7L(1) = L. (2,9),
i u(y) —u(x) < Sy(x,y), for any sub-action u € CO(TY),
ii. Sr(z,y) < Sr(z,2) + 5:(2,y),
iv. Sy(x,z) > 0.

We just have seen that coerciveness implies the Mané potential is a finite func-
tion. We show in the next propostion that S;(x,y) is continuous with respect to
both x and y.

Proposition 8.3. Let L(x,v) be a C° coercive Lagrangian. Then

i. S-(z,y) : R x R? — R is continuous and periodic in x and y,
ii. For every x,y € R, S;(z,-) and —S.(-,y) are CO(T?) sub-actions.

Proof. We prove the first assertion. Fix ¢ > 0. Take arbitrary points (z,v), (2, )
in R% x R%. Then there exist two configurations (zq,...,Zm), (Yo, .., ys) and two
vectors with integer coordinates r, s € Z% such that

Lr(x0,y oy Te1, T +7) < Se(z,y) +€/2, z0=2, T8 =1,
Lr(yo+ 8,91, yn) < Sr(@,y) +€/2, yo=2, yo=y.
Then S;(2/,y')—S-(z,y) = S-(2',y")—S:(z,y")+S:(z,y")—S-(x,y) can be bounded
from above using the estimates
S (2, y) — Sr(z,y) <
<L w1, o1,y 1) = Loz, m1, T,y )+ €/2

< LT(xl,IEl) - LT('Ia:El) + E/Qa
Sr(x,y') = Sz(2,y) <
LT(IL’—F S, Y1,- - )yn—l)y/) - LT(x + S, Y1, - - 'ayn—lay) + E/2

ZT(yn—la y/) - Z‘T(yn—la y) + €/2
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Since S;(z,y) is uniformly bounded from above by periodicity and item i of re-
mark 8.2, lemma 7.5 guarantees that the points x; and y,_1 which depend on €
and x, y, ' and 3y’ are uniformly bounded. So the estimation above shows S, is a
continuous map.

The second assertion is an immediate corollary of item 4 of remark 8.2

So(z,2) — Se(x,y) < S;(y,2) < Lr(y,2) — 7L, Yy,zeRY,
or in terms of the Lagranigan L
Sy (z,y +7v) — S;(z,y) < TL(z,v) — 7L, ¥ (y,v) € T? x R%

We just have proved that S:(z,-) is a sub-action. Similarly —S-(-,y) is a sub-
action. ]

For a C” coercive Lagrangian, we clearly deduce S, (x,z) > 0 from item 4 of
remark 8.2. We show in the following proposition that S;(z,x) = 0 characterizes
the Aubry set.

Proposition 8.4. Suppose L(z,v) is a C° coercive Lagrangian. Then Sy(x,z) =0
if, and only if, x (mod Z9) € pri(A,(L)).

Proof. Let us first show that (z,v) € A-(L) implies S;(x,z) = 0. One can find a

sequence of periodic configurations (xé, xll, . >$£;(l))’ l’lq(l) = 1‘6 + pt, such that
ah =z, ol —sx4+7v and L,(zh, 2, ... ,arlq(l)) — 0.
Since S, (2}, x}) = ST(xf),xfI(l)) < Lo(zh, o, ... ,xé(l)), thanks to the continuity of

S; and item iv of remark 8.2, we obtain S;(z,z) = 0.

Conversely, assume S;(z,x) = 0. Then there exists a sequence of periodic con-
figurations (z, . . . ,:):f](l)) such that z}, = v = xé(l) —ptand L, (z, 2, ... ,mé(l)) — 0.
Thanks to lemma 7.5, mll — 1:6 remains uniformly bounded. So one can find a sub-
sequence of I’s such that {(x} —2})/7}; converges to some v € R%. By definition of

the Aubry set, (z,v) € A-(L). O

Mané potential enables us to construct continuous sub-actions without using
the Lax-Oleinik operator. These sub-actions may not be calibrated. We introduce
in the following definition a barrier which is similar to Mané potential, being con-
tinuous, periodic with respect to both variables and in addition defining calibrated
sub-actions (see theorem 8.10).

Definition 8.5. Let L(z,v) : T? x R? — R be a C° coercive Lagrangian. We call
Peierls barrier the function hy : R x R4 — R U {400} defined by

h,(z,y) = liminf inf  inf L (x0,...,7,) = liminf inf inf L, (wg,...,z).
n=4oo pezd  TOTE n—+00 pezd To=r+p
Tn=yY+p Tn=y

Again notice that h,(x,y) is periodic with respect to both variables x and y.

We first gather simple properties of the Peierls barrier.
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Remark 8.6. For any z,y, z in RY
i. Sr(z,y) < hy(z,y),

ii. he(z,y) < Sy(z,2z) +h(z,9),

iii. hy(z,y) < h(z,2) + S-(2,9).

We will prove in a moment that h,(x,y) satisfies additional properties: h,(z,y)
takes finite values (proposition 8.7), h,(x,-) and —h.(-,y) are continuous, periodic
calibrated sub-actions for all x,y € R? (theorem 8.10).

We first prove that S; and h; coincide on the projected Aubry set.

Proposition 8.7. Let L(x,v) be a C° coercive Lagrangian. Then for any points
z,y (mod Z%) € pri(A,(L)), S-(x,-) = h,(z,-) and S-(-,y) = h-(-,y). In particu-
lar b (z,vy) is finite for all x,y € R

Proof. We only prove the first identity. Let 2 (mod Z%) € pr'(A,(L)) and y € R%.
For every ¢ > 0, there exists a configuration (x,%1,...,%m_1,y + §) in R with
m > 1 and s € Z%, such that

Lo(z,y1, -y Ym—1,y + 5) < S-(x,y) + €/2.

As S;(z,z) = 0, for every positive integer [, one can also find a finite configuration
(z,21,...,Tp 1,2 +7), with n > 1 and r € Z%, such that

Lo(x,xp,...,xp_1,2 4+ 1) < €/2l.

Notice that the configuration

(x,x1,. . Tp—1,x+ 12147, Ty T+ 201 20 Ty F 27,
e+ {l=Dr...;en 1+ —Dryx+rlyr +lry .. ym—1 +lr,y+1r +5)

is of the form (29, 21, . . ., Zni+m) satisfying zo = x, zpi4m =y + Ir + s and

L (205 2nigm) < 1lr(z 21, . Tn1,2) + Lo (Y, yts -y Ym-1,Yy) < S-(z,y) + €

Since [ can be chosen arbitrarily large, we deduce that h,(z,y) < S-(x,y)+e€, which
immediately yields h-(z,y) < S-(z,y).
The fact that h-(x,y) is finite comes from the inequality

h;(z,y) < S7(z,2) + hr(z,y) = Sr (2, 2) + S-(2,v),
where z € pri(A,(L)) is arbitrarily chosen. O

Thanks to proposition 8.3, we conclude that h;(z,-) and —h.(-,y) are contin-
uous, Z%periodic sub-actions with respect to L as soon as z,y € pri(A,(L)). As
a matter of fact, they are also calibrated sub-actions on the projected Aubry set
(which is a first step in the proof of theorem 8.10).
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Proposition 8.8. Let L(x,v) be a C° coercive Lagrangian.
i. For any x (mod Z%) € pr*(A.(L)), S(z,-) is backward calibrated.
ii. For any y (mod Z%) € prl(A,(L)), —S;(-,y) is forward calibrated.
Proof. We need to show that, for every ' € R%, there exists y € R? satisfying
he(z,9) = he(z,y) + L (y,y).-

Since h,(z,-) is a sub-action, we already know that h,(z,vy’) < h,(z,y) +L.(y,9).

Conversely, one can find a sequence of configurations in R¢, (a:lg, :(:’f, e ,xﬁ ( k)), such
that xf = 2 + p* for some p* € 74, azﬁ(k) =1/,
n(k) = 4+oo and L, (zk of ... 7$Z(k)) — h.(z,v).

Thanks to lemma 7.5, a subsequence of {xlri(k)—l}k converges to some y € R%. Then

h»,—(.’]?, fo(k)—l) + LT(qu?L(k)_p y/) S

92
z

T(xvxﬁ( )+ ET(fo(k)—lvy/)

Letting k go to 400, we obtain h,(z,y) + £,(y,v') < h,(z,y'). In an analogous
way, we can prove that —h.(-,z) = —S.(-, z) is a forward calibrated sub-action. [J

We have seen that S;(z,-) and —S;(-,y) are continuous, periodic sub-actions
for any x,y € R%. The following proposition shows that the Peierls barrier can be
defined using Mané potential. (That fact will be used in the proof of theorem 8.10.)

Proposition 8.9. Assume L(z,v) is a C° coercive Lagrangian. Then

h,(z,y) = min S(z,2) + S-(z,y)], VazyeT
(x.y)= _ min [Sr-(,2) + 8 (2,9)] y
Proof. Proposition 8.7 tells us h-(-,y) = S:(-,y) and h,(z,-) = S;(x,-) whenever
z,y € pri(A-(L)). Hence, from item ii of remark 8.6, we immediately get
h,(z,y) < min Sr(x,z)+ S:(2,9)|.
(wy)< _ min [Sr(z,2) + Sr(2,y)]
So it suffices to find 2z € pr(A,(L)) satisfying S, (x,2) + S (2,y) < h-(z,y). Let
u be a C°(T?) sub-action. By taking L(z,v) — Lu(z + 7v) —u(z)] — L(r ) we may
assume L > 0 and L(r) = 0. Let £,(z,y) = 7L(z, 1(y — 2)) for z,y € RY.
By definition of h, (=, y), there exists a sequence of configurations (zf, ..., T k))

k()_y+pa

in R? of length n(k) and a sequence p* € Z? such that 2§ = z, Ty
n(k) — +oo and hm Lo(xf,... ,xﬁ(k)) =h.(z,y).

Since h,(z,y) < oo and £, > 0, for k large enough, one can find m(k) and m/(k)
in {0,...,n(k) — 1} such that

m/(k) —m(k) = [Vnr] and 0 < Lo(ah, g, ahig) < L
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Otherwise, we would reach a contradiction, because for arbitrarily large k

Lvnr]—2
r k k r k k
Lrl2g,- oo wm,) 2 Z L@ yg)s -+ By L))
=0

> (i) = D = b + 1

Thanks to the invariance of £, by the diagonal action of Z¢, L, (z+ s,y + ) =
L. (z,y) for all s € Z¢, we may assume xfn(k) € [0,1)?. Using a diagonal procedure,
lemma 7.5 allows us to find a subsequence {k;} of integers and a forward infinite
configuration {z;};> of R? such that

]lgrolo xfrz(kj) =2 €[0,1)? and Jlgglo x:i(kj)H =z €eR) VI>1

From the construction of the sequence {my}, it follows that £, (z;,2141) = 0
for any nonnegative integer [, which clearly yields S;(z, z;31) = 0. From item i
of remark 8.2, we get S, (z;,zr) = 0 whenever I' > | > 0. Therefore, if z,, € T¢
is an arbitrary accumulation point of {z (mod Z%)};>0, then S;(zx0,200) = 0 or
Zoo € pri(A,(L)). Observe that, for any I > 0,

=k k; =k k; =k kj
Lr(zy, ... ,xnj(kj)) = Lr(zy,... ,x”i(kj)ﬂ) + T(ijl(kj)Jrl, .. ’wn](kj))
k; k;
> Si(x, fL‘mj(kj)_,_l) + ST(:E7nj(kj)+l’ y)-
Passing to the limit when j — oo, we obtain h,(x,y) > S;(x, z;) + S- (21, y). Taking
then a suitable subsequence of {z;}, we get h,(z,y) > S; (7, 200) + S+ (200,y). O

Theorem 8.10. Let L(z,v) be a C° coercive Lagrangian. Then the Peierls barrier
h; : R? x R? = R is continuous, Z% x Z% periodic. Moreover, h-(z,-): R » R
is a forward calibrated sub-action and —h,(-,y) : R? — R is a backward calibrated
sub-action for any x,y € R%.

Proof. Consider arbitrary points (z,v), (2',y') € T¢ x T?. Thanks to proposi-
tion 8.9, there exists 2, , € pri(A,(L)) satisfying h,(z,y) = Sr (2, 2z4) +Sr (224, Y)-
Then

hf(xly y/) - hT(QZ, y) < [S‘r(x/u Zx,y) - ST(.’E, Zx,y)] + [ST(Zx,ya y/) - ST(Zx,ya y)]

Since S, is uniformly continuous on T¢ x T¢, the estimation above assures that h,
is a continuous map.

We already know that h,(z,-) and —h.(-,z) are T? periodic and continuous.
Take (y,y') € R? x R%. Thanks to proposition 8.9, there exists z € pr!(A, (L)) such
that h,(z,y) = S-(x,2)+ S:(z,y). Then, using the fact that S-(z,-) is a sub-action

hT(x7y/) - hT(.QJ,y) < ST(Z,Z//) - ST(Zvy) < 'Z‘(y7y/)'

We have proved that h;(z,-) is a sub-action. Since S;(z,-) is also backward cali-
brated, one can find y” € R% such that S,(z,y) = S-(z,y") + £(y",y). Then

h.(z,y) = S-(z,2) + S-(2,4") + Ly, y) > h-(z,9") + L, y).

We have proved that h,(z, -) is calibrated. Analogously, one can show that —h(-,y)
is a calibrated sub-action too. O
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9 Representation formulas for calibrated sub-actions

In the continuous-time Aubry-Mather theory, Contreras has characterized in [16]
the set of weak KAM solutions of the Hamilton-Jacobi equation in terms of their
values at each static class. We remark that weak KAM solutions are similar to
calibrated sub-actions and the set of static classes is similar to the projected Aubry
set. We show in the following theorem how a calibrated sub-action is completely
known when it is known on the Aubry set. In the context of ergodic optimization
for symbolic dynamics, a similar result has been proved in [31].

Theorem 9.1. Let L(x,v) be a C° coercive Lagrangian. If uy € C°(TY) is a
forward calibrated sub-action or u— € C°(T?) is a backward calibrated sub-action,
then, for every x,y € RY,

up(x) = max |u - S (x,y)] = max |u —h,(z,y)],
+w)= _n ax (L))[ +W) =Syl = n ax (L))[ +(y) — hr(z,y)]
u_(y) = min u_(x) + Sr(x, = min u_(x)+ h-(z,y)l.

(y) xeprl(AT(L))[ ( ) ( y)] prrl(AT(L))[ ( ) ( y)]

Proof. Thanks to proposition 8.7, we just need to prove the two first equalities.
From item # of remark 8.2, we verify without difficulty that

ui () > ey (L))[U+(y) Sr(z,y)).

As uy is a forward calibrated sub-action, one can find a forward configuration
{xk } x>0 of RY such that xg = z and u (v1,) = uy (vp11)—Lr(Tk, Tpy1) for every k >
0. From uy (z;) —uy (7x) < Sy (2, 71) < Lo(p, .. 21) = up (27) —ug (73) whenever
I > k > 0, we conclude that S;(xy,x;) = uy(x;) — up(zg). Therefore, if y € T¢
is an arbitrary accumulation point of {z; (mod Z%)}, it follows that S, (y,y) = 0,
namely, y € pr'(A,(L)). Furthermore, by taking a suitable subsequence, u (r) =
uy(xg) — Sr(x, x) tends to ut(z) = uy(y) — Sr(z,y).

Analogously, one can demonstrate the existence of a point z € pri(A,(L))
achieving u_(y) = u—(z) + S-(z,y). O

Corollary 9.2. Suppose u,u’ € C°(T?) are both either forward or backward cali-
brated sub-actions with respect to a C° coercive Lagrangian L(x,v).

i If ulprra, )y < W lpria,(n)), then u < u' everywhere on R,
i, If ulpria, )y = Wlpria, (1)), then u = v’ everywhere on R,
Theorem 9.1 admits a reciprocal.

Theorem 9.3. Let L(x,v) be a CY coercive Lagrangian and v be any function
defined on the projected Aubry set pri(A,(L)).

i. If Y is bounded above, the following u is a continuous forward calibrated sub-
action

u(z):=  sup  [Y(y) = Sr(z,y))= sup  [Y(y) — ho(z,y)].
yepri(A-(L)) yeprt(Ar (L))
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1. If ¢ is bounded below, the following u is a continuous backward calibrated
sub-action

uw)i= f ) Sy = () ()

i, If (y) — (@) < S-(2,y) for all 2.y € pr'(A-(L), then ulp(a) = 0.

Proof. In any case, u : R? — R is clearly a well defined periodic function. Since
both constructions are similar, we will discuss just the second one. So let us show
that v € CY(T?). Fix ¢ > 0 and consider y,y’ € R%. Take z (mod Z%) € pr'(A,(L))
such that ¥(z) + S-(z,y) < u(y) + €. Thus u(y’) —u(y) < Sr(z,y’) — S-(z,y) + €.
Since S, is uniformly continuous on R? x R% and e > 0 is arbitrary, it is easy to
deduce that

/ /
uy) ~uw)| < max - [S-(e.y) - S (r.0)]

which guarantees the continuity of w.

We now show that u is backward calibrated. Given y € R? and € > 0, choose
x € pri(A-(L)) satisfying ¥(z) + S-(x,y) < u(y) + e. Thanks to proposition 8.3,
Sr(x,-) is a sub-action and

u(y + Tw) — u(y) — e < Sy(z,y + Tw) — Sy (x,y) < 7L(y,w) — 7L(1), Y w e RY

Letting € go to 0, we obtain that w is a sub-action. To prove that w is a calibrated
sub-action, we use the fact that the sub-actions {S-(, ) }zepri(4, (1)) are calibrated
(see proposition 8.8). Let y € R Tt suffices to show there exists v € R? such
that u(y) > u(y — 7v) + 7L(y — 7v,v) — 7L(7). By definiton of u(y), there exists
a sequence of points zj, € pr!'(A-(L)) such that ¥(zy) + S-(zk,y) < u(y) + 1.

Moreover, there exists a sequence of v, € R? such that
S, (z1,y) = Sr(zg,y — 7o) + TL(y — TR, %) — TL(T).

Remember we can assume ||vg|lsc < R, (see lemma 5.5) for some constant R, > 1
(see definition 3.8). Let v € R? be an accumulation point of the sequence {v }r>0-
Since u(y — Tvg) < Y(x) + Sy (zk, y — TvE), we obtain

_ 1
w(y — Tug) + TL(y — Tk, vg) — TL(T) < u(y) + T

Taking a suitable subsequence, we get u(y — 7v) + 7L(y — 7v,v) — 7L(1) < u(y).
Suppose ¥(y) — (x) < Sy (x,y) for all z,y € pri(A-(L)) and u is defined as in
item 7i. Let y (mod Z%) € pr'(A,(L)). On the one hand, u(y) < ¥ (y) by taking
x =y in the definition of u and noticing that S-(y,y) = 0. On the other hand, for
any x € pri(A,(L)), S;(z,y) + ¥ (z) > 1(y) by hypothesis on 1. By taking the
infimum on x we obtain u(y) > ¥(y). We have proved that ul,,1(4, (1)) = ¥- O

Thanks to item i of remark 8.2, an immediate but important consequence of
theorem 9.3 is the fact that the restriction of any sub-action to the projected Aubry
set behaves as a forward or backward calibrated sub-action.
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Corollary 9.4. Let u € C°(T?) be an arbitrary sub-action for a C° coercive La-
grangian L(x,v). Then, for every point x € pr'(A,(L)), we have

u(z) = ?6%§[u(x+7v) —7L(z,v)+7L(T)] = felli@[u(:c—Tv)—i-TL(x—Tv,v) —7L(7)].

Theorem 9.3 motivates the introduction of the following notion.

Definition 9.5. Let L(x,v) be a C° coercive Lagrangian. Suppose that uy is a
C%(T9) forward calibrated sub-action and that u_ is a C°(T%) backward calibrated
sub-action. We say that uy and u— are conjugated sub-actions, and we use the
notation uy ~ u—, if Ui |p(a, (1)) = U=lpr1a, (1)

Notice that coerciveness is a sufficient condition for the existence calibrated
sub-actions. Moreover, corollary 9.2 implies that, given a forward calibrated sub-
action w4, there exists at most one backward calibrated u_ conjugated to u4 and
vice versa. Finally, theorem 9.3 shows that such a backward calibrated sub-action
does exist. More precisely, if u_ is given, the conjugated w4 takes necessarily the
form

up(e) = max [u-(y) — Sr(z,y)]

and conversely if u4 is given, the conjugated u_ has the form
u_(x) := min U + S (y,z)].
()= _ min [u+ () + S (y, )]

Fathi points out in [22] that, for a continuous-time, autonomous, strictly con-
vex, superlinear C3-Lagrangian on a compact C* manifold without boundary, the
Peierls barrier admits a characterization in terms of conjugated sub-actions. We
obtain in the following theorem a similar result in the discrete Aubry-Mather the-
ory.

Proposition 9.6. Let L(z,v) be a C° coercive Lagrangian. Then

h(z,y) = max [u_(y) —uq(z)], Va,ye RY.
U ~U_

Proof. For any z € pr!(A.(L)) and a pair of sub-actions uy and u_, we have
uy(2) —uy(z) < Sp(x,2) and u_(y) —u_(2) < S;(z,9), Vaz,yeRL
If uy ~ u_ are conjugated then uy(z) = u_(z) and we obtain
u_(y) —uy(x) < Sp(x,2) + S-(2,9), Vzepr(A (D).

Thanks to proposition 8.9, we get u_(y) —u4(z) < h;(x,y), which obviously yields
SUPy v [u* (y) - U4 (.CE)] < hT('T7 y)

Fix z,y € R% Consider then the forward calibrated sub-action u; = —h,(-, )
and define a backward calibrated sub-action u_ € C°(T?) by

u_(2') == min uy(2) + S-(z,2')] = min —S-(z,y) + S-(z,2)].
(z7) zEprl(AT(L))[ +(2) + 57(2,2)] zEprl(AT(L))[ (2,9) + 7 (2, 27)]
By construction, u; and u_ are conjugated sub-actions. Furthermore, u_(y) = 0.
Thus u_(y) — uy(z) = h(z,y). O
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Theorems 9.1 and 9.3 together provide an interesting description of the cali-
brated sub-actions. In order to present it, we decided to adopt a slightly different
point of view.

Definition 9.7. Let L(x,v) be a C° coercive Lagrangian. We call positive-time
Marié-Peierls transform the application F1 defined on C°(pr'(A.(L))) by

o _ o o d
T+ () (z) = eyt (L))[w(y) Sr(z,y)] = e (L))[w(y) h-(z,y)], VzeR%

In the same way, we call negative-time Mané-Peierls transform the application F_
defined on CO(pri(A.(L))) by

F-(Y)(y) = xepgg&gm[w(@ + Sr(z,y)] = xeprgr&gm)[w(w) +h:(z,y)], VyeR.

We summarize then all the main properties of the Mané-Peierls transforms.

Theorem 9.8. Let L(z,v) be a C° coercive Lagrangian. Consider arbitrary func-
tions 1,9 € CO(pri(A,(L))). Then

i. T_(¢) < < Fy () everywhere on pri(A,(L));

i, b < implies Ty () < Fo () and F_($) < F_(&);
iti. F4(v) is a continuous forward calibrated sub-action;
. F_(¢) is a continuous backward calibrated sub-action;

v. if Y(y) — Y(x) < Sp(w,y) for all x,y € pri(A-(L)), then Ty and F_ act as
extension operators: Fi (V)| (a.()) =¥ = T (V) |pr1(a, (1))

vi. if u € CO(TY) is a forward calibrated sub-action, then
F i (ulpra, () = v = Fp(F-(ulppra, () |pri (4, (1)) everywhere on R
and F_(ulr(a,(r))) s the unique sub-action conjugated to u;

vii. if u € C%(T9) is a backward calibrated sub-action, then
F-(ulprra, ry) = v =T (Fs(ulprra, @) pria,(r)) everywhere on R¢

and Fy (ulpr1a, (1)) s the unique sub-action conjugated to u;

vitt. Fy is a bijective and isometric correspondence between the set of the functions

¥ € COpr!(A-(L))) satisfying, for z,y € pr*(A-(L)), ¢¥(y) —¢(z) < S-(z,y)
and the set of continuous forward calibrated sub-actions;

. F_ is a bijective and isometric correspondence between the set of the functions

) € CUm(A-(L))) satisfying, for x,y € pri(A-(L)), d(y) — ¥(z) < Sr(2,y)

and the set of continuous backward calibrated sub-actions.
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Proof. Ttems i and 4 follow immediately from the respective definitions of the
Mané-Peierls transforms. In truth, items 47, 7 and v can be seen as theorem 9.3
rewritten. Besides, items vi and wvii result from theorems 9.1 and 9.3 without
difficulty.

Since items wvisi and iz are very similar, we will discuss just the first one. As
T, (¢)) = ¢ everywhere on pr'(A,(L)), F, is injective. Moreover, when u € C°(T4)
is a forward calibrated sub-action, the identity Fy (ulr4, (1)) = u guarantees that
F is surjective. In fact, this correspondence is an isometry. Indeed, fixing = € RY,
there exists a point y € pr!(A,(L)) such that F, (¥)(z) = ¥ (y) — S, (,y). Hence,
one has

Fr(@)(z) = T (¥)(2) < ¥(y) —¥'(y) < ¥ = ¢ [lo-

Since z € R? is arbitrary and since we can interchange the roles of ¢ and 1/, we
get [F5(¥) = T4 (¥)llo < || — ¢'llo- On the other hand, F(¢)|r(a, () = ¢ and
Fr(W)lr(arny) =" imply |F4 () = Fo()llo = [ — ¢[fo. O

10 Separating sub-actions

If u € CO(T) is a sub-action for a C° coercive Lagrangian, proposition 7.3 estab-
lishes that A;(L) C N-(L,u). So it is natural to ask if there exists a sub-action
whose nill locus is the smallest possible one, namely, it is equal to the Aubry set.
We introduce then the following concept.

Definition 10.1. Let L(z,v) be a C° coercive Lagrangian. We say that a sub-
action u € CO(T?) is separating if N, (L,u) = A, (L).

In weak KAM theory, global critical subsolutions of the Hamilton-Jacobi equa-
tion are analogous notions to separating sub-actions. Working with continuous-
time, autonomous, strictly convex and superlinear C?-Lagrangians on a smooth
manifold without boundary, A. Fathi and A. Siconolfi (see [24]) proved the exis-
tence of C! critical subsolutions. Keeping the hypotheses on the Lagrangians but
focusing on compact manifolds, P. Bernard showed in [8] not only the existence of
C11 critical subsolutions but also their density in the set of C° subsolutions for the
uniform topology.

In a similar way, we prove in theorem 10.2 that separating sub-actions are quite
typical in the discrete Aubry-Mather context. During the preparation of this pa-
per, we become aware of a related study by M. Zavidovique [54] on separating sub-
actions (or strict sub-solutions) in a general discrete setting given by cost functions
defined on certain length spaces. We mention yet that the genericity of separat-
ing sub-actions has been proved in [32] in the context of ergodic optimization for
symbolic dynamics.

Theorem 10.2. Let L(x,v) be a C° coercive Lagrangian. Then, in the uniform
topology, the subset of the continuous separating sub-actions is generic among all
continuous sub-actions.

We will need some preliminary results.
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Lemma 10.3. Let L(x,v) be a C° coercive Lagrangian. Then

prl ( rwu is a sub-action NT(L’ U)) - mu s a sub—actionprl (:NT(L’ ’LL))

In other words, if x € R* and for any sub-action u there exists y € R% such that
(z,y) is u-calibrated, then there exists y € R such that (x,y) is u-calibrated for
any sub-action u.

Proof. The inclusion prt(N,N; (L, u)) C Nupr! (N, (L,u)) is obvious. Consider then
x ¢ pri (NN, (L,u)). We want to show there exists a sub-action u € C°(T?) such
that © ¢ pri!(N,(L,u)). Let ug € C°(T?) be a fixed sub-action. We know from
corollary 6.4 that one can choose a constant R; > 0 such that (x,v) ¢ N-(L, ug)
whenever |[v||oc > R;. By hypothesis, for any [|v|e. < R;, there exist a sub-
action u, € C%(T9) and a constant 1, > 0 satisfying (z,w) ¢ N.(L,u,) whenever
lv — w|| < ny. By extracting a finite subcover, one can find a finite collection of
sub-actions {u1,...,u,} C CO(T9), with uy = u,, for some ||vg|s < Rr, such that
(2,0) & s No (L ) for any vl < By,

Define thus u := %H S o uk € CO(T?). Since the set of sub-actions is convex,
u turns out to be a sub-action. Besides, from N;(L,u) = (_qN-(L,ug), we
immediately obtain = ¢ pr!(N; (L, u)). O

Lemma 10.4. Let L(x,v) be a C° coercive Lagrangian. If (x,v) € T? x RY, then

(z,v) € ﬂu i subaction Ny (L,u) = z+ 710 € prt ( m N (L, u))

u 1s a sub-action
In other words, if (x,y) € R? x RY is u-calibrated for any sub-action u, then there
exists z € R such that (y,z) is u-calibrated for any sub-action u.

Proof. Let us introduce a similar transform as in definition 9.7 by considering

T4 (u)(x) := max [u(y) = Sr(z,y)], VaxeR

where u € CO(T?) is any sub-action. It is easy to see that Fy(u) € C(T?) is again
a sub-action satisfying C;"Jr(u) < u, with equality everywhere whenever u behaves
as a forward calibrated sub-action (see corollary 9.4).

We begin by proving

pr! (N-(Lyu)) = {z e T : Fo(u)(z) = u(z)}, V usub-action.

Indeed, if (, y) is u-calibrated, then u(y)—u(z) < S, (z,y) < L (x,y) = u(y)—u(z)
which implies F; (u)(x) > u(y) — Sy (x,y) = u(z) and therefore F (u)(z) = u(z).
Conversely if z ¢ pr'(N;(L,u)) then, by coerciveness of L and periodicity of u,
there exists > 0 such that £, (z,y) > u(y) — u(z) +n for any y € R%. For any
finite configuration (zg, z1,...,z,) satisfying xg = x, one has

Lo (zg,21,...,00) = Lr(x0,21) + L1, ... 20)
> [u(z1) — u(wo) + 1] + [u(zn) — u(z1)] 2 u(zn) — ul(zo) + 1.
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By definition of S;(z,y), one gets Sr(z,y) > u(y) — u(z) + n for any y € R? or
equivalently u(z) > Fy (u)(z) + 7.
We now prove the main induction step:

Fi(u)(@) = u(x) and Lo(z,y) =T (w)(y) - F4(w)(@) = Fi(u)(y) = u(y).

Indeed, u(y) — u(z) < Sy(z,y) < Lr(z,y) = F4(u)(y) — Fy(u)(z), which implies
first u(y) < F4(u)(y) and therefore u(y) = Fo (u)(y).

We conclude the proof. If (z,y) is u-calibrated for any sub-action u, on the one
hand, F4(u)(x) = u(zx), on the other hand, since (z,y) is also F, (u)-calibrated,
F, (u)(y) = u(y). We have proved that y € N {F;(u) = u} = pri(NN-(L,u))
thanks to lemma 10.3. O

The following proposition gives another equivalent definition of the Aubry set.

Proposition 10.5. Let L(x,v) be a C° coercive Lagrangian. Then

A(L) =)

Proof. Let (z,v) € MyN;(L,u). Lemma 10.4 shows there exists a configuration
z = {xk}r>0 such that II;(z) = (z,v) and (zg, xk+1) is u-calibrated for any sub-
action u. Let us first show that

N (L, u).

u is a sub-action

I := Lo (20, ..., Tm) + Sr(m,z0) = 0 when m — +oo.

Since {L,(z0,...,Tm) + Sr(Tm, o) }m>0 is uniformly bounded, one can choose a
converging subsequence of {/,,} and assume in addition that {z,, (mod Z%)} con-
verges to a point 7o, € T?. Define u(z) := S, (2o, 7), for all z € R%. Proposition 8.3
shows that w is a sub-action. By hypothesis of calibration on {xj}, we have

Lr(xp, Tpg1) = Sr(wp, Tpg1) = w(@py1) —ulzrg), YV k>0.

More generally,

Lor(Tpy Tpiy ooy Tm) = Se(Tk, Tm) = u(zm) —u(zk), VYm>k>0.

By taking a subsequence of {x,,}, one obtains first S;(zg, Teo) = U(Too) — u(xg),
for all £ > 0. By taking a subsequence of {k}, one obtains next

U(Too) = Sr(Tooy Too) =0 and Sy (T, Too) + Sr(Too,xx) =0, V k> 0.
Notice that x., necessarily belongs to pr!(A,(L)). Moreover,
Im = L (20, ..., Tm) + Sy (Tm, x0) = Sy (x0, Tm) + Sy (Tm, o), ¥ m >0.

Letting m — 400, one gets [,,, — 0 along a subsequence. We thus have shown that
any accumulation point of {/,,} is necessarily 0.
Let us prove now that (z,v) € A,(L). By definition of S;, there exist finite

configurations (x5, x5, ,. .. T ) such that z¢, = z, Lo = w9 + p;, for

m7E) m7€)

some pf, € Z% and, for any m fixed,

L (@ g 15 - -+ Tpmye)) = Sr(@m, x0)  when € — 0.
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We conclude that

€ € € _
LT($07 oy Tm—1 Ly Ty 15+ -+ 7$n(m,e)) -

=l + L (25, 25041, - - - ' T(mae)) — S1(Tm, T0)

tends to 0 when m is first chosen large enough and then € is chosen close enough
to 0. Thus (z,v) € A-(L). O

We now prove that separating sub-actions are generic among sub-actions.

Proof of theorem 10.2. Let {O,}, be a countable family of open neighborhoods of
the Aubry set such that N,,0,, = A,(L). Let &, be the set of all C°(T?) sub-actions
u such that N;(L,u) C O,. Since the subset of C%(T9) separating sub-actions is
equal to N, 4, the statement of the theorem will be obtained if we show that, for
the uniform topology, every i, is open and dense in the set of C°(T¢) sub-actions.

Suppose on the contrary that I, is not open. So there exists a sequence of
C%(T9) sub-actions {ug}r>o converging to some u € i, and a sequence of points
{(xk, vi) }k>0 such that, for all k > 0, (g, vi) € N-(L, ur) —Oy,. From corollary 6.4,
we know there exists a positive constant R, such that ||vg| < R, for all k. By
considering a suitable subsequence, we obtain a point (z,v) € N;(L,u) — O, in
contradiction with N-(L,u) C O,,.

Let us prove now that i, is dense. We first notice that, if ¢t € (0,1), u € 4,
and « € C°(T9) is any arbitrary sub-action, then

No(Lytu+ (1 —t)u') = No(L,u) NN, (L,u') C O,

and therefore tu + (1 — t)u’ € L. In particular, in order to prove that i, is dense,
it suffices to argue that il, is nonempty.

Corollary 6.4 assures that (z,v) ¢ N;(L,u) for any |[v|| > R; and any sub-
action u. Let B, denote the closed ball of center 0 € R% and radius R,. Thanks to
proposition 10.5, for every point (z,v) € (T x B;) — O,,, one can find a sub-action
U(gw) € C%(T4) and an open set Vizw) C T x R containing (x,v) such that

(y7 w) ¢ N‘F(L7 u(w,v))a v (ya ’UJ) € V(m,v)'

Hence, thanks to the compactness of (T x B,) — O,, there exist a finite cover
by open sets {V1,...,V,} of (T? x B,) — O,, and a finite collection of sub-actions

{ur,...,um} C COT?), where Vi, = V(z, o) and w, = (g, ) for some (g, vy),
satisfying (o N(L,ux) C Op. Clearly u := L3 u; € C%(T?) belongs to
Uy, O

11 Some results on rotation vectors

We are interested in this section whether a minimizing configuration {z, },ez in R?
is distributed according to a periodic pattern, that is, whether %(ajn —x0) = Tw,
where w is some fixed vector in R called rotation vector. The case of monotone
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twist maps of the annulus (the one dimensional smooth ferromagnetic Frenkel-
Kontorova model) has been completely solved by Aubry [3], Bangert [7] and Mather
[49], [50] and [51]. One knows that a recurrent minimizing configuration admits
a rotation number w and belongs to the support of a minimizing measure of a
Lagrangian of the form L(z,v) — (\,v), with A and w related by the Legendre
relation w = —%, where L()\) denotes the minimizing holonomic value of L —
A. In particular, they proved that L(\) is concave, decreasing and continuously
differentiable with respect to A. Moreover, L()) does not admit any open interval
with irrational constant slope.

Our purpose in this section is to partially extend these results to the multidi-
mensional case and to prove the existence of recurrent minimizing configurations
with rotation vector as large in norm as we want.

Definition 11.1. We call rotation vector of a configuration {xy}rez in R? the limit
(when it exists)

1 . Ty — T
wilzktrez] ==~ lhm H

We call rotation vector of a holonomic measure p € P.(T¢ x R?) with bounded

support the vector
w(p) ::/ vdu(z,v).
Td xRd

Following Mather’s terminology we introduce the so-called a and § functions.
Definition 11.2. Let L(x,v) be a C° superlinear Lagrangian. We call Mather’s

alpha function the opposite of the minimizing holonomic value of L(x,v) — (A, v),
X e R,

—ar(r,A) := L(1,\) = min { / (L(z,v) — (\,v)) dp(z,v) : p € P(T? x ]Rd)}.

We call Mather’s beta function the function

Br(T,w) := inf { /L(x,v) dp(z,v) : p € Pr(T? x RY) has bounded support

and rotation vector /Udu(x,v) = w}.

(We recall that P, (T¢ x R?) denotes the set of holonomic measures.)

We notice that, because of the superlinearity of L, L — X\ is again coercive
(actually superlinear) and that L(7,\) is indeed a minimum and not an infimum.
We also point out that, in the definition of 57, we prefer to restrict p to have
bounded support so that [vdy is well defined. We will show in a moment that
the set where this infimum is taken is not empty and that the infimum is actually
attained. Using standard convex analysis, we obtain the following proposition.
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Proposition 11.3. Let L(x,v) be a C° superlinear Lagrangian. Then the two func-
tions A € R ar(1,A\) € R and w € R? = Br(r,w) € R are convex superlinear
obtained by Legendre transform.:

arn(T,\) = s;lﬂgd (A w) = Br(r,w)] and PBr(r,w) = )\Sél]éf)d (A w) —ar(r,\)].

In particular, both suprema are maxima.
The next lemma shows that Mather’s beta function is well defined.

Lemma 11.4. For every w € R?, there exists a holonomic measure u such that

/vd,u(a:,v) =w and supp(p) C T x Bufjoo

where By, denotes the closed ball of center 0 and radius [|w||co-

Proof. If w = p/q, with g € Z and p € 74, then clearly

12
= - 1)
Hp/q qkzo (kp’_r%)

a

is a holonomic measure satisfying the statement of the lemma. For a general w € R¢,
consider a sequence {p,/q,}, with ¢, € Z* and p, € 72, such that lim,, oo pn/qn =
wand [|[pn/gnllco < |lwlloo- Let {4y, /q, } be the corresponding sequence of holonomic
measures defined as above. Then this sequence is relatively compact for the narrow
topology and any accumulation point g, is holonomic, u, € P,(T¢ x R?), and
admits w as a rotation vector. O

We first recall a standard fact in convex analysis (see [14] for complete references).

Lemma 11.5. Let f,g : R — R be convex functions with full domain. Suppose
that f is the Legendre transform of g, namely,

F) =g"(\) :==sup {(\,w) —g(w) 1w € Rd}, vV A eR%

Then f and g are superlinear and g is the Legendre transform of f. Moreover, for
every \ fived (respectively w fized), the equation f(\)+g(w) = (\,w) admits at least
one solution in w (respectively in \).

Proof of proposition 11.3. We show that —L(x, \) is convex in A € R? Indeed,
for any A\, \* € R? and ¢ € [0,1], if u € P-(T? x RY) is a minimizing measure for
Lixt@+ta+, then

Lo+ (14 0X) = [ Lo @0) duta,v)

= t/LA(x,v) du(z,v) + (1 +t)/L>\*(x,v) du(x,v)
tL(1,A) + (1 +t)L(7, \*).

v
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We now show that —L(7, ) is the Legendre transform of 31 (7,-). Thanks to corol-
lary 6.4, we have

— L(7,\) =sup { /[()\,v) — L(z,v)] du(z,v) : p € P (T? x RY),
and supp(p) is bounded}.

Therefore, one can write

— L(7,\) = sup sup {(A,w) — /L(a:,v) dp(z,v) : p € Pr(T? x RY),

wcRd

supp(u) is bounded, and /U dp(z,v) = w},

namely, —L(7, ) = sup,,cpe[(\,w) — Br(w)]. Proposition 11.3 follows then from
lemma 11.5. t

We are now able to prove the infimum is attained in the definition of Sz (7,w).

Proposition 11.6. Let L(x,v) be a C° superlinear Lagrangian. For every w € RY,
there exists a holonomic measure i € P, (T? x RY) with bounded support such that

/ vdu(z,v) =w and Pr(r,w) = / L(z,v)du(x,v).
Td xR Td xR

Proof. We follow Mather’s idea which says that the superlinearity of L implies that,
given a constant C' € R, the set of Borel measures

{||UH p(dz,dv) : g e Po(T¢ x RY), and /L(az,v) dp(z,v) < c}

is tight. Let xg(x,v) be a test function taking its values in [0, 1] and satisfying
X(xz,v) =1 for all ||v|| < R—1 and xg(z,v) =0 for all ||v|| > R. Let {{n}n>0 be a
sequence of Borel probability measures for which { [ L(z, v) dpy, (x,v)} is uniformly
bounded. So notice that, for every ¢ > 0 and R sufficiently large, we have the
inequality ||v||(1 — xr) < e(L(x,v) — inf L), which clearly yields

lim limsup/”v”(l — XR) dptn(z,v) = 0.

R—+00 n—400

Suppose in addition that g, is holonomic,

lim [ L(z,v)dp,(x,v) = pr(r,w) and /v dpn(z,v) = w.

n—-+0o

We first extract a subsequence, that we again call {p, },>0, converging to a Borel
measure g in the sense that

/f dp = nEI-‘,l:loo /f dptn, YV f € Cgompact(Td = Rd)v

[ fan<timint [l ¥ 5 € Chuppaea™ < BY, 1 20,
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The tighness property actually implies for any f € Cgounded (T? x R%)

/fd,u: lim /fd,un, /fvdu: lim /fvdun.
n—-+00 n—-+o0o

In particular, g is a holonomic measure, it possesses a rotation vector w and
JL(x,v)dp(x,v) < Br(r,w). However, as fr(,-) is the Legendre transform of
—L(7,-), there exists A, € R? such that B1(7,w) = L(7, \) + (Aw,w). We obtain

/(L(.CC,U) — (Awyv)) dp(z,v) = /L(m,v) dp(z,v) — Do, w) < L(1, A\),

which implies that p is minimizing for L), and, by corollary 6.4, has bounded
support. [

Let us recall the definition of subdifferentials of a convex function. We restrict
ourself to superlinear convex functions in order to avoid to pay attention to domains
of definition.

Definition 11.7. Let a(\) be a superlinear convex function with full domain. We
call subdifferential of o at \* the set

da(\*) == {w e R : a(N) > a(\*) + (w, A= \*), VIeR.

A simple analysis of the definition of subdifferentials implies the following
lemma.

Lemma 11.8. Let o)), B(w) : R* — R be convex functions with full domain and
obtained by Legendre transform one from the other. Then

AEDS(w) <= weda()) = al)+Bw)=(\w).
In particular a(N) is affine of slope w on int(0fB(w)) (if not empty).

We summarize in the next proposition the properties of Mather’s alpha and
beta functions that are immediate consequences of convexity arguments.

Proposition 11.9. Let L(x,v) be a C° superlinear Lagrangian.

i. Let w,\ € R? be related by Legendre relation A € 0Br(T,w). Let u be a
holonomic measure of rotation vector w. Then p realizes the minimum in the
definition of Br(T,w) if, and only if, p is minimizing for L — X.

ii. Let A € R%. Then
dar(t,\) = {wly] : p is holonomic and minimizing for L — \}.

In particular, if L(t,.) is differentiable at \, then all minimizing measures of
L — X have rotation vector wlu] = [vdu(x,v) = —%(7‘, A).

iti. Let w € R be such that int(0BL(7,w)) is not empty. Then L(t,.) is affine
of slope w on int(0BL(T,w)) and the Mather set of L — X is independent of
A € int(0BL(T,w)).
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Proof. Part i. Let A be a subdifferential of f(7,.) at w and p be a holonomic
measure of rotation vector w. If u realizes the minimum of 8z (7,w), then

/[L(:E7U) - <)‘7U>] dﬂ(l‘,?)) = BL(TW‘)) - <>\,OJ> = _aL(Ta )‘) = E(Ta >‘)>

and g is minimizing for L — . Conversely, if p is minimizing for L — A, then

/L(w,v) du(z,v) = / [L(z,v) — (A, 0)] du(z,v) + (A, w)
= L(1,\) + (\w) = —ar(1,\) + (\,w) = Br(1,w),

and p realizes the minimum of Sz (7,w).
Part ii. Let w be the rotation vector of a holonomic measure p which is mini-
mizing for L — X. Then

/v dp(z,v) =w and /[L(a:,v) — (A v)] du(z,v) = L(1, \).

On the one hand, ar(7,\) + Br(7,w) > (A\,w) since ar(7,.) is the Legendre trans-
form of Sr(7,.). On the other hand,

arn(m,\) + Br(r,w) < —L(1,\) + /L(m,v) du(z,v) = /(A,v) du(z,v) = (A w).

We just have proved that ar (7, ) + Br(T,w) = (A, w), that is, w € dar (T, A).
Conversely, suppose w € dar (7, A). Then X is a subdifferential of S1(7,.) at w.
Let p be a holonomic probability measure of rotation w realizing the minimum of
Br(1,w). From part i, we know that p is minimizing for L — A.
Part 5. Let p be a holonomic minimizing measure with respect to L — \ for
some \ € int(dBL(T,w)). Then L(7,.) is differentiable at A and p has rotation vector
w. From part i, p realizes the minimum in 8y (7,w) and therefore is minimizing for

L — X* for any \* € 0BL(T,w). O

An important issue in the multidimensional setting is to know whether or not
any rotation vector is obtained by some minimizing configuration. In the ferromag-
netic case, a simple application of ergodic theory shows that any w = —%, when A
is a point of differentiability of L(7,.), is obtained by generic recurrent calibrated
minimizing configurations for L — A. Proposition 11.13 gives a sligth extension of
this fact. We follow Gomes’ approach (see [34]) to show that actually all calibrated
configurations of L — \ have a rotation vector whenever L()) is differentiable at \.
Contrary to Gomes, we do not assume L(x,v) to be ferromagnetic. We also prove
the existence of minimizing configurations satisfying a stronger notion of rotation
vector: for any A where L(7,-) is differentiable in a neighborhood of A and has
constant differential, any minimizing configuration of L — A\ stays at a bounded
distance from a particular straight line.
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By standard convexity argument, the following directional differentials exist for
all \,h € R?

_ L —L
G L(r\) i= lim LTA+ PN Z LN

p—07F p
(9h_f/(7', A) := lim L, A) = LT, A - ph).
p—0F P

Theorem 11.10. Suppose L(z,v) is CO and superlinear. Let uy € C°(T¢) be an
arbitrary sub-action for L — X. Then

i. For any h € R?, for any uy-calibrated configuration {xy,}rez, one has

—797 L(r,\) < liminf <h,%> < limsup (h, ™) < —7F L(7, N).

n—m-—00 n—m-—00 n—m

ii. If L(t,-) is differentiable at X\, then any ux-calibrated configuration {x}rez
has a rotation vector given by

wl{zr}trez] = —gi(’i', A) = /v du(z,v), Y pe M- (Ly).

There exist minimizing configurations for L with rotation vector w of arbi-
oL

trarily large norm which are calibrated for L — A, where w = —5%.

iti. Let w € R? be given and A, == {\ € R?: 7%(7’, A) exists and is equal to w}.
If the interior of A, is not empty, for any A € int(A,,), for any uy-calibrated
configuration {x}trez of L — X\, one has

Sup ||Tgan — Tk — NTW| 0o < +00.
kn€Z

We recall that a configuration is minimizing for L if, and only if, it is minimizing
for L — X for any A. The previous theorem shows that the rotation vector of a mini-
mizing configuration is in duality with the parameter A which let the configuration
be calibrated by L — A. In Mather theory, A is seen as a cohomology and w as an
homology. The parameter A in the standard one dimensional Frenkel-Kontorova
model plays thus a special role.

Proof of theorem 11.10. Without loss of generality, we can suppose that L(7) = 0.
Part 4. Since u) calibrates {xy}xez, one has

ur(Tn) = ur(@m) + Loy o5 20) — (N, T — T) — (n —m)TL(T,A), ¥V m <n.
Let p >0, h € R and Ay, := X\ — ph. If uy, is a continuous sub-action for L — Ay,
uy, () < un, (Tm) + Lr(Tmy oy Tn) — (Any T — Tm) — (0 — m)TL(T, Ap).

Therefore, by substracting the first equality to the above inequality, one obtains

TE(T,A—ph) — L(1,\) 2 lux —un,llo < (h, xn—xm>7
p p n—m n—m
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from which we immediately deduce

—70, L(T,\) =7 lim Lir A= ph) = L(r, }) < liminf (h, M>

p—0t p Nn—m—00 n—m

Replacing h by —h, one thus gets

n — 4m . L ) L ) T
limsup (h, S ) <7 lim (7, 3) (7 A+ ph) = —7  L(1, \).
n—m-—00 n—m p—0F P

Part 4. If L(r,-) is differentiable at \ € R?, the previous inequalities become

Tn — Tm OL

li = h) = h € RY,
(, lim + 75 (1 A)h) =0, Vhe

n—m—oo 1, — M

We just have proved w) := w[{xk}kez] = —%(7‘, M) exists. Notice yet that w)y
satisfies the relation (\,wy) = Br(7,wy) — L(7,\). So if ||\|| = +oo among the
set of points of differentiability of —L(7,-), the superlinearity of —L(,-) implies
lwall = +oc.

Part 4ii. Let Ao € int(Ay) and {zy}rez be up-calibrated for some continuous sub-
action ug with respect to L — Ag. Then, for any k € Z and n € Z_,

Lo (@hy Tty -+ Thn) = U0(Thopn) — uo(k) + (Ao, Thon — k) + nTL(T, Ao).

Since L(r,-) is affine on A, we have L(7,\) — L(7,\g) = —{w, X — \o), for any
A € A,. By taking any sub-action uy of L — A, one gets

Lo(@hy ooy Thyn) — (N o — ) — 7 L(T, A) = un(@pn) + ur(ar) =
= (A0 = A, Tiopn — T — nTw) + (U0 — Ux)(Thtn) — (w0 — ur)(@k).
Since the left hand side of the previous equality is nonnegative, one finally gets

(A= X0, Tpan —xp —nTw) <4 sup |luxrlo
IA=Xoll<e

and ||Xg4pn — T — nTw|| < %SUPII/\—AoHSe lluallo- O

We present an example where a calibrated configuration may not have a well
defined rotation vector.

Example 11.11. Assumed = 1and 7 = 1. Let £ : RxR — [0, 1] be a C*° function
such that

71(1) = {(0,0),(0,1/2),(1/2,0)} and £71(0) D R* — (—1/4,3/4)>.
Define then £ : R x R — Ry by

Li(z,y)=1- Lz+sy+s), YayeR
SEZL
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Clearly, £1 is a C'*° function invariant by the diagonal action of 7Z,

L1120, £710)=S5:=J{(s,9),(s,s+1/2), (s + 1/2,5)}
SEZ

and £1 > 0 everywhere on R? — S. If Lo(2,y) = |z — y|?|z —y + 1|*|z —y — 1|%, let
us consider a nonnegative local interaction energy map given by

L(:L’,y) = Ll(xvy)’cl(x - 1ay)’51($7y - 1) + LQ(‘Tv y)a v T,y € R.
Notice that £ is C'°°, superlinear, invariant by the diagonal action of Z,

£>0 and £710) = J{(s,5), (5,5 + 1), (s +1,9)}.
SEZ

However, £ does not satisfy a twist condition: there are points (g, 0) € R? such
that %(mo, yo) = 0. Indeed, since %(0,0) =0= %(1,0), Rolle’s theorem states
that %(xo,O) = 0 for some zg € (0, 1).

Let then L : T x R — R denote the corresponding C'* superlinear Lagrangian.
We will exhibit a configuration {z;} u-calibrated for any sub-action v € C°(T) but
without a well defined rotation vector. To that end, notice we have

(x,v) e A1(L) & L(z,2+v)=0 < =0 (mod Z) and v € {—1,0,1}.

So consider any sequence of positive integers {r;};>1 such that 2> r; has at
least two distinct accumulation points: 1/w; and 1/we. We define a configuration

{zr} by

n—1 n
20=0 and zp =n if Zri < |k| < Zri.
i=1 i=1
Notice that (zp (mod Z),zr—1 — zx) € {(0,—1),(0,0),(0,1)} = Ai(L). There-
fore, proposition 7.3 guarantees {x}} is u-calibrated for any sub-action u € C%(T).
Nevertheless, the fact that

n—1 n
n T n
< 2k < ———— whenever Zri <k< Z”
i=1 i=1

Z?:l ri — k Z?:_f T

and the choice of the sequence {r;} imply that, when k — +o0, z1/k has w; and
wo as accumulation points, which shows the configuration {z)} does not admit a
rotation vector. O

From now on we assume L to be C!, superlinear and ferromagnetic. We first
notice that the set of critical configurations I' (L — \) is independent from A, that
is, I'7(L) =T'+(L — \). A configuration calibrated for L — X is therefore critical for
L. We also notice that L — X is ferromagnetic if, and only if, L is ferromagnetic,
and that the definition of the discrete-time Lagrangian dynamics (T¢ x R?, @) is
independent of A too.

According to theorem 7.7, Aubry sets are nonempty compact @ -invariant sets.
Hence, as a consequence of theorem 11.10, the next result gives a sufficient con-
dition for the existence of disjoint invariant sets with respect to the discrete-time
Lagrangian dynamics.
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Proposition 11.12. Let L(z,v) be a C! ferromagnetic superlinear Lagrangian.
Suppose A\, \* € RY are points of differentiability of L(t,-). Then
oL oL

SN ZIEA) = AL =N NA(L =X =0,

Proof. Suppose on the contrary (xg,vo) € A-(L—A)NA-(L—X*). By the invariance
of Aubry sets, we have

(z, vp) == BF (0, v0) € A(L - N NA(L =N\, YEkeZ.
Define then yg = xg € [0,1)? and recursively
Yk+1 = Yk + TUE € R? for k>0 and Yp—1 =Yk — TUL_1 € R? for k < 0.

Let uy € C°(T9) be a sub-action for L — A and let uy- € C°(T%) be a sub-action
for L — X\*. By proposition 7.3, the configuration {yx}rez is simultaneously wuy-
calibrated and u)~-calibrated. Hence, theorem 11.10 implies
oL oL
) = __Z=
6)\ (7—7 ) w [{yk}kEZ] a)\ (

which is a contradiction. Thus A,(L—\) and A, (L—\*) are necessarily disjoint. [

A,

We have seen in theorem 11.10 that, if ) is a point of differentiability of L(t,),
w = —%(T, A) is the rotation vector of all configuration of A,(L — A). In the
one dimensional case, L()) is differentiable everywhere and therefore all rotation
numbers come from a minimizing configuration. We do not know whether this
result persists in the multidimensional case. The following proposition is a step in
that direction. We show that a vector w which is extremal in day (7, A) for some A

is the rotation vector of some minimizing configuration.

Proposition 11.13. Let L(z,v) be a C' ferromagnetic superlinear Lagrangian. If
w is an extremal vector of Doy (T, ) for some A € R%, then it is the rotation vector
of some minimizing configuration {xy ez calibrated for L — \.

Proof. Let w be an extremal point of dap(r,\). By hypothesis, there exists a
holonomic measure p such that

/U dp(z,v) =w and /[L(w,v) — (\0)] du(x,v) = L(1, \).

Theorem 6.10 guarantees that p is ®,-invariant. Furthermore, thanks to the ex-
tremal conditions on w and on L(7, \), we may assume that p is ®,-ergodic.

By the ergodicity of y, for almost all (x,v) € T¢ x R?, if z is a representant of
xand r, =29+ T Zz;é pr? o ®,(z,v), then

-1

1 . .’Bn - xm . nz 2

; nfnlfzg+oo m - nfrlriglJroo h pre (I)T(3;‘7 U) - /Y d,u(:c, U) -
=m

Moreover, {xy}rez is uy-calibrated for any sub-action uy of L — X since

LTe4+1 — Tk

(azk ( mod Zd),
-

) = ®F(z,v) € Mo(L — \) € No(L — A, uy).
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